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BASIC PRINCIPLES OF
THERMODYNAMICS

The equations of motion, which involve forces or stresses, are based entirely
upon Newton’s second law. The concept of a traction vector acting on a surface
is based on Newton’s third law that relates action and reaction. The concept of
strains relies entirely upon certain kinematic considerations. Thus, both stresses
and strains are based upon certain laws of nature that we accept as axioms, i.e.
postulates that everybody accepts as being true.

When relating stresses and strains via the constitutive equations, we are leav-
ing the firm background that the laws of nature provide. In fact, constitutive the-
ories are our imagination of how materials behave when exposed to certain load
conditions. We have discussed a number of such constitutive theories and even
though we have relied on certain experimental evidence and have tried to be as
consistent as possible, it is evident that the constitutive modeling considered so
far is based to a certain extent on a framework that is not as firmly rooted in
fundamental principles as we would like it to be.

In order to obtain a more fundamental basis for constitutive modeling, it
seems intriguing to investigate whether thermodynamics may provide this ba-
sis. Thermodynamics deals with relations between heat and mechanical work
and it is based on two fundamental laws of nature, the first and second law
of thermodynamics ; these laws are accepted as axioms just like, for instance,
Newton’s second law.

It turns out to be possible to derive constitutive theories from thermody-
namics and in this chapter we will first discuss some fundamental results of
thermodynamics. In the next chapters, we will then discuss in detail various
ramifications for constitutive modeling. It appears that the constitutive theories
discussed previously can also be derived from thermodynamical principles. This
not only supports the relevance of our previous discussion, but it also makes for
a completely new approach to derive other and more advanced constitutive theo-
ries. Moreover, it turns out that, with this thermodynamic basis, it is possible to
combine various material behaviors in a straightforward manner. As an exam-
ple, we may establish a constitutive theory that combines plasticity and damage.
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Without the thermodynamic basis such a combined model is rather difficult to
establish, but with the thermodynamic formulation the establishment turns out
to be pretty straightforward.

One may ask why we have chosen not to start with the thermodynamic for-
mulation right from the beginning of this exposition. The answer is threefold:
first of all, the thermodynamic formulation is rather abstract whereas the pre-
vious discussion of various constitutive theories has relied heavily on simple
experimental evidence and direct physical considerations; secondly, when the
thermodynamic formulation is used to establish once more the previously dis-
cussed models (as well as providing a number of new theories) it will - hopefully
- enlighten the reader; thirdly - and this may be the most important point - with
the background obtained up to now, the reader will have a much better back-
ground to understand and fully appreciate why the thermodynamic formulation
takes the specific forms that we will discuss.

In this chapter, we will introduce various concepts like temperature, heat,
entropy, etc. that enter thermodynamics. For evident reasons, we will confine
our attention to mechanical and heat processes and exclude electric, magnetic,
chemical and ion diffusion processes. For introductions to traditional thermody-
namics that do not focus on the implications for constitutive modeling of solid
materials, we may refer, for instance, to Sears (1959), Schmidt (1963) and Cen-
gel and Boles (1994). In the book of Kestin (1979), some attention is given
to solid materials. Even though we will take advantage of of these viewpoints,
for evident reasons we will focus here on a thermodynamic formulation that
is of direct relevance for establishing constitutive theories for solid materials.
Within this scope, there exist many different approaches to thermodynamics
and the reader may, for instance, consult Truesdell and Toupin (1960), de Groot
and Mazur (1962), Truesdell (1969), Malvern (1969), Oden (1972), Eringen
(1975a), Lavenda (1978), Lemaitre and Chaboche (1990), Maugin (1992) and
Haupt (2000). Most of these expositions are quite formal and abstract. Here we
have chosen to adopt the simplest possible approach that, hopefully, appeals to
the physical insight of the reader so that new concepts like heat, temperature,
entropy, etc. not only become quantities that the reader may manipulate with in
various equations, but also become concepts of physical relevance.

In the next chapters, we will then take full advantage of thermodynamics and
illustrate its extreme importance for constitutive modeling.

20.1 Temperature - Absolute temperature

One of the fundamental characteristics of a body is how hot or cold it is. The
familiar concept of temperature quantifies this degree of hotness or coldness
and the temperature T is simply the real number indicated on a thermometer.
If the body gets hotter, its temperature rises; if it gets colder, its temperature
falls. However, the scale with which we measure the temperature is arbitrary -
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Figure 20.1: Relation between gas pressure and gas temperature for constant volume.

familiar examples are degrees Fahrenheit and degrees Celsius. In spite of that,
experience shows that all temperature scales are related uniquely to each other;
this implies that irrespective of the temperature scale used, we measure the same
phenomenon.

Temperature may be viewed as an expres-
sion of how fast the molecules vibrate

It is an experimental fact that high temperature results in powerful vibrations
of the molecules of the body whereas low temperature results in small vibrations
of the molecules. It is therefore not surprising that experimental evidence shows
that, regardless of the scale used for a thermometer, there is a temperature below
which no body can be cooled. At this temperature, no molecular vibrations
occur and we therefore have:

Irrespective of the temperature scale used, there exists
a temperature below which no body can be cooled

To substantiate this viewpoint, consider a gas that occupies a certain fixed
volume. Experience then shows that there is a relation between the pressure p
and the temperature 7T'. If this relation is measured in the laboratory, it turns
out to be linear, cf. Fig. 20.1. This figure also illustrates that irrespective of
what gas we consider, there is a certain temperature at which all gases exhibit
a pressure that is nil; this temperature turns out to be -273°C. As a negative
gas pressure cannot exit, we are again led to the conclusion that there exists a
temperature below which no body can be cooled.

Therefore, irrespective of the temperature scale used, the temperature is
bounded below. If we assign the temperature value zero to the greatest lower
bound, then the temperature is said to be absolute and, instead of the notation T
for temperature, we use the notation 8 to indicate that the temperature measure
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is absolute, i.e.

0 >0 absolute temperature (20.1)

We conclude that the absolute temperature approaches the value zero at the low-
est possible temperature.

As already discussed, the lower bound is about —273°C. If we choose to
measure temperature changes by means of degrees Celsius (°C) then we can
construct an absolute temperature measure by means of so-called Kelvin degrees
{K] according to

K=273+4°C; K>0 (20.2)

Let us recall that degrees Fahrenheit (°F) are related to degrees Celsius by (°F —
32)5/9 = °C. Therefore, using degrees Fahrenheit as a measure of temperature
changes and noting that -273°C corresponds to 9(~273)/5 + 32 = —459°F , we
may construct another absolute temperature measure °R, the Rankine scale, by
setting °R = 459 + °F, °R > 0, but (20.2) is the one usually adopted.

We shall later, in Section 20.10, show that strict thermodynamical consider-
ations also infer the existence of an absolute temperature.

20.2 Heat and heat flow

The incremental mechanical work done by a point force f, when the point moves
the distance du is given by the scalar product du”f. Mechanical work is there-
fore energy that is produced by the displacement of forces.

Experience shows that there is another form of energy, namely that related to
heat. If two bodies at different temperatures are brought into contact with each
other, heat will flow from the hotter body into the colder body. We therefore
have:

Heat flow is a transportation of energy and
heat flow requires a temperature difference

That heat, in fact, is energy that may even be transformed to mechanical work
is illustrated in Fig. 20.2. Here a gas is contained in a cylinder with a weight-
less piston and a mass M is placed on the piston. In Fig. 20.2a), a Bunsen
burner is used to heat the system and due to the increase of gas temperature,
the gas expands so that after some time the piston has moved the distance u,
cf. Fig. 20.2b). The pressure p is unchanged, since the only mechanical load-
ing is due to the mass M. Due to the heating, the system has performed the
mechanical work uM g, where g is the gravity acceleration.

That mechanical work may also be transformed to heat is evident for every-
body who has inflated a bicycle tyre by using an ordinary hand pump.
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Figure 20.2: Heating of a cylinder containing a gas with the constant pressure p; a) start

of heating; b) end of heating.

Figure 20.3: Joule’s experiment; a) temperature increase by heating; b) same tempera-
ture increase by performing mechanical work.

Therefore, heat and mechanical work are of the same nature and both phe-
nomena are referred to as energy. Even though heat represents energy, heat can
only be measured in terms of a transportation of a certain amount of energy
and heat therefore manifests itself in terms of heat flow. Often, in some process
between two states, the word heat is used for the total flow of heat that occurs
between state 1 and state 2. Heat flow is not to be confused with heat flux, which
refers to the transportation of heat per unit time.

Heat or heat flow represents energy, but the question remains how we mea-
sure heat and how this measurement is related to our usual (SI) concepts of
energy. For this purpose, we refer to the celebrated experiment performed by
Joule in 1843, see Fig. 20.3. In Fig. 20.3a), a certain amount of water is heated
by a Bunsen burner and the temperature then increases. In Fig. 20.3b), mechan-
ical work is supplied to the same amount of water by means of a propeller; due
to turbulence and friction in the water, the water temperature then increases.
The pressure in the two calorimeters is kept at the same constant level and the
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initial temperature of the two water samples is the same. When the tempera-
ture increase in the two calorimeters is the same, the mechanical work input
is measured. Any physical measurement (pressure, temperature, volume, etc.)
of the water in the two calorimeters cannot reveal any difference between the
states of the two water samples. This implies that all mechanical work supply in
Fig. 20.3b) is equivalent to all heat supply in Fig. 20.3a). As a historical remark,
it was then possible to determine that 1 kcal = 4.19 kJ, where kcal=kilocalorie
and 1 kcal is the amount of heat necessary to increase the temperature of 1 kg
of water from 14.5°C to 15.5°C at a pressure of one atmosphere.

With the above observation, the amount of heat flow in any process may now,
in principle, be measured; the heat flow in the process in question is applied to
the calorimeter in Fig. 20.3a) and by the test set-up in Fig. 20.3b), we are able
to measure the amount of heat flow.

We conclude from Joule’s experiment that we are able to measure heat;
moreover heat and mechanical work are different forms of the same phenomenon,
namely energy, that in the SI-system we measure in terms of Joule [J=Nm].

20.3 State variables and state functions - Introduction
to the first law

A specific portion (real or imaginary) of the physical universe - that is, a specific
quantity of matter - is called a system. By a system, we will here refer to a
system that does not exchange matter through its boundary, cf. Fig. 20.4.

In order to describe the system, we need the concept of state variables. For
simplicity, we will here assume that homogeneous conditions hold for the sys-
tem. The following definition is used:

State variables are quantities that

characterize the state of the system (20.3)

no exchange of matter
— through the boundary

Figure 20.4: Illustration of system.

If in rigid body mechanics we consider a particle as a system, then the current
position vector x; is a state variable. If we consider a gas in a cylinder, state
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variables are given by the pressure p, the volume V and the temperature 6. In
general, however, the identification of the state variables of a given system is
not trivial. Moreover, the choice of state variables for one and the same system
depends upon what we are interested in. Consider as an example, a steel bar
loaded in uniaxial tension; the steel bar is painted blue. If we are a painter, then
the color blue would be a state variable whereas as engineers we may select, for
instance, the strain, the stress and the temperature as state variables.

Having established the concept of state variables, we will now introduce the
concept of a state function according to the following definition:

A state function is a function that only
depends on the state of the system and not on (20.4)
the manner in which this state is achieved

As an illustration of a state function, consider a person walking on a mountain
from point 1 to point 2. The altitude difference H, — H, is certainly a state func-
tion, since it is independent of the specific path the person chooses. However,
the walking distance between point 1 and point 2 is not a state function, since it
depends on the specific path chosen. Since the state variables characterize the
state, we conclude that

Lgtate function = function of state variableﬂ (20.5)

In order to arrive at the first law of thermodynamics, we first introduce the
concept of a perpetual motion of the first kind:

A perpetual motion of the first kind is a machine
operating in cycles which, in any number of complete
cycles, will produce more mechanical work than is
absorbed in the form of heat

That the machine operates in cycles means that after one cycle, the machine is
in the same condition, i.e. the same state, as before the cycle. One manner in
which the first law of thermodynamics is expressed is the following:

A perpetual motion of the first kind is impossible—| (20.6)

We will later return to the first law of thermodynamics and evaluate it in greater
detail, but already now we will emphasize that the first law of thermodynamics is
a postulate. However, all experience supports the first law of thermodynamics
and it is therefore accepted as an axiom just like Newton’s second law. One
special occasion where (20.6) becomes evident is where the perpetual motion
of the first kind just produces mechanical work without absorbing any heat.
There also exists a perpetual motion of the second kind and it will be discussed
later.
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Figure 20.5: a) Complete cycle of gas in a cylinder; b) external force F acting on the
piston.

Against this background, we will now prove the important result that neither
the mechanical work input nor the heat input to a system are state functions.
Referring to Fig. 20.5, let us consider a system in the form of a gas contained
in a cylinder with a frictionless piston. Let p, V and @ denote the gas pressure,
volume and absolute temperature, respectively. These quantities are taken as
state variables that completely define the state of the system. We now perform
a cycle via the states 1-2-3-4-1, cf. Fig. 20.5a), so that when returning to state
1, the state is the same as before the cycle.

To gain insight, we may assume that the gas follows the ideal gas law given
by

pV = mR0 (20.7)

where m is the mass of the gas and R denotes the gas constant for the specific gas
in question. Along curve 1-2 the gas expands isothermally, i.e. at constant tem-
perature. This temperature is denoted by 8,, where subscript u refers to ‘upper’;
therefore curve 1-2 is described by pV =constant. This isothermal expansion
can be established by bringing the cylinder in contact with a large reservoir hav-
ing the temperature 8,. Along curve 2-3, the change is isochoric, that is, the
volume V is kept constant. The fall in pressure p is obtained by decreasing
the temperature from 8, to 6;, cf. (20.7); subscript 1 refers to ‘lower’. Along
curve 3-4, the gas is compressed isothermally at the temperature 6,. Finally, the
cycle is completed by curve 4-1 where the gas is compressed isochorically by
increasing the temperature from 8, to 6,.

Referring to Fig. 20.5b), the incremental mechanical work supplied to the
system is —F du (minus sign because the force F and the displacement u are
measured positively in opposite directions). The incremental mechanical work
supplied to the surroundings (i.e. the incremental mechanical work produced
by the system) is then given by Fdu = pAdu = pdV, i.e. the mechanical work
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produced by the system during the cycle is given by the area AW shown in
Fig. 20.5a). Therefore

Mechanical work produced during the cycle = AW > 0 (20.8)

Since the system after the cycle has returned to its original state, we conclude
that

Mechanical work is not a state ﬁmctiogn' (20.9)

cf. the definition of a state function given by (20.4).

Assume now that heat is a state function. Then, when the cycle has been
completed, the total heat input must be zero. However, referring to (20.8) we
have then created a machine that during one cycle only produces mechanical
work without receiving any heat. This is a perpetual motion of the first kind and
according to (20.6) such a machine is impossible. It is therefore concluded that

|Heat is not a state ﬁmctionJ (20.10)

20.4 First law of thermodynamics

With these introductory remarks, we are now able to present the first law of
thermodynamics in a general form suitable for our purposes.

We consider a region of a body, i.e. a system, and we will first formulate
the rate with which mechanical work is performed on the body. With ¢; being
the traction vector acting on the boundary surface .S, ; the body force per unit
volume acting over the region V" and i; the displacement rate, we have

W
- = rate of mechanical work input
= mechanical power input (20.11)
= J lZ,-t,-dS+I u,b,dV
s v

We have here chosen to denote this mechanical power input by W/dt instead
of dW/dt. If the latter notation was used, this would suggest that the quantity
W (the mechanical work) exists in the form of a function that depends on some
variables, i.e. that W is a state function. But we have just shown that W
is not a state function, cf. (20.9), and this issue is emphasized by the notation
6W/dt. Put another way, dW is not a perfect differential and this is emphasized
by writing the incremental mechanical work as 6W. If dW were a perfect
differential, then there would exist a function W that depends on some variables
and W would then be a state function in contrast with our previous findings.
Let us next determine the rate of heat input to the body. Let g; be the heat
Sflux vector; this vector has the direction of the heat flow and its length expresses
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the heat per unit time which passes through a unit surface area perpendicular
to the direction of heat flow. Let n; be the unit vector normal to the boundary
and directed outwards. Moreover, let r denote the amount of heat supply per
unit time and unit volume; this quantity represents heat sources within the body
(inductive heating, for instance). We then have

_5_9
dt

rate of heat input

J rdV—J qin;dS
14 Ky

Again we use the notation 5Q/dt to indicate that heat is not a state function, cf.
(20.10), i.e. no function Q exists.
The kinetic energy K of the body is defined by

(20.12)

1
K= -I pudvV (20.13)
2y
and it is certainly a state function depending on the velocity & and the mass
density p. Since we assume small strains, the mass density p can be considered
as a constant, i.e.

K= J piii;dV (20.14)
| 4

We are now in a position to formulate the first law of thermodynamics. It
states that

K+U= 6—:? + %?— global form of first law (20.15)
where U is defined to be the so-called internal energy of the body. Moreover, it

is postulated that

LThe internal energy is a state function | (20.16)

Expression (20.15) is referred to as the global form of the first law since it
applies to the entire body in question.

The first law of thermodynamics is a postulate which, however, is supported
by all experience; it is therefore accepted as an axiom. The first law may be
viewed as the principle of conservation of energy, since it states that the sum of
the rate of mechanical work input and the rate of heat input equals the sum of the
rate of kinetic energy and rate of internal energy. It is of significant importance
that whereas neither mechanical work input nor heat input are state functions,
the sum of their rates creates K + U. Here the kinetic energy K is certainly a
state function, cf. (20.13), whereas the internal energy U is postulated to be a
state function. Therefore, the first law of thermodynamics is not only given by
(20.15), but it also defines U to be a state function.
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Let us write (20.15) as
dK +dU = 6W + 6Q (20.17)

We then observe, as expected, that the first law excludes the existence of a per-
petual motion of the first kind, cf. definition (20.6); integrating (20.17) over
one cycle and observing that K and U are state functions, the left-hand side
becomes zero, which yields 0 = AW + AQ and this expression excludes the
existence of a perpetual motion of the first kind. The quantitative formulation
of the first law was originately provided by Clausius in 1850.

Expression (20.15) formulates the first law in a global form that applies to
the entire body. It turns out to be important to obtain a local form of the first
law which holds at every point in the body. For this purpose, we first define the
specific internal energy u per unit mass by

U =J pudV (20.18)
14

The specific internal energy u is a state function just like the total internal energy
U of the body is a state function.

Since the traction vector is given by t; = oy;n;, use of Gauss’s divergence
theorem in (20.11) implies that

1.4

_—= J (l.liO'ij),jdV +J ﬂ,b,dV (2019)
Likewise, use of Gauss’s divergence theorem in (20.12) gives

9 _ J rdv _I gudV (20.20)

dt v v

Then insertion of (20.14) and (20.18)-(20.20) into (20.15) provides
Jv[ui(Pﬁi - 0ijj — b))+ pi =t j6;;~r+q;;}dV =0

Taking advantage of the equations of motion, cf. (3.29), we then obtain
L(Pl" — €50, —r+¢;;)dV =0

Since this expression holds for arbitrary regions V', we conclude that

(pu = €;j0;j+r—gqi; local form of first lawl (20.21)

This is the local form of the first law of thermodynamics that holds at every
point in the body.
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Figure 20.6: Joule’s internal energy experiment.

20.5 Ideal gases

In order to introduce the second law of thermodynamics, we shall later use the
concept of a Carnot cycle. For that purpose, we need information of certain
processes performed with ideal gases. Ideal gases are described by the ideal
gas law

| PV =mRO; ideal gas lawl (20.22)

where p=pressure, ¥V =volume, m=mass of gas, R=gas constant for the gas in
question and 6 is the absolute temperature. The ideal gas law was formulated
preliminarily by Boyle in 1662 and by Mariotte in 1676 and given in its final
form by Gay-Lussac in 1802. The ideal gas law applies with close accuracy for
gases at not too high a pressure.

The state variables for the ideal gas are p, V and 6 and since they are related
via (20.22), one may choose, for instance, V' and 0. This means that the total
internal energy U of a certain amount of gas can be written in general as

U=U®, 0 (20.23)

Note that the total internal energy U refers to a certain amount of matter.
Referring to (20.23) and in order to investigate the internal energy of ideal
gases in more detail, Joule performed in 1845 the experiment shown in Fig. 20.6.
Two vessels with volumes V; and ¥, are placed in a calorimeter filled with water.
Initially, the vessel with volume V] is occupied by an ideal gas whereas the other
vessel is evacuated. The valve connecting the two vessels is then opened and
eventually the pressure will be the same in the two vessels. The experiment
shows that no temperature change occurs in the calorimeter. Considering the
gas as a system, we therefore have §Q = 0. Moreover, since the vessel walls
can be regarded as rigid, the gas has performed no mechanical work on the
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surroundings, i.e. W = 0. According to the first law (20.17) and waiting
until all kinematic energy has disappeared, the total internal energy U is then
unchanged. Before opening of the valve, the gas volume is ¥; and after opening
of the valve, the gas volume is V; + V5. Referring to (20.23) and since the total
internal energy is unchanged, we conclude that

|U=U(6); ideal gas| (20.24)

Note that the total internal energy U refers to all the particles that constitute the
amount of gas considered. This gas amount may be compressed or expanded,
but if the temperature is unchanged the total internal energy is also unchanged.

Let us next write the first law (20.17) in a form suitable for gases. Ignoring
body forces and since the traction vector is given by #; = —pn;, (20.11) becomes

W .
—_= —J u;pn;dS = —pJ u;ndS = —pV
dt s s

For static conditions, (20.17) then becomes

|dU = —pdV +6Q; for gas| (20.25)

Let us next introduce the specific heat capacity ¢ of a material. There are dif-
ferent measures of specific heat capacity, but here we will consider the specific
heat capacity ¢y at constant volume. It is defined as

The specific heat capacity cy is the amount of heat that
must be supplied without change of volume in order to (20.26)
increase the temperature of one unit mass one degree

Note that according to this definition of ¢y, the volume is kept constant and
this is indicated by the subscript V. Since V is constant, (20.25) implies that
dU = 6Q and according to definition (20.26) we then have

dU = 6Q = mcydf  when V= constant (20.27)

Following (20.18) and (20.24), we have U = mu(8) where u is the internal
energy per unit mass. Therefore, we obtain

du
du =m0
"0

and a comparison with (20.27) shows that

du
dU = mcydf where cy = 7 ;

Since (20.24) holds in general for ideal gases, (20.28) also holds in general for
ideal gases. However, the material parameter ¢y is measured at constant volume

ideal gas (20.28)
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as indicated by (20.27). For ideal gases, ¢y can be considered as constant with
close accuracy.

For later purposes, we will consider isothermal processes, i.e. 6 = constant,
for ideal gases and adiabatic processes, i.e. 5Q = 0, for ideal gases.

For isothermal processes where 8 = constant, (20.28) yields dU = 0 and the
first law (20.25) then provides

6Q = pdV

Elimination of the pressure p by means of the gas law (20.22) gives

av
60 = mR()—V— isothermal, ideal gas (20.29)

For adiabatic processes where 6Q = 0, the first law (20.25) gives dU = —pdV
which with (20.28) results in

mcydf = —pdV

Elimination of the pressure p by means of the gas law (20.22) gives

cy db dav
———— j ic, i 20.30
R 3 v adiabatic, ideal gas ( )

It should be recalled that the only purpose of this section is the establishment
of relations (20.29) and (20.30). Advantage will be taken of these results later.
20.6 Reversible and irreversible processes

Let us next introduce the concept of reversible and irreversible processes. By
definition, we have

A process is reversible if both the system and all its sur-

roundings can be brought back to their initial conditions (20.31)

This implies that a reversible process is defined as a process that can be reversed
without leaving any trace on the system or its surroundings. Moreover

A process that is not reversible is irreversible

It should be pointed out that a system may be restored to its initial state follow-
ing a process, irrespective of whether the process is reversible or irreversible.
But for reversible processes, this restoration is made without leaving any trace
on the surroundings whereas for irreversible processes, the surroundings will
have changed their conditions.
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Friction is a familiar form of irreversibility. When two bodies in contact are
forced to move relative to each other, a friction force develops which opposes
the motion and some mechanical work is needed to overcome this friction force.
During the process, this mechanical work is eventually converted to heat and is
transferred to the bodies in contact, as evidenced by a temperature increase at
the interface. When the direction of the motion is reversed, the bodies can be re-
stored to their initial position, but the interface will not cool during this reversed
motion. On the contrary, additional mechanical work is needed to overcome the
friction force that also opposes the reversed motion and this additional mechan-
ical work will also be converted to heat and imply a temperature increase of the
interface. As a result, the initial position of the bodies has been restored and
even the heat developed during the process may be transferred to the surround-
ings so that the system is in its initial condition. However, the surroundings are
not in their initial conditions, since they have received a certain amount of heat;
the process is evidently irreversible.

Another form of irreversibility is heat transfer through a finite temperature
difference. Consider as an example isothermal expansion or compression of
the ideal gas where the heat exchange 6Q is given by (20.29). From Fourier’s
law 6Q/At ~ A8 and a constant temperature difference Af between gas and
surroundings, we may write in a symbolic form

AQ = constant AGAt (20.32)

where At is the time duration of the heat transfer. When the gas expands, (20.29)
shows that 6Q > 0, i.e. the gas temperature is lower than the temperature of the
reservoir. When the gas is compressed, (20.29) provides 6Q < 0, i.e. the
gas temperature is higher than the reservoir. Since the reservoir temperature is
assumed to be constant, the same gas temperature during expansion and com-
pression can only be achieved by letting A6 — 0, but since AQ is a finite
quantity, (20.32) shows that we must require At — oo. This implies that if the
heat transfer during expansion and compression is to be the same, the process
must proceed infinitely slowly. A reversible heat transfer can therefore only
be achieved if the temperature differences are infinitely small. Conversely, any
finite temperature difference will result in an irreversible process.

It appears that reversible processes cannot be achieved in practice. However,
reversible processes are important since they may be viewed as theoretical, ide-
alized processes.

An evident example of an irreversible process is Joule’s experiment illus-
trated in Fig. 20.6. Initially, the gas occupies the volume ¥;; after opening of
the valve, the gas occupies the volume ¥; + V; without leaving any trace on
the surroundings. However, the opposite process cannot be imagined; it is not
possible to bring the gas back to occupy its initial volume ¥; without changing
the condition of the surroundings.

We may conclude that reversible processes are only possible if all changes
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AQ>0

—- AW <0

Figure 20.7: Principal sketch of perpetual motion of the second kind.

(of temperature, pressure, etc.) are infinitely small. This implies that a reversible
process requires a uniform temperature and no unbalanced forces.

20.7 Introduction to the second law

The second law of thermodynamics can be formulated in various ways. Here we
will adopt the most simple and direct physical approach. Just like the first law
of thermodynamics was based on the impossibility of a perpetual motion of the
first kind, we will base the second law of thermodynamics on the impossibility
of a perpetual motion of the second kind. Let us make the following definition:

A perpetual motion of the second kind is a machine
operating in cycles which, in any number of complete
cycles, will receive heat from a single heat reservoir
and produce an equivalent amount of mechanical work

(20.33)

Such a machine is illustrated in Fig. 20.7. The perpetual motion of the second
kind works in cycles; therefore, after one cycle all conditions in the machine are
unchanged and from the first law (20.17), we then have 0 = AW + AQ where
AQ is the amount of heat received during one cycle and AW is the mechanical
work produced during one cycle. Note that per definition, cf. (20.17), AW is
positive if mechanical work is supplied to the system; in turn, AW < 0 then
means that the system produces work. We observe that a perpetual motion of
the second kind does not violate the first law of thermodynamics. However, it is
postulated that

[A perpetual motion of the second kind is impossibleJ (20.34)

This formulation is the famous Kelvin statement of the second law from 1851
(William Thomson became Lord Kelvin when he was raised to the peerage);
there exist other formulations of the second law - for instance the one proposed
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0..AQ,>0

<: N — AW <0
1

91,AQ1 <0

Figure 20.8: Principal sketch of heat engine.

by Clausius in 1850 - but we will later prove that the Kelvin statement and the
Clausius statement are identical.

Whereas it is possible to convert mechanical energy completely into heat,
cf. for instance the experiment of Joule shown in Fig. 20.3, it is an everyday
experience that an amount of heat cannot be converted entirely into mechanical
work and this is another, looser formulation of the Kelvin statement.

The impossibility of a perpetual motion of the second kind does not rely as
much upon the fact that such a machine has never been constructed, but rather
that it has a number of consequences that are in agreement with all experimental
evidence and the second law of thermodynamics is therefore accepted as an
axiom.

According to (20.33) and (20.34), it is impossible to construct a machine
that operates in cycles and only receives heat. A machine must therefore also be
able to reject heat. A principle sketch of an engine, a heat engine, therefore takes
the form shown in Fig. 20.8. Here, in one cycle the amount of heat AQ, (> 0)
is supplied to the engine, which produces the mechanical work AW (where
AW < 0) while it rejects the amount of heat AQ, (where AQ, < 0). Note
that we measure heat and mechanical work as positive quantities when they are
supplied to a system. The temperature 9, at the reservoir providing the amount
of heat AQ, and the temperature 6, at the reservoir receiving the amount of
heat AQ;, are conveniently taken as constant temperatures since the heat engine
is assumed to operate in cycles; that means, after one cycle, all conditions are
assumed to be unchanged.

From the first law (20.17), we have

0=AW + AQ, + AQ, (20.35)
The efficiency n of the heat engine is defined as
efficiency n = ?QT (20.36)
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8,,AQ,<0

N -— AW >0

Figure 20.9: Principal sketch of refrigerator.

where it is noted that —AW > 0. Combination of (20.35) and (20.36) yields

AQ,
AQ,

where AQ; < 0 and AQ, > 0.

From (20.36) appears that the efficiency 7 is a non-negative quantity. If n =
1, (20.37) shows that AQ; = 0 and the heat engine then turns into a perpetual
motion of the second kind that only receives heat from one reservoir (AQ,) and
produces an equivalent amount of mechanical work (AW). But according to the
Kelvin statement (20.34) such a machine is impossible and we conclude that

0<n<l1 (20.38)

Evidently, when constructing a heat engine the aim is to achieve an efficiency
that is as large as possible, but this efficiency is always smaller that unity. We
shall later return to this subject.

A machine that operates in cycles and that represents the opposite of a heat
engine is a refrigerator, cf. Fig. 20.9. Here, the mechanical work AW is sup-
plied to the refrigerator, which receives the amount of heat AQ; from the reser-
voir having the low temperature 6, and rejects the amount of heat AQ, to the
reservoir having the high temperature 6,.

Let us next turn to another formulation of the second law. It is an every-
day experience that heat does not, by itself, flow from a cold region towards a
warmer region. This is the content of the Clausius statement of the second law
from 1850, which, in a more precise formulation, reads

n=1+

(20.37)

It is impossible to construct a machine operating in cycles
which, in any number of complete cycles, only results in a
transfer of heat from a reservoir at one temperature to a
reservoir at a higher temperature

(20.39)




Introduction to the second law 535

0,,AQ,>0 0., AQ. + AQ;
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violating the
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Figure 20.10: Refrigerator is powered by a perpetual motion of the second kind.

We will now prove that the Kelvin statement (20.34) and the Clausius statement
(20.39) are equivalent. The proof consists of showing that if it were possible to
violate one statement, the other statement would also be violated.

Suppose first that we have a heat engine that violates the Kelvin statement,
i.e. it receives the amount of heat AQ, (> 0) and produces an equivalent amount
of mechanical work AW (< 0), where AW +AQ, = 0. As shown in Fig. 20.10,
this mechanical work is used to drive a refrigerator, which also receives the
amount of heat AQ; (> 0) at the reservoir having the temperature ;. Note that
the mechanical work AW is considered as a positive quantity when it is supplied
to the system (the machine) and as a negative quantity when it is produced by
the system. The refrigerator rejects the amount of heat AQ, + AQ to the high-
temperature reservoir. The combined result of this machinery is to take the
amount of heat AQ, from the low-temperature reservoir and deliver it to the
high-temperature reservoir. We have then proved that violation of the Kelvin
statement leads to violation of the Clausius statement.

Suppose next that we have a machine that violates the Clausius statement,
i.e. it receives the amount of heat AQ; from the low-temperature reservoir and
transfers all this heat to the high-temperature reservoir. Referring to Fig. 20.11,
this amount of heat AQ; at the high-temperature reservoir as well as the addi-
tional amount of heat AQ,44 is supplied to the heat engine that produces the me-
chanical work AW and rejects the amount of heat AQ; to the low-temperature
reservoir. The combined result of this machinery is to take the amount of heat
AQ.4q4 from the high-temperature reservoir and produce an equivalent amount
of mechanical work AW. But this is a perpetual motion of the second kind,
which violates the Kelvin statement.
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Figure 20.11: Combined effect of machine that violates the Clausius statement with a
heat engine.

We have therefore proved that

The Kelvin statement and the Clausius statement of
the second law are equivalent statements

20.8 Efficiency of various heat engines

Let us next prove the following statement

The efficiency of an irreversible heat engine is
always less than the efficiency of a reversible heat
engine operating between the same reservoirs

With evident notation, this statement may be written as

(20.40)

To prove (20.40), consider an irreversible heat engine and a reversible heat
engine working between the same reservoirs, as shown in Fig. 20.12. The first
law yields

0=AW"+AQI"+AQ]" ; 0=AW™+AQ"+AQ["  (2041)

The two engines are operated such that they deliver the same mechanical work,
ie.

AW = AW’ = AW (20.42)
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6, AQ™ >0 8,,AQ" >0
! i ! rev
<, ~ —= AW N — AW
irreversible reversible
heat engine heat engine
6,.A0)" <0 6,007 <0

Figure 20.12: Irreversible and reversible heat engine working between the same reser-
VOIrs.

From (20.41) then follows that
AQYT - AQYY + AQ" - AQ[” =0 (20.43)

Since the heat engine to the right in Fig. 20.12 is reversible, it can be reversed
and thereby operate as a refrigerator. The irreversible heat engine is now cou-
pled to this refrigerator and due to (20.42), all the mechanical work produced
by the irreversible heat engine is used to drive the refrigerator, cf. Fig. 20.13.

Assume that the high-temperature reservoir receives heat from the combined
machine, i.e.

AQI" — AQ'®™ <0  (assumption) (20.44)

Due to (20.43), this implies that AQ;"’ - AQ[® > 0, i.e. the low-temperature
reservoir supplies heat to the combined machine. We are then led to a situation
where the only result of the combined machine is a transfer of heat from a
low-temperature reservoir to a high-temperature reservoir. But according to the
Clausius statement (20.39) such a machine is impossible.

Assume next that
AQI" ~ AQ'® =0 (assumption) (20.45)

i.e. the total heat transfer to the high-temperature reservoir is nil. Due to
(20.43), the total heat transfer from the low-temperature reservoir is then also
nil. Within the combined machine, a number of processes takes place. However,
after one cycle all conditions of the combined machine (the system) as well as
of the reservoirs (the surroundings) have been restored. According to (20.31),
this means that the processes are reversible, but this is in contradiction with the
assumption that the combined machine involves an irreversible heat engine.
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Figure 20.13: Irreversible heat engine driving a (reversible) refrigerator.

Since also (20.45) must be rejected, we are left with

AQ™

AQ:"rr

where it was used that AQ"" > 0. Use of (20.37) and (20.43) yield

AQL” + AQ;'rr AQT+ AQ;ev AQ
a0 T AQr aor

where advantage was taken of (20.46). This completes the proof of (20.40).
We will also prove that

AQ:"H‘ — AQ;” >0 =

(20.46)

”rev < nrev

Hipr =

All reversible heat engines that operate between

the same reservoirs have the same efficiency (20.47)

This statement is quite surprising, since it says that irrespective of how the cy-
cles are devised and irrespective of the working medium used in the heat en-
gines, the efficiency of reversible heat engines is the same, when the two reser-
voirs are the same.

To prove (20.47), Fig. 20.12 is considered again, but now the irreversible
heat engine to the left is replaced by any reversible heat engine. The two heat
engines are operated so that they deliver the same mechanical work AW} =
AW, cf. (20.42). The reversible heat engine to the right is again reversed
so that it operates as a refrigerator that is driven by the heat engine to the left,

cf. Fig. 20.13. Again we assume condition (20.44), which now reads Afof g

igh . ) . . .
AQ® ' < 0, and again we conclude that this assumption violates the Clausius

statement. Since we can choose arbitrarily which of the reversible heat engines

that is to work as a refrigerator, we are left with the possibility that Afof g
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AQ}® = 0. In combination with (20.42) (AW, = AW, ;) it follows that
left right

Hrev = Nrev and statement (20.47) have then been proved.

For any two given reservoirs, restriction (20.38), i.e. 0 < # < 1, holds and
we have found that the largest efficiency is provided by a reversible heat engine.
Any attempt to construct an efficient heat engine is therefore confined to reduce
the irreversibilities as much as possible.

20.9 The Carnot process

It was shown that all reversible heat engines possess the same efficiency. In
order to determine this efficiency, we may select any reversible process and the
so-called Carnot process turns out to be especially convenient for this purpose.
The reason is that the Carnot process is devised such that the requirement of
reversibility can be fulfilled, at least in principle.

The Carnot process was suggested by Carnot in 1824 and it consists of the
following cycle:

Camot process:

1-2 reversible isothermal expansion
2-3 reversible adiabatic expansion
3-4 reversible isothermal compression
4-1 reversible adiabatic compression

P
1
P L
0,
p, | adiabatic 2
Pa T
4 adiabatic
P T X 3
+—+ + + | 4
W, oW

Figure 20.14: Carnot process with ideal gas; reversibility is assumed.

To illustrate this process, we may select as the working medium an ideal gas
in a cylinder with a frictionless piston, cf. Fig. 20.14.

Initially in process 1-2, the gas temperature is 6, and the cylinder are brought
into contact with the high-temperature reservoir having the temperature 6,; an
isothermal expansion is then enforced. In order that the process be reversible,
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the difference between the temperature 6, and the gas temperature should be
infinitely small; this requires an infinitely slow expansion. Moreover, a re-
versible process requires that the piston moves in the cylinder in a frictionless
manner. During this isothermal expansion, the gas receives heat from the high-
temperature reservoir according to (20.29) and we obtain

AQ, = mR6’,,lnE (20.48)
Vi

In process 2-3, the cylinder is insulated and an expansion occurs. In order
that the process be reversible, no friction is allowed and the expansion should
proceed infinitely slowly. According to (20.30), the temperature decreases and
the expansion is continued until the temperature 6, has been reached. From
(20.30), we obtain

12 J“" cy do
-In==| X2
o R 8

or

6,
“ ¢y dO
InV; = InV, + J v (20.49)

o RO

where we have changed the integration direction.
In process 3-4, the cylinder is brought into contact with the low-temperature

reservoir having the temperature ;. A reversible isothermal compression oc-

curs and (20.29) yields that heat is transferred to the low-temperature reservoir,

where

v,
AQ; = mR011n74 (20.50)
3

Finally in process 4-1, the cylinder is insulated and an adiabatic compression
occurs; the process is again reversible. According to (20.30), the temperature
then increases and the compression is continued until the temperature 6, has
been reached. From (20.30) follows that

Vi ru cy do
o RO
or

9
“cy do

InV] = InV, - —_— 20.51

nVi =InV, L,RG ( )

From (20.37), (20.48) and (20.50), we obtain

0, InVy — InV;

rev = 1 + ———-—
TIre 0, InV; — InV,
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and insertion of (20.49) and (20.51) yields the result

Mrev =1 — ﬁ (20.52)
bu
Therefore, the efficiency of a reversible heat engine is entirely determined
by the temperatures of the reservoirs. We have obtained this conclusion by con-
sidering a reversible process in terms of a Carnot process using an ideal gas
as working medium, but since all reversible heat engines have the same effi-
ciency, (20.52) holds for all reversible heat engines, irrespective of the specific
reversible cycle and irrespective of the working medium.

20.10 Thermodynamic temperature scale

The concept of temperature T and absolute temperature 6 was discussed in Sec-
tion 20.1. However, up to now the measurement of temperature hinges on the
fact that some properties of a medium change with its coldness or hotness; such
a measurement may, for instance, be based on expansion or contraction of mer-
cury in a capillary, as used in a traditional thermometer. As another example,
if a vessel of constant volume is filled with ideal gas, then the (absolute) tem-
perature is proportional to the gas pressure, see Fig. 20.1. This means that by
measuring the pressure, we can measure the temperature. Such a thermometer
is called a constant-volume gas thermometer and the corresponding temperature
is called the ideal gas temperature scale, which, as we have seen, is identical to
the absolute temperature, i.e.

Constant-volume gas thermometer =
ideal gas temperature scale = absolute temperature 6

However, irrespective of the thermometer we adopt so far, the temperature mea-
surement, in itself, relies on the properties of the substances used in the ther-
mometer.

Theoretically, it would be of importance if the temperature measurement
could be performed in such a manner that it is independent of the properties
of some substances - at least in principle. Such a temperature scale is called a
thermodynamic temperature scale and we have

A temperature scale that is independent of the properties
of the substances that are used to measure temperature is
called a thermodynamic temperature scale

It turns out to be possible to achieve a thermodynamic temperature scale and
for that purpose, we first combine (20.37) and (20.52) to obtain
-AQ; 6

= — i j 20.5
AQ, 3 reversible machine (20.53)
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To derive this relation, we used that for the same two reservoirs, all reversible
heat engines have the same efficiency irrespective of their construction, working
process and working medium. By specifically choosing a reversible process in
terms of a Camot process using an ideal gas as working medium, (20.53) was
then derived. Therefore, (20.53) holds for all reversible machines.

The important point is that the ratio —AQ, /AQ, is independent of the nature
of the working substances, since the efficiency 7,., is so. Since the energy of
amounts of heat can be measured directly by means of calorimetry, cf. the Joule
test set-up shown in Fig. 20.3, without having defined a temperature scale, the
ratio —AQ,;/AQ, can be measured. If we then consider (20.53) as a matter of
definition, then we can measure the temperature ratio ;/6, only by means of
calorimetry. Running a reversible heat engine and since the ratio —AQ,;/AQ,
is independent of the involved substances also the temperature ratio 6, /8, is in-
dependent of the involved substances. The thus-defined temperature ratio 6,/6,
therefore establishes a thermodynamic temperature scale. In principle, these
considerations were put forward by Kelvin in 1854.

Since (20.53) has been shown to be satisfied if temperatures are measured
by an ideal gas temperature scale = absolute temperature, we conclude that

Ideal gas temperature scale = absolute temperature
= thermodynamic temperature

To be precise, (20.53) only defines the ratio 8;/6,. To identify the thermo-
dynamic temperature scale uniquely, one more piece of information is needed.
In 1954, the triple point of water (the state at which ice, water and vapor exist
in equilibrium) was assigned the value 273 K (273.16 K to be precise) and we
are then back to (20.2).

From (20.52), we have

6 = 0,(1 — 7o)

and since 0 < #,, < 1, cf. (20.38), we are led to the conclusion that the lowest
attainable temperature 6; is always greater than zero. This observation supports
our previous conclusion given by (20.1).

20.11 Entropy - Clausius’s inequality

Relation (20.53) holds when a reversible cycle is performed and it may be writ-
ten as

AQ, A .
—ei % =0 reversible cycle
u i

To indicate that a cycle is performed, this expression may be written as

é %Q— =0 reversible cycle (20.54)
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This relation is of significant interest. It was shown previously that heat
is not a state function, cf. (20.10), therefore during a cycle we have, in gen-
eral, $ 60 # 0. Indeed, this was the motivation for denoting an infinitely small
amount of heat by §Q and not dQ, since the latter notation would suggest that
there exists a function Q that depends on some variables and then Q would be
a state function, in contrast to (20.10). Referring to the discussion following
(20.11) and (20.12), an infinitely small amount of heat is not a perfect differen-
tial and this is emphasized by using the notation 6Q.

Any function, say z = z(y,), where z depends on some variables y,, will
have the property that during any cycle, we have $dz = 0. If the variables y,
are state variables, then z = z(y,) would be a state function. However, whereas
heat is not a state function, (20.54) implies that there exists a state function, the
entropy S of the system, defined by

6
as = _5Q_ reversible process (20.55)

To check that S is a state function, we calculate the change of .S’ during a re-
versible cycle and due to (20.54), it follows that (ﬁdS = 0, in accordance with
our expectations.

To discuss the concepts of a state function and a perfect differential in more
detail, consider the following expression

infinitely small quantity = c,dy, (20.56)

where the functions ¢, depend on the variables y,. Following, for instance,
Kreyszig (1962) we have

A necessary and sufficient condition for
(20.56) being a perfect differential is that

dc, Ocg

s 0%

(20.57)

We then conclude that (20.56) may be written as

da = c,dy,  if perfect differential
da = c,dy, if not a perfect differential

Any function z = z(y,) fulfills requirement (20.57) since

0z ) d A0z 0 0z
dz = —dy, ie. —(—)=—(—
o 3y, aye) = dya\ay,)

On the other hand, consider for instance the expression

ba = —y,dy; + y1dy, (20.58)
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Since o(=y,)/0y, = —1 # d(y1)/dy1 = 1, (20.57) is not fulfilled and the
quantity éa is not a perfect differential, as already 1ndlcated by the notation éa.
However, if (20.58) is multiplied by the factor 1/ y2, we obtain

o 1
= = ——dy + Ldy, (20.59)
Y2 2 Y2

It is now observed that
7] 1 1 Jd »n 1

—(-=) =5 =5

02 »2 y% - on y2 y2
i.e. (20.57) is fulfilled and, indeed, (20.59) may be integrated to provide

db = @- where b= A

y% y2
In the considered case, we could convert expression (20.58) into a perfect differ-
ential by multiplication with a factor, in the present case the factor 1/ y2 Such
factor is called an integrating factor.

With this discussion, it appears that the factor 1/8 is the integrating factor
which for a reversible process transforms the quantity 6Q into the perfect dif-
ferential dS, cf. (20.55).

After these preliminary remarks, we introduce the entropy S of the body in
the following manner, as suggested by Clausius in 1865:

6Q .
=5 reversible process
Clausius’s inequality  dS 5 (20.60)
> 7 irreversible process

Moreover, irrespective of whether the process is reversible or irreversible, we
assume that

[&e entropy is a state ﬁmctionJ (20.61)

Equations (20.60) and (20.61) express the second law of thermodynamics in a
mathematical form. Just like the first law, the second law is a postulate, but since
all experimental evidence supports this postulate, it is accepted as an axiom.

To illustrate the use of (20.60) and (20.61) and to show that they contain
the various forms of the second law that we discussed previously, consider first
a reversible heat engine having performed one cycle in a Carnot process, cf.
Fig. 20.14. After one cycle, the system (the machine) has returned to its initial
state. Since the entropy S of the system is a state function, it therefore takes the
same value before and after the cycle. Therefore, (20.60) yields

=<J;ds=<]g@=39—“+ﬂ e, 2%

AQ., b,
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Insertion into (20.37) gives
0,

nr ey = 1 ou
in accordance with (20.52).

Consider next an irreversible heat engine having performed one cycle in a
process similar to that of Carnot, but without the assumption of reversibility.
Again, the entropy S is a state function and it therefore takes the same value
before and after the cycle. Consequently, (20.60) gives

60 AQu AQ; ) AQy ]
d e —<L—-—
({) 5> 4) % 6 T AQ. 6.

Insertion into (20.37) then yields

AQ 0
— < -—— v
20, 1 B Nre

in accordance with (20.40).

It is of interest that whereas the first law postulates the existence of a state
function, the internal energy, the second law postulates the existence of an-
other state function, the entropy. The word ‘entropy’ originates from Greek and
means ‘change’.

The first law does not discriminate whether a process goes in one or another
direction; it simply performs the book-keeping of the various energy changes.
On the other hand, the second law is discriminative in the sense that it informs
us whether a process is possible or not; a process is only possible if it satisfies
Clausius’s inequality (20.60).

Nirr = 1+

20.12 Maximum entropy at thermodynamic equilibrium

Since the second law selects the processes that are possible, it indicates a trend
in nature. It may therefore be used to determine a state of thermodynamic equi-
librium. By definition, we have

Consider a system where no change in the boundary
conditions occurs, i.e. no mechanical work input
and no heat input. (20.62)
The system is then in thermodynamic equilibrium if
no changes of the state variables can occur

Thus thermodynamic equilibrium implicitly refers to static conditions. Since
W = 6Q = 0, the first law (20.15) implies that dU = 0, i.e. the internal
energy is constant. A necessary condition for thermodynamic equilibrium is
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therefore that the internal energy is constant. With 6Q = 0, the second law
(20.60) gives dS > 0; therefore, if 5W = 6Q = 0 then the only processes that
are allowable are those which imply that dS > 0. If it is the case that the entropy
takes a maximum value, then any change of the state variables would imply
that .S decreases, which is impossible, and we therefore have thermodynamic
equilibrium. Consequently:

If W = 6Q = 0 and if the entropy has a maximum value,

thermodynamic equilibrium exists (20.63)

This statement is due to Gibbs and it was formulated in 1876.

20.13 The second law and the Clausius-Duhem inequal-
ity
It is timely to establish a form of the second law that is of relevance for con-

stitutive mechanics. First of all, we define the specific entropy s per unit mass,
ie.

S = J psdV (20.64)
4

The specific entropy s is a state function just like the total entropy S of the body
is a state function.
Dividing Clausius’s inequality (20.60) by dt, we obtain
. 160
S>-—
~ 0 dt
This expression holds for a homogenous system (body) where the temperature

is constant. For a body within which the temperature is allowed to vary we
obtain with (20.12)

(20.65)

(20.66)

: ryv | 4 global form of second law
52 L HdV L 0 mds Clausius-Duhem inequality

This is the global form of the second law and following the terminology sug-
gested by Truesdell and Toupin (1960), it forms the celebrated Clausius-Duhem
inequality in its global form. The volume term in (20.66) is often called the
entropy source term whereas the boundary term in (20.66) often is called the
entropy flux term.

An important point here is that the temperatures in the previous discussion
were the temperatures of the reservoirs, i.e. the temperatures at the boundary
of the system. This observation motivates the boundary term fs qin;/6dS in
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(20.66). However, in the previous discussion no reference was made to the tem-
perature within the system (within the heat engine) and one may therefore ques-
tion the volume term IV r/8dV in (20.66). If the temperature is constant within
the body (the system), (20.66) certainly reduces to (20.65). In general, how-
ever, the temperature is not uniform and with the just mentioned remarks of the
volume term in (20.66) in mind, it is not evident that the total entropy S obeys
inequality (20.66). A further discussion of this delicate problem goes beyond
the scope of the present exposition and the interested reader may, for instance,
consult Gurtin and Williams (1966), Truesdell (1969) and Hutter (1977). Here,
we adopt (20.66) as an axiom and it is the global form of the second law.
According to the divergence theorem of Gauss, we have

J % ,ds =J &y .av (20.67)
S 0 | 4 0

Insertion of (20.64) and (20.67) into (20.66) and observing that due to the as-
sumption of small strains, the mass density p can be considered as constant, we
obtain

. r qi
L[PS ~3 + (E),i]dV 20

As this expression holds for arbitrary regions V/, it is concluded that

rooqu g0 local form of second law

0 6 e ~ = Clausius-Duhem inequality (20.68)

This is the local form of the second law, i.e. the local form of the Clausius-
Duhem inequality that holds at every point in the body.

It is recalled that the equality sign holds for reversible processes whereas
the inequality sign holds for irreversible processes. The essence of constitutive
mechanics has now been boiled down to fulfillment of the Clausius-Duhem in-
equality. If our suggestions for constitutive models fulfill this inequality, the
models satisfy the second law and thereby fulfill all formal physical require-
ments. Whether the suggested models provide a close approximation to the
actual behavior of the materials in question is another issue where thermody-
namics cannot give any help. Therefore

Any constitutive model that fulfills the Clausius-Duhem
inequality, fulfills all formal requirements

One may wonder whether fulfillment of the first law also places restrictions
on constitutive modeling. However, as we shall see in the next chapter the first
law turns into the heat equation, which places no restrictions on constitutive
modeling, but which instead determines the temperature distribution within the
body.
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20.14 Various approaches to thermodynamics

The essence of this chapter is the first law in its global and local forms, cf.
(20.15) and (20.21), as well as the second law, i.e. the Clausius-Duhem in-
equality, in its global and local forms, cf. (20.66) and (20.68). Moreover, the
specific internal energy u and the specific entropy s are postulated to be state
functions, i.e. functions that only depend on the current values of those vari-
ables, the state variables, that characterize the state, cf. (20.3) and (20.4).

To achieve to this point, the essential principles of the classic thermody-
namics were presented and they served as a physical motivation for these main
results. This is in contrast with the mainstream of textbooks within constitutive
modeling where the first and second laws are simply presented as principles
that must be satisfied. Here, we have taken a somewhat less abstract viewpoint
by trying to motivate these laws by various physical arguments and the hope is
that a quantity like the entropy will appeal to the physical insight of the reader
and not just become an abstract quantity that the reader is able to manipulate in
various expressions.

However, it would be unfair not to mention that our approach may be criti-
cized and that other approaches to thermodynamics exist. While the scientific
community accepts the first law as truly being an axiom, arguments may be
raised against the second law and this manifests itself in different formulations
of the second law.

For reversible processes, we could argue strictly that the factor 1/0 is the
integrating factor that transforms the quantity 6Q into the perfect differential
dS = 6Q/8, cf. (20.55) and (20.60); this implies that the entropy .S certainly
is a state function. However, as mentioned in Section 20.6, reversible processes
are only possible if all changes (of temperature, pressure, etc.) are infinitely
small. This implies that a reversible process requires a uniform temperature and
no unbalanced forces. For reversible processes to occur, the body must therefore
be subjected to conditions that are in equilibrium and this is the reason why this
part of thermodynamics often is termed thermostatics. In that case, we can
prove with confidence that the entropy is a state function.

However, for irreversible processes the body is not in equilibrium (in the
manner defined above) and it may then be questioned whether the entropy is a
state function, cf. for instance Meixner (1970) and Hutter (1977). This is the
reason for two schools of thought: the so-called irreversible thermodynamics
and the so-called rational thermodynamics.

The school of irreversible thermodynamics focusses on the fact that under
equilibrium (reversible) conditions, the entropy is a state function. Therefore,
in irreversible thermodynamics the irreversible processes are thought of as being
close to equilibrium and only slight, i.e. linear, deviations are allowed.

Within the school of rational thermodynamics with which names like Trues-
dell, Coleman, Toupin, Eringen and Noll are associated, it is simply accepted
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that the entropy is a state function also for irreversible processes far from equi-
librium and the second law is then taken in the form of the Clausius-Duhem
inequality. This line of thought then investigates the consequences for constitu-
tive theories when they are to fulfill this inequality. The result is a field theory
of great beauty and with very important consequences.

Here, we will adopt in the following chapters the viewpoint of the school of
rational thermodynamics, that means accept the first and second laws as stated
by (20.16), (20.21) and (20.61), (20.68), respectively. However, instead of
simply stating these laws, as it is common in rational thermodynamics, we have
tried to provide a physical motivation for these laws. In the present chapter, we
have also deviated from the school of rational thermodynamics in another aspect
by first introducing the concept of temperature as something we can measure
and accept and then obtaining the entropy as a derived, i.e. related, concept.
This means that we have used the temperature as a so-called primitive quantity.
Within rational thermodynamics, the entropy is introduced first as a primitive
quantity and the temperature then becomes a derived quantity. However, irre-
spective of which approach is adopted, the resulting relations become the same,
but the present approach has been adopted since it seems to be more appealing
to the physical intuition of the reader.
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THERMODYNAMIC FRAMEWORK
FOR CONSTITUTIVE MODELING

In this chapter, we will establish the framework for deriving constitutive models
that is provided by thermodynamics. In the next chapters, we shall then take full
advantage of this framework and demonstrate that we may retrieve a number of
theories discussed previously and also establish a number of new constitutive
models.

Let us first recall the first and second laws. From (20.21), the first law in its
local form is given by

[pd = &;0i;+r—qi;  first la;] (21.1)

where u is the specific internal energy, g; is the heat flux vector and r is the
heat supply per unit time and unit volume. Moreover, the internal energy u is
a state function, i.e. a function that only depends on the current values of the
state variables. The state variables are variables that characterize the state of the
material and, as previously discussed in Section 20.3, it is not trivial to identify
these variables; we shall later return to this important point.

The second law expressed in terms of the local form of the Clausius-Duhem
inequality is given by (20.68), i.e.

r o g g
pg__+&1_&>0 second law

0 @ 02 - = Clausius-Duhem inequality (21.2)

where s is the specific entropy and & is the absolute temperature. The entropy s
is a state function.
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The term g;; — r appearing in (21.2) can be eliminated by means of the first
law (21.1) and the Clausius-Duhem inequality then turns into what is called the
dissipation inequality

Dissipation inequality in terms of internal energy u

r=0
where (21.3)
0,
Yy = 0ps — piu+ €ijo;; —~ -q—'g—'

where it is emphasized that the internal energy u enters the dissipation inequal-
ity. It is recalled that the inequality sign holds for irreversible processes whereas
the equality sign holds for reversible processes. The quantity y defined by (21.3)
has the dimension of energy rate per unit volume, i.e. [J/s m’], and it is zero
for reversible processes and positive for irreversible processes; this suggests the
terminology of y being the dissipation. Moreover, as emphasized in relation
to (20.68), any constitutive model that fulfitls (21.3) fulfills all formal require-
ments enforced by thermodynamics.

In addition to the state functions u and s, it turns out to be convenient to intro-
duce another state function proposed by Helmholtz in 1882, namely Helmholtz’

free energy w per unit mass defined by

Helmholtz’ free energy
w=u-—s0 (21.4)
Y is a state function

It is evident that the absolute temperature 6 can be considered as a state variable,
since it certainly is a quantity that - together with other quantities - characterizes
the state of the body, cf. definition (20.3). Moreover, since u and s are state
functions, it follows from the definition of y that it is a state function, cf. (20.5).

From (21.3) and (21.4), we then obtain the following alternative formulation
of the dissipation inequality

Dissipation inequality in terms of free energy y

y=0
(21.5)

where
. ; . g6,
= ~p( + 50) + €;;0i; — <

21.1 Thermo-elastic materials

In Section 20.3, we introduced the concept of state variables and it was noticed
that the choice of state variables is not trivial; indeed it depends upon what we
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are interested in.

In order to approach this problem, it seems reasonable to consider the sim-
plest possible situation, which certainly is that of a reversible process. In Section
20.6, we found that a reversible process requires infinitely small temperature
gradients. Assume therefore that the temperature does not vary over the body
and that a reversible process occurs. Intuitively, we would expect that the ma-
terial then is to respond in an elastic manner and, indeed, our expectations are
fulfilled as will appear shortly. Since y = 0 and 6, = 0, (21.5) reduces to

s 1

y=-—s0+ ;O'ijéij (21.6)
Since the free energy y is a state function, the expression above suggests that

Lu/ =w(f.g;) thermo-elastic material (21.7)
Indeed, we obtain

LW, OV,

=—0 21.8
V=" 5, 218)

and a comparison with (21.6) supports expression (21.7). Moreover, subtracting
(21.8) from (21.6) gives

0=(- s——)0+( 0',, )e,, (21.9)

0€;;
Since we can control the spatially uniform temperature and the strains indepen-
dently, it is possible to assign arbitrary values to 6 and &;;. Expression (21.9)
then implies

s=-W. 5=, (21.10)

Since the entropy s is obtained from y by differentiation with respect to the
temperature 8, use is made of the phrase that y serves as a potential function for
the entropy. Likewise, the stresses are obtained from y by differentiation with
respect to the strains and the free energy y then serves as a potential function
for the stresses.

We found that the quantities 6 and ¢;; appeared in a natural manner as state
variables for the free energy y and they are therefore the natural or canonical
state variables for y when considering a thermo-elastic material. We might also
mention that as both the temperature 8 and the strains ¢;; can be measured, i.e.
observed, @ and €;; are examples of observable state variables; we shall later
encounter state variables that are not observable.

To demonstrate that (21.7) and thereby (21.10) define the response of a
thermo-elastic material - as already anticipated - let us consider the special case
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where @ = 0, that is, the temperature does not change with time (we have previ-
ously assumed that the temperature does not change with position, i.e. 8,; = 0).
Since 6 is constant, (21.7) reduces to ¥ = w(f = constant, ;;). Moreover,
writing py (6 = constant,¢;;) = W (e;;) and observing that the mass density
p for small strains can be considered as constant, it follows from (21.10) that
6ij = OW/0¢;;. A comparison with (4.5) and (4.8) reveals that we then have
identified the strain energy W per unit volume, i.e. we have identified a situation
where hyper-elasticity occurs. In conclusion

For constant temperature

pw(0=constant, €;;) = W (g;;) = strain energy (21.11)

w
oij = FYn hyper-elasticity
ij

The requirement of constant temperature is identical with isothermal conditions.
Therefore, during isothermal conditions py becomes equal to the strain energy
W. If the surroundings are kept at a constant temperature, isothermal condi-
tions can be achieved, if the material is loaded so slowly that any temperature
difference between the material and the surroundings is allowed to disappear.

The strain energy for elastic materials can be recovered and perform me-
chanical work. It follows that for isothermal conditions, Helmholtz’ free energy
v is the amount of energy that is ‘free’ to perform mechanical work.

Let us next consider the case where the temperature is allowed to vary, i.e.
v = w(0, €). It is expected that this formulation would turn into thermo-
elasticity and, indeed, this is the situation. Let us expand the free energy y(0, €;;)
in a Taylor series about the reference state where 8 = 6, and ¢;; = 0, i.e.

1 Py
v(, Eu) =y, + ( )oeu + ( )a(o 6,) + eu(a Dex )o Ekl
€ij

a
(— )0(0 06) + (

1
5 o Bo)ei 21.12
+53 ,,ao) (6 -0, ( )

where the notation ( ), indicates that the quantity in question is evaluated at
the reference state where 8 = 6, and €;; = 0. From (21.10) and (21.12), it then
follows that

2

dy v
0,0

Py
Oij = pae,, Yokt + p(5—=7)0(0 — 6,)

= P(-?')o + p(—— 3¢;,00

Let us assume that no stresses exist at the reference state. It follows that (dy /9¢;;), =
0 and the expression above reduces to

6ij = Dijuexi — Pij(8 — 6,) (21.13)
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where D;ji; and f;; are defined by

Py Py

o fuy=- 21.14
%2, 6ek1) Bij = —p( ) ( )

06,700 °

Since the elastic stiffness tensor D;jy; is positive definite, cf. (4.24) and (4.25),
it is always possible to determine the quantity a;; from the equation

Djjnian = pij (21.15)

and with C;jx, being the elastic flexibility tensor, we obtain

Dijri = p(

aij = CijuiPru
From (21.13) and (21.15) follow
Oij = Dijkl(ekl - EZI) where 8;’,. = a,-j(0 - 0,,) (2116)

A comparison with (4.62) and (4 64) reveals that we have recovered a descrip-
tion of thermo-elasticity, where &;; becomes the thermal strains and a;; the ten-
sor of thermal expansion coeﬁ‘iczents If the material is isotropic, then the tensor
a;; reduces to ad;;, where « is the thermal expansion coefficient.

According to (21.14), both D;ji; and a;; appearing in (21.16) are constant
quantities, but it is easy to obtain a formulation where they may depend upon
the temperature. For this purpose and recalling that the term (dy /de;;), is zero,
we may generalize (21.12) and with evident notation postulate

pw(B.e5) = C+ A(B)(6 - 6,)+ 3B(O)O - 6,)° 21.17)
+1€;Dijia(0)er — Pii(0)(0 — Bo)ey;
From (21.10), it then follows that
Thermo-elasticity with temperature-dependent properties
0ij = Diji(0) (e — €,;) where &, = a;;(0)(6 — 6,) (21.18)
or
Oij = D,-jkl(e)ei, where Efj =Ejj — E:-,j
Moreover
Ay
D," = nd ij = Cij 21.19
jkl = P P a @ ki Bri ( )

We have found that thermo-elasticity follows from Helmholtz’ free energy
taken in the form of y = (6, ¢;;). However, it turns out to be possible to
obtain another format for elasticity by specifying the internal energy u. For that
purpose, we return to definition (21.4), which after differentiation, becomes

i =y + 50 + 56



556 Thermodynamic framework for constitutive modeling

With (21.4) and (21.6), it follows that

1
u=0s+ ;O’,‘jé,‘j (2120)
Since the internal energy u is a state function, this expression leads to
Iu = u(s, &) elasﬁciﬂ (21.21)
Differentiation and comparison with (21.20) yield
du du
0=—: o0 =p—r 21.22
s Oij =p aEij ( )

In accordance with the terminology discussed previously and since the temper-
ature is obtained from u by differentiation with respect to the entropy, u serves
as a potential function for the temperature 8; likewise, u serves as a potential
function for the stresses.

When considering the internal energy u, we found that the quantities s and
€;; appeared in natural manner as the state variables and they are therefore the
natural or canonical state variables for 4 when considering an elastic material.
While the state variable ¢;; can be measured, i.e. &;; is an observable state
variable, we cannot determine the entropy s directly just by making some kind
of measurement and s is therefore an example of a state variable that is not
observable.

Another interesting point is that u is the Legendre transformation of y and,
likewise, y is the Legendre transformation of u. To illustrate the last property,
we accept (21.21) and (21.22). Instead of having s and ¢;; as the state vari-
ables, we can - without knowing the explicit form of u(s, €;;) - switch to another
description where 6 and ¢;; serve as state variables. For this purpose, the free
energy y is defined by (21.4). Differentiation gives

W =i—350-s0
and use of (21.21) and (21.22) results in

. YR
W =—s6+ ;a,-jeij

which, as before, implies y = (8, €;;) and thereby also relations (21.10). We
may also refer to the similar discussion relating to (4.11).

Two additional state functions are often introduced in thermodynamics. If,
instead of the description u = u(s, €;;), we want a formulation with the state
variables s and o;;, the enthalpy h is defined by the Legendre transformation
h=u- %o-,-,-eij and it follows that h = h(s, 0;;). Likewise, if, instead of y =
w(0, €;;), we want a description with the state variables 8 and o;;, Gibb’s free
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energy ¢ is defined by the Legendre transformation ¢ = y — %a,- j€ij and it
follows that ¢ = @(0, 0;;). Indeed it is easy to show that Gibb’s free energy ¢
for & = constant is equal to —~C where C is the complementary energy defined
by (4.11). However, for constitutive modeling it suffices in most cases to deal
with the state functions already introduced, namely: the entropy s, the internal
energy u and Helmholtz’ free energy .

1t is evident that (21.7) and (21.21) are different descriptions of the same
phenomena and just as we have shown that (21.7) corresponds to elasticity,
(21.21) must also provide a description of elasticity. To illustrate this point, we
recall that a reversible process is considered. If, in addition, it is assumed that
the heat supply r is zero and that no temperature gradients exist and thereby that
the heat flux vector g; is zero, then (21.2) implies that ps = 0, i.e. the entropy is
constant; this is called an isentropic process. From (21.21) and (21.22), it then
appears that

For constant entropy
pu(s=constant, €;;) = W (e;;) = strain energy

_aw b lastici
oij = %% yper-elasticity
It follows that we have identified another situation where hyper-elasticity oc-
curs. The conditions r = 0 and ; = 0 are equivalent to an adiabatic process (no
heat input); this situation can be achieved if the material is loaded very quickly
since heat exchange with the surroundings then has no time to take place. Under
these conditions, (21.23) shows that a hyper-elastic response can occur. On the
other hand, if isothermal conditions are considered, (21.11) shows that a hyper-
elastic response can occur. Isothermal conditions can be achieved in practice if
the material is loaded very slowly.

To obtain the result that (21.7) or (21.21) describes an elastic behavior, it
was assumed that no temperature gradients exist and that a reversible process
occurs. Suppose now that temperature gradients may exist and therefore that
an irreversible process is allowed. Also for these conditions, we maintain the
definitions of elasticity given by (21.7) and (21.21). If (21.7) is adopted and
advantage is taken of (21.10), then the dissipation inequality (21.5) reduces to
y = —qi6,;/6 > 0. Likewise, if (21.21) is adopted and advantage is taken of
(21.22), the dissipation inequality (21.3) also reduces to y = —¢;8,/8 > 0. It is
concluded that

(21.23)

For elastic materials, i.e. w = y(0, €;;) or u = u(s, &),
the dissipation inequality reduces to (21.24)

_ q:0,

Y= >0

This inequality is often termed Fourier’s inequality. Since the temperature 6 >
0, we obtain that the only restriction on elasticity provided by the second law
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is g;0; < 0. This restriction simply states that the scalar product of the heat
flux vector g; and the temperature gradient 6 is non-positive, i.e. heat flows
from warm regions towards cold regions. The statement (21.24) also shows that
when elastic materials are considered, the only source to irreversibility is the
existence of temperature gradients.

We have found that both y = w(8, €;;) and u = u(s, €;;) provide descriptions
of elasticity; however, whereas the temperature 8 is an observable state variable
that we can control and, in practice, assign arbitrary values, this is not the case
for the state variable s, which is not observable. This means that we cannot,
in practice, create experimental conditions by which the entropy s is assigned
arbitrary values. Therefore, even though y = w(0,¢€;;) and u = u(s, €;;), in
principle, provide equivalent descriptions of elasticity, it is evident that the for-
mat y = (6, £;) is the most convenient. It is no surprise that also for inelastic
behavior, a description in terms of the free energy y is the most advantageous
format. We conclude that

A description in terms of Helmholtz’ free energy y
is more convenient than a description in terms of the
internal energy u

21.2 Inelastic materials - Internal variables

After the detailed discussion of thermo-elasticity and the state variables that
characterize thermo-elasticity, it is timely to consider the description of inelastic
materials. Let us first note that, in general, we can write

e ie o
€ij = €& +E,~j + €

where £;; are the elastic strains, &;; the inelastic strains and &;; are the thermal
strains; the inelastic strains may be due to plasticity, creep, v1scoplast101ty, etc.
Moreover, the elastic strains &;; are defined by Hooke’s law i.e. &;; = Cijkioki
where Cjj; is the elastic flexibility tensor.

When choosing the state variables for inelastic materials, it is evident that the
strains must enter in some form. To approach this problem, it is observed that
there are cases where an arbitrary inelastic material responds in an elastic man-
ner; for plastic materials this occurs during unloading and for time-dependent
materials an elastic response follows if the loading rate is sufficiently fast.

As an example, consider the hardening plasticity response shown in Fig. 21.1.
An elastic behavior occurs between point O and point A and an elastic behavior
is also present during unloading between point B and point C. If the elasticity
between O and A is to be described, the free energy v is taken as y = y (0, ),
cf. (21.7). However, if the elasticity between B and C is to be described, it
follows from Fig. 21.1 that we should now take y as y = y(0, &;; — €;;) where

— P
Eij = EU'
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Figure 21.1: Modeling of elastic behavior for hardening plasticity.

This example motivates that while the total strain tensor €;; is a proper state
variable for elasticity, the corresponding state variable for inelastic behavior is
€ij — efj, ie. ¥y = y(0, &5 ~ e::;). It is not surprising that this format is not
sufficiently general to model all types of inelasticity and we therefore introduce
an additional set of state variables, k., where @ = 1, 2, - - -, that characterize the
inelastic material. We are then led to the following format

v =y ;- ejj K¢) inelastic material (21.25)

The additional set of state variables given by k, is also called internal vari-
ables or hidden variables, i.e.

Ixa = state variables=internal variables= hidden variables]

We do not know the number of internal variables beforehand, and, as indicated,
we may have one, two or more internal variables. Moreover, at this point we do
not know the type of internal variables, which may be scalars or higher-order
tensors. However, we collect all these internal variables into the notation «, and
use the following definition

Ko = internal variables (¢ = 1,2, .. .)]

This discussion of internal variables is completely similar to that encountered in
plasticity theory, cf. the discussion relating to (9.10) and (9.11).

Of the state variables introduced, the only quantities we can measure di-
rectly, without making use of our imagination of how materials behave, are the
observable state variables 6 and ¢;;. Therefore, the internal variables x, (and, in
principle, also €;7) are not observable state variables and this is the reason for the
somewhat peculiar terminology of ‘hidden’ variables. We will follow the trend
in the literature and exclusively use the word internal variables since the termi-
nology of ‘hidden’ variables may act as a psychological block to acceptance.
As an example of an internal variable, we may take the effective plastic strain.



560 Thermodynamic framework for constitutive modeling

Indeed our choice of internal variables influences the type of inelasticity we can
simulate. This aspect will be illustrated in detail in the following chapters.
If we adopt the definition

The internal variables x, and e:j
change only during inelastic response

then it is evident that (21.25) is able to describe the situation where the inelastic
material responds in an elastic manner, cf. for instance Fig. 21.1. That the
format (21.25), in fact, enables us to simulate plasticity, creep, viscoplasticity,
etc. is illustrated in the following chapters.

It is a characteristic feature of inelasticity that the material response depends
on the previous load history; in that sense the inelastic material possesses a
memory. The format (21.25) implies that the load history is monitored through
the internal variables x, and e:j and this concept is referred to as the inter-
nal variable concept. This approach was introduced by Onsager (1931a,b),
Meixner (1953), Biot (1954) and Ziegler (1958) and later generalized by Cole-
man and Gurtin (1967) and further explored by Valanis (1968), Lubliner (1972)
and Halphen and Nguyen (1975) as well as many others. The review articles
by Germain et al. (1983) and Reddy and Martin (1994) provide a detailed dis-
cussion of the internal variable formalism and contain a number of relevant
references.

In this exposition, we will adopt the internal variable approach and only
mention that there exists another strategy to represent the memory of the ma-
terial, the so-called functional approach. We may recall that a functional can
be viewed as a function of a function. As an example, consider the quantity 1
defined by

b
I(y) =J F(x, y(x))dx
a

where F(x,y) and y = y(x) are known functions. Just like the function y =
y(x) can be thought of as a rule which assigns a single number y(x) to every
number x, then I(y) as defined above assigns a single number I(y) to every
function y; in that sense, the quantity I(y) can be viewed as a function of a
function and the quantity I(y) is an example of a functional.

For illustration purposes only, assume that we have chosen the functions a
and b;;. Consider then the expression

J' 6(t') J' Je;;(t)

TG(I - tHdl +

b,'j(f - t)dr

where ¢ denotes the present time and ¢ is an integration variable. Then the free
energy y would be a functional of 8 and ¢;; and y would then depend, not only
on the present values of § and &, but also on the history of § and &;;.
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With this illustration in mind, let us assume that the free energy y is given
by

{y/ =F(0.€;) functional approachl (21.26)

where F (0, €;;) denotes a functional of 8 and ¢;; i.e. it mimics the entire history
of 6 and €;;. The format (21.26) then implies that the free energy y not only
depends on the current values of 8 and ¢, but also on their histories.

The functional approach illustrated in principle by (21.26) was proposed by
Coleman and Noll (1960, 1961) and further explored by Coleman (1964) and
it has been used successfully for modeling of viscoelasticity. In general how-
ever, when considering, for instance, elasto-plasticity and damage mechanics,
the internal variable concept seems to be much more fruitful and following the
general trend in the literature, we will here exclusively deal with the internal
variable concept.

With these remarks, let us return to the general expression for the free energy
y given by (21.25), i.e.

w = (0 £ — €. kKa) (21.27)
Since 6, €;; — e:j and k, are assumed to be the state variables that determine the

state, it is only a small restriction to also assume that the stress state o;; and the
entropy s depend on the same state variables, i.e.

oy = 0y(0. &~ €. Ka);  § = (6, & — €}5, Ka) (21.28)

These expressions also represent another viewpoint, namely the axiom of equi-
presence. It states that at the onset, all relations for the material are considered
as relations that contain the same list of variables until the contrary is deduced,
see for instance Eringen (1975a) and Truesdell and Toupin (1960). However,
even though the word "axiom’ is commonly used in the literature, it seems to us
to be somewhat too strong a statement and to quote Eringen (1975a) "it is rather
a precautionary measure that is valid in all proper scientific methods".
Insertion of (21.27) into the dissipation inequality (21.5) gives

oy d d 0
r=(oy=p3— )e., p(s+—)0+ Les-pLi-T2 20 @129)
Ejj Ka

According to (21.27) and (21.28) all terms in (21.29) except the term g;08;/0
are independent of the temperature gradient 8;. Since we can choose the tem-
perature gradient 8 ; arbitrarily, it is concluded that (21.29) implies that

Y = Ymech + Yiher 2 0
where
= dw e _ 00
Ymeeh = (6ij— Pa e )8,1 p(s+—)9 + pa e e pm’(a >0 (21.30)
101
Yiher = —% >0
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That is, the non-negative dissipation y can be split into two parts: the non-
negative quantity ymec;, and the non-negative quantity yu.r. It is evident that
Ymech Tefers to the irreversibility, i.e. the dissipation, of the material as such and
it is therefore called the mechanical dissipation; in the literature it is often called
the intrinsic or internal dissipation. Likewise, v, refers to the irreversibility,
i.e. the dissipation, relating to the existence of temperature gradients, i.e. heat
flow, and it is therefore called the thermal dissipation.

In fact, we have previously discussed in relation to (21.24) the thermal dis-
sipation inequality where it was called Fourier’s inequality and which simply
states that heat must flow from warm regions towards cold regions. We will
assume that the constitutive equation for the heat flux vector g; is such that
Fourier’s inequality is always fulfilled; indeed we will later evaluate the con-
sequences for Fourier’s law given by ¢; = —k;;6; when this law is to fulfill
Fourier’s inequality, cf. the discussion relating to (21.59). We therefore have

The thermal dissipation inequality = Fourier’s inequality

"y (21.31)
Yther = "'% 2 0

In order to fulfill (21.30), we are then left with the requirement ypen > O.
According to (21.30) and the discussion above, we emphasize that reversibil-
ity as such requires that both 7., = 0 and yer = 0; however, the material
responds reversibly if ymecs = 0. This is readily shown for thermo-elasticity
where €;; = x, = 0 in combination with (21.10) implies Ymech = 0.

Let us return to the general expression for Yme given by (21.30). For
thermo-elasticity where £;5 = x, = 0, (21.30) reduces to

oy

Ymech ( ij paeij

)éij — p(s + Z—z)o =0

It is recalled that ¢;; and @ are observable state variables that we can control
independently of each other. Therefore, since neither 6;;, s nor y depend on €;;
and @ and as £;; and @ can be chosen arbitrarily, we immediately conclude from
the expression above that we must have o;; = pdy /de;; and s = —dy /a0, in
accordance with (21.10).

In the general case where the variables x, and e:j are also present, the im-
plication of yme» > O as given by (21.30) is much more complex. The reason
is that even though &;; and 4 still can be chosen arbitrarily and independently
of each other, the rates £; and k, may, in general, depend on €;; and 6 and this
complicates the picture considerably.

However, for elasticity we found that o;; = p dy/0d¢;;. It is therefore tempt-
ing to assume that (21.30) implies that

oy

aij = pae— + b,'j (2132)
L)
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Since the unknown quantity b;;, at this point, is completely arbitrary there is, in
fact, no loss of generality when assuming the format (21.32). In analogy with
(21.28), we assume

bij = bij(6. &1 — £}, Ka) (21.33)

For a purely elastic behavior, where &; ; = ka = 0, we found that (21.30) im-
plies 6;; = p dy /de;;. However, even when we have an inelastic material, its
response may, in the limit, manifest itself as elasticity; for elasto-plasticity the
response approaches elasticity when neutral loading is approached and for creep
and viscoplasticity, the response approaches elasticity when the loading rate is
sufficiently rapid. In these cases, we have £/ — 0 and £, — 0 and we must
then have 6;; = pdy/de;;. From (21.32), it is concluded that b;; — O must
hold when £;; — 0 and &, — 0. However, in view of (21.33) the quantity b;; is
independent of e:j and k, and the only manner in which these requirements can
be fulfilled is to require that b;; = 0, i.e.

oy

21.34
e, (21.34)

Cij=p
Likewise, for thermo-elasticity (21.30) implies that s = —dy /90, cf. (21.10).
In analogy with (21.28) there is no loss of generality to assume that for inelas-
ticity we have
oy

S=—'a—0+c

where the unknown function ¢ has the form
ie
c=c(0,¢; - & Ka)

Arguing in exactly the same manner as above, we are led to the conclusion that
c=0,i.e.

S=-25 (21.35)

The result that (21.34) and (21.35) hold not only for thermo-elasticity but
also for general inelasticity is called Coleman’s relations. They were derived by
Coleman and Gurtin (1967) using a method which in the literature is referred
to as Coleman’s method. This method is completely different from the one
adopted here. Indeed, it has been argued by Lubliner (1972, 1982) that Cole-
man’s method, in fact, does not provide the unique solution given by (21.34)
and (21.35) and that other solutions are possible. Following Lubliner, it is only
when the set of possible solutions is evaluated in relation to the elastic response
occurring in the limit also for inelastic materials that the solutions (21.34) and
(21.35) emerge. The arguments presented here bear similarities to those of
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Lubliner, but they are essentially different and the reader may consult the cited
works of Lubliner as well as the original method suggested by Coleman and
Noll to appreciate the differences.

According to (21.32) and (21.33) the argumentation above was based on the
assumption that the stresses only depend on the current state. However, there
are cases where the stresses also depend on the rate of some quantities and the
Kelvin model, cf. (14.9) and (14.5), provides such an example. To generalize
the results above we therefore write

dy v
—+to0;;
ae;j Y

oy =p (21.36)

where o7’ is the viscous stress that depends on the rate of some quantities, i.e.
6}, = a,.”j(e'ij,e': kq) with the property 67,(0,0,0) = 0. As already touched

i
u;;on, a viscous stress will appear in some v1scoelast1c formulations whereas it
will be zero in all other cases. With the results (21.36) and (21.35) inserted into
the mechanical dissipation inequality in (21.30), we are led to the following

important conclusions

For inelasticity we have
v = (6.6~ €. ka)
where
oy g dw
dey; U0 T T T a8

and o}; = 0},(¢;;, £}, ko) denotes the viscous stress.

Oij=p

The mechanical dissipation inequality becomes (21.37)
Ymech = O'ijé::; + o-i‘j,'(éij 'l) K Ka Z 0

where the conjugated thermodynamic forces K,

are defined by
- oy
K. = ”axa

Note the definition of the conjugated thermodynamic forces. From the expres-
sion fOr ¥mec;, which has the unit [Nm/(m?s)), i.e. energy density rate, we see
that the stress o, is the *force’ that is energy con]ugated to the *flux’ €;; in the
same fashion the thermodynamic force’ K, is energy conjugated to the “flux’
Kq (or rather to —&,). It is recalled that elasticity occurs when ¥,ec, = 0 and this
is evidently fulfilled when ¢}, = £ = k, = 0. However, reversibility as such
requires that ypecn = 0 as well as y.r = 0, cf. (21.30).

With the main result (21.37), and for s1mphclty excluding the viscous stress
o;; the only remaining topic is to choose expressions for e'e and %, that fulfill
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the mechanical dissipation inequality. Expressions for e:;’ and &, are called
evolution laws and we will now enter a discussion of proper choices of these
evolution laws.

21.3 Choice of evolution laws - Fulfillment of the
mechanical dissipation inequality

Any constitutive relation must fulfill the mechanical dissipation inequality and
excluding for the moment those viscoelastic formulations which contain a vis-
cous stress, the mechanical dissipation inequality appears from (21.37) as

Ymech = 0j€}; — Kakq 2 0 (21.38)

The question is now how we can choose expressions for the fluxes £ and &, so

that the mechanical dissipation inequality is fulfilled. These expressions for eﬁj
and k, are called evolution laws and in this section we will provide a general
discussion of various ways to establish such evolution laws.

Let us first write the mechanical dissipation inequality in a slightly more
convenient form. For this purpose, define the sets Ag and ag by

Ao = {0, Ko} 5 ae = (£, —kd) (21.39)

i.e. the set Ag comprises all 5;; and K, components, i.e. all the *forces’, whereas
the set ag comprises all £;; and —k, components, i.e. all the "fluxes’. The minus
sign in front of &, turns out to be convenient since the definitions (21.39) allow
the mechanical dissipation inequality (21.38) to be written as

L)’mech = Agde 20 (2140)

Below, we will consider the dissipation inequality in this general form and ig-
nore, for the moment, that in our case the components of Ag and dg are given
by (21.39). As an illustration of this generality, we may write the thermal dis-
sipation inequality (21.31) as yp.r = Ad where A = {0,;/6} and a = {—g;}.
Since we could equally well have chosen A = {8} and a = {~¢;/0} this aspect
illustrates that the definition of forces and fluxes is not unique.

If all forces are zero, it seems reasonable to assume that also all fluxes are
zero, i.e.

4o =0 if Ag=0 (21.41)

Below, we will discuss various approaches for establishment of the evolution
laws for ag so that the dissipation inequality (21.40) is fulfilled; for related
viewpoints see for instance Halphen and Nguyen (1975), Germain et al. (1983),
Eve et al. (1990) and Nguyen (2000).
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21.3.1 Direct approach

It is certainly possible to directly postulate some evolution laws for de and then
a posteriori, check that the dissipation inequality (21.40) is fulfilled. The draw-
back in this approach is that this a posteriori check must be performed for each
material model and no general information can be derived for a group of mate-
rial models

Direct approach:
Postulate some evolution laws for ag. Check a posteriori
that the dissipation inequality is fulfilled

21.3.2 Onsager approach

The most simple specific expression that can be adopted for the relation between
the fluxes and forces is linear, i.e.

ae = LeyAy
where the coefficient matrix Lgy is taken as constant; this expression certainly
fulfills (21.41) and insertion into (21.40) provides

Ymech = AeLoyAy >0 when Ag #0

where > has been replaced by > since we are considering irreversible processes.
It appears that the coefficient Lgy must be positive definite. Let us furthermore
assume that Lgy is symmetric. We are then led to

Onsager’s relations:

ae = LeyAy (21.42)
where ’

Loy = Lye and Legy is positive definite

These relations where proposed by Onsager (1931a,b) and the symmetry prop-
erty Loy = Lyeg is referred to as the Onsager reciprocal relations. Onsager
arrived at the reciprocal relations by statistical mechanics considerations and
they have been widely used in the literature and confirmed experimentally for a
number phenomena within heat, diffusion and electricity, see Fung (1965), and
in physical chemistry. However, they have also been criticized, cf. for instance
Eringen (1975a) and Truesdell (1969), since the definition of forces and fluxes,
as already touched upon, is not unique. In our situation, we can safely state
that the Onsager relations are not fundamental laws of nature since they cannot
be used to describe general plasticity and viscoplasticity; however, the Onsager
relations describe with close accuracy a number of other phenomena and in that
sense they can be viewed as relevant material descriptions for some fields of
applications.
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21.3.3 Potential approach

In order to generalize Onsager’s linear theory and obtain a nonlinear theory, let
us assume that there exists a function ¢ such that

49 =A——; A>0  Potential formulation (21.43)
dAe

It is easily shown that this format contains Onsager’s linear theory as a spe-
cial case. In that case, choose the function ¢ as

1
¢ = EAG)LGYAY

where nothing is said about the symmetry of Lgy. Splitting Ley into its sym-
metric and antisymmetric parts according to

Loy = LS@Y + Laey
it then follows that

1 1
¢ = 5AoLoyAy = 3 Ao Loy Ay (21.44)

Choosing A = 1 and inserting (21.44) into (21.43) then provide (21.42).
Returning to the general situation, insertion of (21.43) into (21.40) gives

T od
ech = > 21.45
Ymech = AAe 3A 0 ( )

<]

The function ¢ is called the dissipation potential and it evidently depends on
the forces A, but we may also allow it to depend on some other variables Z,
ie.

IZq = some variables (¢ =1,2,.. .)I (21.46)

We then obtain
¢ = P(Ae. Z,)

Within the potential approach there are various ways to ensure that (21.45)
is fulfilled.
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Homogeneous potential function

One route is to assume that ¢ is a homogeneous function of degree n in Ae, i.e.

¢ is a homogeneous function of Ag of degree n if
P(kAe. Zy) = k"P(Ae. Z,)

As an example, ¢ = (A]+A2)Z is homogeneous of degree 3 since ¢p(k Ag. Z,) =
(kA1) + (kA Z = K3(A3 + ADZ = KPP(Ae. Z,); as another example, ¢
given by (21.44) is homogeneous of degree 2. By Euler’s theorem, see for in-
stance Sokolnikoff and Redheffer (1958), it then follows that

o9

4,22 _ 21.47
95ag = "® (21.47)

From (21.43) and (21.47) we then obtain

The evolution laws
. O .

lg=A—; A20

ae oAe 2
where ¢ = Pp(Ae. Z) and P is a
homogeneous function of Ae of degree n implies

. d ;

Ymech = AA@'a—% =Ang 20

and is fulfilled if ¢ 2 0

As a relevant example, ideal von Mises plasticity is given by
3
f=F-o0, where F =o0.5= (Esijsij)l/z

where f is the yield function, cf. (12.4). For ideal plasticity there are no internal
variables, i.e. x, = O and thereby no conjugated thermodynamic forces K,
cf. the definition of K, given by (21.37). It then follows from (21.39) that
Ao = {0y} and de = {£];}. Choose the dissipation function ¢ as

P(Ae. Zy) = §(0ij) = F = 05

Since F is a homogeneous function of o;; of degree 1 we have ¢,;0F/do;; =
F = 6,5/, ie. the dissipation inequality becomes Ymech = AAedd/0Ae =
A6,j0F [d0i; = Acery > 0 which certainly is fulfilled. Moreover, the evolution
law e = Ad¢/dAe becomes

which is exactly the associated flow rule.
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Convex potential function

We will now present a very powerful approach for establishment of the evolution
laws so that the dissipation inequality is fulfilled.

Let us assume that ¢ is a convex function in Ag. From Appendix (A.5), it
then follows that

d
HAD. Z) - AL Z) 2 Gy (AL - AD) (21.48)
where Ag) and Ag) are two arbitrary sets of Ag and ( )" means that the
quantity within the parenthesis should be evaluated at the point Ag). Choos-

ing A(ez) = 0 we obtain

G V4D 2 H(AG. Zg) - $0.Z)
Since Ag) denotes an arbitrary set of Ag, we write this expression as

22 Ao 2 $(4o. Z) - $0. 2, (21.49)
In (21.48), choose next A3 = 0 to obtain

BAZ. Z) = $O. Z) 2 (3) 1m0 AS) (21.50)
Due to (21.41) and (21.43), we have

(%)Aﬁo =0

and since Ag )in (21.50) denotes an arbitrary set of Ag, we can write (21.50) as

$(Ae. Z9) —9(0.Z2) 20
A comparison of this expression with (21.49) shows that

J¢
eaAe -

i.e. the dissipation inequality is fulfilled. We are then led to the following very
powerful conclusion

If the dissipation function ¢ = ¢(Ae. Z;)
is a convex function of Ae and if

(46, Z)) —9(0.Z,) 20

then the evolution laws (21.51)
Y I
1o = A— >0
de Ag A>

Julfill the dissipation inequality
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a) b)

A] Ay 0¢
0Ag

C2>C1

Figure 21.2: Illustration that the evolution laws de¢ = Ad$/dAe fulfill the dissipation
inequality when ¢ is a convex function.

We observe that the requirement ¢(Ae, Z,) — ¢(0, Z,) > 0 follows from the
requirement (0¢/dAe)a.=0 = O (as well as convexity of ¢). Moreover, when
evaluating the inequality ¢(Ae. Z,) — ¢(0, Z;) > 0, the quantity ¢(Ae, Z,)
should be evaluated at the current state where the evolution law de = 1d¢/0Ae
is employed. The fundamental result (21.51) is due to Edelen (1972) and the
proof given here follows closely that of Eringen (1975a).

If Ag merely consists of two components, a simple graphical illustration
of (21.51) is possible. Since ¢ is a convex function and as (3¢/dAe)ae=0 =
0, it follows that ¢ has a minimum at Ag = O, cf. Fig. 21.2a). Moreover,
the vector d¢/dAe is normal to the contour curves of ¢ in the Ag-space and
0¢/0Ae is directed outwards (towards increasing values of ¢). That the scalar
product Agd@/dAe and thereby the dissipation inequality is non-negative are
then evident from Fig. 21.2b)

Let us for the moment choose A = 1; then the evolution laws become

¢
o =7 Aq ( )
Define the pseudo-dissipation function ¢* by
¢* = - aeAe
It follows that
. . a
¢* = i¢LA@) + —Q—Zq deAe — agAe
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which with the result (21.52) reduces to

. o .
¢* = —Aotio + 52,

It follows that

* ad* 0
¢ = 6" (do. Z,) and Ao = -L; aﬁ ag (21.53)

aae

Whereas (21.52) determines the fluxes by means of the forces, (21.53b) ex-
presses the forces in terms of the fluxes. In recognition of the previous discus-
sion following (21.22), it is evident that ¢* is the Legendre transformation of ¢.
We also note that what we have here termed the dissipation function is called by
some authors the pseudo-dissipation function and visa versa, cf. Lemaitre and
Chaboche (1990) and Maugin (1992); however, since the function ¢ turns out
to be the one that is most convenient to work with for constitutive modeling, our
choice of terminology seems justified.

Returning to the essential result (21.51) and focusing on plasticity/visco-
plasticity, let us choose the dissipation function ¢(Ae, Z;) where Ag = {0;;, Ko}
as the potential function g(o;;; K,) previously introduced for nonassociated plas-
ticity and viscoplasticity. Since Ae = {0;;, K;} and dg = {e —K.}, the evolu-
tion laws given by (21.51) become

Potential function approach

PR S (21.54)
doi; ¥ oK,

which corresponds exactly to the evolution laws postulated for plasticity in
Chapter 10. Now however, we know exactly from (21.51) what requirements
must be posed on the potential function g in order that these evolution laws be
physically meaningful. Replacing A by the A or <®(f)>/n we obtain the evo-
lution equations for creep and Perzyna viscoplasticity, respectively, cf. (15.24)
and (15.36).

Recalling that associated plasticity is obtained if the potential function g is
chosen as the yield function f, we will now establish associated plasticity by a
completely different approach.

The approach to use the convex function ¢ as a dissipation function and de-
rive the evolution equations by (21.54) was pioneered by Halphen and Nguyen
(1975). According to their notation, a material with these evolution equations
is termed a generalized standard material.

Postulate of maximum dissipation
For plasticity, the dissipation inequality (21.37) reads
Ymech = Uljep Kk, 20
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where the yield function f fulfills f < 0. In accordance with (10.7) and (10.8),
it seems natural to choose the thermodynamic forces K, as the hardening pa-
rameters, i.e.

f(0ij. Kg) <0

The key point is to ensure that yec; > 0. It then seems natural to investigate the
case where ypes takes the maximal possible value, i.e. we adopt the postulate
of maximum dissipation; in that case we evidently ensure that y,ec, > 0. Maxi-
mization Of ¥mech is equivalent to minimization of —¥pec». We are then led to the
following problem

Postulate of maximum dissipation:

For given ﬂl.lxes éfj and k,, find those stresses (21.55)
o0;; and conjugated forces K, that minimize
—Ymech under the constraint that f(o;;, K;) <0

In accordance with the Appendix A, this problem is a minimization problem
with a constraint in terms of an inequality. Following (A.16), we define the
Lagrange function L(o;;, K,, A) by

E(aij: Ka- A') = —Ymech + A-f = _O'ijé,?j + Kaka + '.lf(o'ijv Ka)

where A is a Lagrange multiplier and f is assumed to be a convex function of o;;
and K. In accordance with (A.17), it follows that 9L /do; = —€],+Adf /doi; =
0and 0L /0K, = Kk, + Adf /0K, = 0. From (A.17) and (A.15) we then obtain
the following Kuhn-Tucker relations

For plasticity theory where f(0;j, K,) <0and f is
assumed to be a convex function of o;; and K,, the
postulate of maximum dissipation leads to the
associated evolution equations

. . af . 0f
s - Ky = —A
EU 00','1' x OK,,
as well as
A20

A=0 Jor elastic behavior
and

Af=0

(21.56)

It appears that the postulate of maximum dissipation for plasticity leads to as-
sociated plasticity, cf. Chapter 10, and that we certainly ensure that the me-
chanical dissipation inequality is fulfilled. Moreover, the quantity A4, which was
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originally introduced as a Lagrange multiplier, turns out to be the plastic multi-
plier.

The postulate of maximum dissipation is not a principle in the sense of be-
ing a law of nature even though some literature tends to suggest that; instead,
it may be viewed simply as a means to fulfill the dissipation inequality. How-
ever, it may be possible to appeal to some kind of physics behind this postulate.
We found in (20.62) and (20.63) that at thermodynamic equilibrium where no
mechanical work input and no heat input are supplied, then the entropy is max-
imum. On the other hand, it seems reasonable to assume that the process to
achieve that state is characterized by maximum entropy production and thereby
maximum dissipation. However, this is an assumption - a postulate - and not a
strict result; if it were a law of nature, nonassociated plasticity would not exist.

Another route of argumentation relates to (9.41) where the postulate of max-
imum dissipation was also encountered and where it was shown to lead to the
associated flow rule e'fj = Adf/do;;. We shall provide a further discussion of
this aspect in the following chapter.

It is of significant interest that the postulate of maximum dissipation without
any further assumptions by the Kuhn-Tucker relations leads to the conclusion
that A > O when f = 0 and A = 0 when f < 0. Previously, in Chapter 10 we
had to assume A as being non-negative.

In this section, we have discussed various ways of establishing evolution
laws that fulfill the mechanical dissipation inequality. The main results are
(21.51), which for plasticity and viscoplasticity lead to the nonassociated evolu-
tion laws given by (21.54), and the postulate of maximum dissipation (21.55),
which for plasticity leads to the associated evolution laws (21.56). We will later
return to these results and further explore their implications. However, in the
present chapter we will return to a discussion of the ramifications of the first
law of thermodynamics, which deserves some attention.

21.4 Heat equation

We have shown that fulfillment of the second law of thermodynamics implies
the main result given by (21.31) and (21.37). In particular, we observe the re-
strictions for constitutive modeling given by e > 0 and ¥mecn = 0. On the
other hand, the first law of thermodynamics places no restrictions on consti-
tutive modeling; it simply turns into the heat equation, which determines the
temperature distribution within the body.

Before attention is given to a derivation of the heat equation, we return to
the thermal dissipation inequality (21.31), i.e. Fourier’s inequality, which may
also be written as

—¢i6; 20 (21.57)
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As discussed in Section 20.6, any temperature gradient gives rise to irreversibil-
ity and (21.57) can therefore be expressed as

—qi0; > 0 when 0,,' #0 (21.58)

This inequality simply states that heat flows from hot regions towards cold re-
gions.

The reason for heat flow is the existence of a temperature gradient and the
simplest constitutive equation that relates the heat flux vector g; and the temper-
ature gradient 8 is a linear relation. This leads to Fourier’s law, which dates
back to 1822, and which reads

g = —ki;;6;  Fourier’s law| (21.59)

where k;; denotes the tensor of thermal conductivities. Referring to (21.42), we
may consider Fourier’s law as an application of the Onsager relations. We will
now discuss the pertinent properties of k;; so that inequality (21.58) is fulfilled.

In general, we may assume that k;; depends on the same variables as the free
energy v, i.e.

kij = kij(0, €xs — €5, Ka)

In practice, however, the tensor k;; is often assumed to be constant or to depend
on the temperature @ alone. Insertion of (21.59) into (21.58) yields

6:kij6;>0 when 6,#0 (21.60)

In general, k;; may be split into a symmetric part k;; and an antisymmetric part
k;; according to

k,'j = k;sj + k:’
where
1 a_1

Then (21.60) becomes

0_,~k,.‘j0,j >0 when 6;#0
and it follows that the symmetric part k;; is positive definite.

This conclusion follows from the second law. However, from the first law
and following Truesdell (1969), it turns out to be possible to evaluate the anti-
symmetric part k:‘l Referring to the first law (21.1), the heat flux vector g; only
appears in the form of the divergence given by ¢;;. Using (21.59), we obtain

ok;;

ok;; s )
gii = —a_x,-g’j — k8 = —5—;9,,- — k0 (21.61)
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where advantage was taken of k{;0;; = —kj0;; = -k 0, = —kj;0,;, ie.
k{;0:; = 0. For a homogeneous material, the thermal conductivity tensor k;;
does not change with position, i.e. 0k;;/0x; = 0. In that case (21.61) reduces to

qii = "kfjf),ij

L.e. for homogeneous materials, it is only the symmetric part k;; of k;; that in-
fluences the divergence g; ;. It seems hard to accept that the principal properties
of k;; (symmetric or not) are to depend on whether the material is taken in a
homogeneous form or in an inhomogeneous form. It therefore seems fully ac-
ceptable to assume that k;; is always symmetric and this is in accordance with
general experimental evidence. We are then led to the following conclusions

|k,~ j is symmetric and positive deﬁniteJ (21.62)

We observe that both (21.59) and (21.62) are in agreement with the Onsager
relations (21.42). For isotropic materials, k;; reduces to k;; = k§&;;, with k
being the thermal conductivity and (21.62) implies that k > 0, as expected.
With Fourier’s law and the conclusions above, the inequality 7.4, > 0 is always
fulfilled, as already anticipated in (21.31). Therefore, the requirements imposed
by the second law have been reduced to fulfillment of the mechanical dissipation
inequality Ymecn > O alone.

The heat equation will turn out to involve a new material parameter - the spe-
cific heat capacity. Before attention is turned to solids, and to fully appreciate
the difference between various specific heat capacities, it is instructive to first
discuss this subject for ideal gases. In fact, for a gas we have already touched
upon this subject when we introduced the specific heat capacity ¢y at constant
volume. According to (20.26), we have

Gases:
The specific heat capacity cy is the amount of heat that (21.63)
must be supplied without change of volume in order to )
increase the temperature of one unit mass one degree
ie.
6Q =mcydf  when V = constant (21.64)

where m is the mass of the gas in question. For gases, the global form of the
first law is given by (20.25), i.e.

dU = —pdV + 6Q (21.65)
According to (20.24), we have for ideal gases U (6) = mu(9), i.e.

dU = mZ—ZdO always holds for ideal gases (21.66)
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When V is constant, (21.64) and (21.65) give dU = mcydf and a comparison
with (21.66), which always holds, reveals that
dU = mcydf  always holds for ideal gases (21.67)

where ¢y = du/do, cf. (20.28).
For a gas, let us next define the specific heat capacity c, by

Gases:

The specific heat capacity c, is the amount of heat that
must be supplied without change of pressure in order to
increase the temperature of one unit mass one degree

(21.68)

ie.

6Q = mc,dd  when p = constant
Insertion of this expression and of (21.67) into (21.65) gives

mcyd@ = —pdV + mc,d0 (21.69)
For constant pressure, the ideal gas law pV = mR@ implies

pdV = mRdé

Insertion into (21.69) results in

lc,, —cv =R ideal gas

The specific heat capacity c, is therefore larger than ¢y and the physical
reason is that when ¢, is measured, heat is supplied, but in order to maintain
a constant pressure the gas must expand and thereby perform mechanical work
on the surroundings. Therefore when ¢, is measured, the heat input is used
not only to increase the gas temperature, but also to perform mechanical work
on the surroundings. On the other hand, when ¢y is measured, the volume is
constant and all the heat input goes into an increase of the gas temperature. The
difference between ¢, and ¢y is quite significant for ideal gases and typically,
we have ¢, /cy = 1.3 — 1.7, cf. Schmidt (1963).

Against this background, let us now turn to the specific heat capacities of
solid materials. In analogy with (21.63) and (21.68), two definitions are avail-
able

Solids:

The specific heat capacity c. is the amount of heat that
must be supplied without change of strains in order to
increase the temperature of one unit mass one degree
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and

Solids:

The specific heat capacity c, is the amount of heat that
must be supplied without change of stresses in order to
increase the temperature of one unit mass one degree

Evidently, when ¢, or ¢, are measured, the body is assumed to be in a state of
homogeneous conditions. By the definitions above, we therefore have

6 .

d—? =mc.6  wheng;; = constant (21.70)
and

50 .

= mc,0  when g;; = constant (21.71)

where m is the mass of the body. Under homogeneous conditions, the first law
(21.1) may with (20.12) be written as

120

V dt

where V is the total volume of the body. Since m = pV, we obtain
220

m dt

According to (21.4), we have u = y + s0, which leads to

: 6
p(y + 36 + 56) = e',v,-a,-,-+ ﬁ—Q (21.72)
m dt

pu = éija,-j +

pu= £;j0j +

For a general inelastic material, the free energy y is given by (21.37), i.e.

v = W(e»eij -~ E:j Ka)

Differentiation and use of the results given in (21.37) then imply

. . Oy oy . OW
= —50 + —¢&;; — —¢&¢ ; 21.7
v 50 + 68;,-6 T aeije"+ axa"“ (21.73)
where
dy
T
It follows that
Py, &F 2y .
PR 4 ¥ &, oY e v 21.74)

— T H- je __ e
302 96,00 7 ¥ 36,0071 T xa08"
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Insertion of this expression and of (21.73) into (21.72) results in

Py 0¥ Py Py oy

—p—16 — ; - 1
PO 5520 ~ P05 aa5u PO 36 ~ de, U
oy dy Py _p8Q
" 21.75
+(”ae,, o + (5 ax.,aa) mar LT

When the strains are constant, i.e. £; = 0, combination of (21.70) and (21.75)
gives

2 2
-0‘;0"2’9 * wai,-,ﬁo N %) :5
+ <;’T“: - Dy + tad ;’z'go> =ceb (21.76)
Likewise, if the stresses are constant, combination of (21.71) and (21.75) gives
2 2 2y
_o%é - G%é” + (0 ai,, 5~ ge%)
+ (% - %)e’,.j + (S—K"% - 0%{—05);‘@ = cof 21.77)

where the condition that the stresses are constant remains to be enforced.

It appears that, in principle, both measurements of ¢, and ¢, are dependent on
the inelastic processes occurring in the material, as manifested by the presence
of the factors e" and k, in (21.76) and (21.77). In practice, however, ¢, and ¢,
are measured when the material responds in a thermo-elastic manner. Therefore

In practice, ¢, and c, are measured
during thermo-elastic conditions

In that case and since the viscous stress now is zero, i.e pdy /de;; = oij,
(21.76) reduces to
a2
a4 21.78
507 ( )
which in the following we will take as the definition of c.. Likewise, (21.77)
becomes
Py Py
02 %9 77
002 Oe i 160 Eij
Thermo-elasticity is defined by y = w(0, €;;) as well as o;; = pdy /0e;;. For
constant stresses, it then follows that

=c,0 (21.79)

()2 . 2
Y gy SV
0065;,- aeijaek,

Eq=0
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E v a P

[Pa] [] ()
Steel 2.10"| 03(1.1-105|78-10°
Aluminum alloys | 0.7 -10'! [ 0.3 [23-1075|2.7-10°
Concrete 03-10110.15(1.0-107% | 2.4-10°
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Table 21.1: Approximative material parameters at room temperature.

Use of (21.19) then gives

) iy .
Eij = _PCijkla—o‘b'yélze

With this expression and (21.78) inserted into (21.79), we obtain the result

Py oty
— = pf
Co = e = 05556, C

y 21.80
ik 5 denr (21.80)

Since the flexibility tensor C;jx; is positive definite, we conclude, as expected,
that ¢, > c..

To evaluate (21.80) in more detail, we assume that D, and f;; appearing in
(21.17) are temperature independent; we then obtain

Py
6006,'1'

= ——f;; temperature-independent properties
p

Insertion of this expression and of (21.19) into (21.80) then results in

temperature-independent properties| (21.81)

Co~Cc = ’p‘aijDijklakl

If we, furthermore, assume isotropy, where D;ji; is given by (4.89), and a;; =
ab;j, where a is the thermal expansion coefficient, (21.81) reduces to

9Ko? g  isotropy
p temperature-independent properties

(21.82)

Cs — Ce

where K is the bulk modulus.

Some approximative material parameters are given in Tables 21.1 and 21.2.
From the values of Table 21.2 it appears that, at room temperature, the difference
between ¢, and ¢, in practice, is negligible. Moreover, when measuring the



580

Thermodynamic framework for constitutive modeling

9Ka*/p ¢ 3Ka PCs c”c_ e

%] [k IFel 2R | %]

Steel 23-1072 480 [55-10° 3.7-10°| 1.4
Aluminum alloys | 10-10"2 960 [5.8-10% 2.6-10°| 3.1
Concrete 0.54-1072 900 [19-10° 2.2-10°| 0.2

Table 21.2: Approximative material parameters at room temperature.

specific heat capacity of a solid, the specimen is not exposed to mechanical
loading, i.e. 0;; = 0. In conclusion:

In practice, c, is the specific heat capacity that is
measured. However, the c,— and c.—values are
very close to each other

(21.83)

Very often the specific heat capacity only varies slowly with temperature; if,
therefore, ¢, as given by (21.78) is assumed to be constant, the free energy can
be obtained by integration and the result becomes

i 0
W(ov £ij - 6:.;, Ka) = Kl + 65(0 -0 ll'l b:)
+0p(eij — 8:; Ke) + q(€j — 6:f Ka)

where K| is an arbitrary constant and 6* an arbitrary constant temperature whereas
p and ¢ denote arbitrary functions. Considering for simplicity thermo-elasticity
and by proper choices of the functions p and g, we obtain

(/]
(8. &) =pK; + pc.(6 — 6In E)

+ %EijDijklekl — fij(0 — 0,)¢;; (21.84)
which holds for thermo-elasticity with constant material parameters; it is evident
that formulation (21.17) can be adapted to coincide with the expression above.

With this discussion of the specific heat capacity, we now finally turn to a
derivation of the heat equation from the first law. From the first law (21.1) and
(21.4), we have

p(!//+s0+s0) = e',-jo,-j+r—q,-,,- (2185)

With y# and $ given by (21.73) and (21.74) respectively, insertion of these ex-



Heat equation 581

pressions into (21.85) results in

Py Py
—p—— g, — gl )éii
p 32, 595 e 92,00 ae,,) +(p = Gij)Eij
oy Py 021//.
-0 to — pO—=0=r — qi
PG, " Yagai, Ko~ P50 =

With ¢, defined by (21.78) and the heat flux vector ¢; given by Fourier’s law
(21.59), we finally obtain

Coupled heat equation
peel = (ki;0 ;). +r
Py ~ W
0———(€;; — &° —gle (21.86)
te 06,~,~00(ej EU) +p65,-,-£”
oy Py
e g T Ve = p(—— —~ O o
+ (0; pae,-,- )Eij p(aK',, agaxa)x

It appears that determination of the temperature distribution within the body is
coupled not only to the strain rate £;;, but also to the inelastic rates €;; and &,.
Therefore (21.86) comprises a coupled problem and it can only be solved if the
equations for €;;, e ¢ and k&, are solved simultaneously.

Let us considera dlfferent format of the coupled heat equation which is based
on the entropy. Taking advantage of (21.73) in (21.85) leads to

Coupled heat equation
P95 = Ymech + 7 — qi;
where (21.87)
oy v, oy ,
ch = __e si ) —
Ymech Pael ij ‘+ (o Cij — a£,~j)£u Paxa’(a

This neat alternative formulation of the heat equation is occasionally preferred
in numerical computations; in the following, however, we choose to work with
the temperature instead of its conjugated quantity, the entropy.

It may be of interest to evaluate (21.86) for thermo-elastic behavior. In that
case ejj =k, = 0, 0;; = poy [de;; and we obtain

Coupled heat equation for thermo-elasticity
Py (21.88)

pced = (k0 ;) +r+p0a ijaeéij
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and the solution of this equation is still coupled to the development of &;;. If,
furthermore, both D;ji; and g;; in (21.17) and (21.19) are assumed to be inde-
pendent of the temperature, we have
Py
P 9,00
and (21.88) turns into

= —fij = =Djjuau

pcel = (kijB ;) +r — 0€;; Dijrax

If, in addition, isotropy is assumed this expression reduces to

Coupled heat equation for isotropic thermo-elasticity
and temperature-independent values of E, v and (21.89)

pc£0 = (k0,), +r- 3Ka0é,-,~

where, for isotropy, we have k;; = ké;; with k being the thermal conductivity.
It appears that it is only the volumetric part of the strain rate that contributes to
the coupling between strains and temperature. This coupled heat equation for
thermo-elasticity was derived by Duhamel already in 1837.

Expression (21.89) may be used to determine the thermo-elastic response
for specimens subjected to a homogeneous stress state and loaded either during
isothermal or adiabatic conditions. Since an isotropic material is considered,
(21.18) reduces to

sij = 2Geij;  oxk = 3K[exk — 3a(6 - 6,)] (21.90)

Let the surroundings of the specimen be kept at a constant temperature. The
isothermal condition is then obtained by applying the forces on the specimen so
slowly that any temperature difference between the specimen and the surround-
ings is allowed to disappear. The mechanical loading is obtained by prescribing
the stresses; since 8 = 6, (21.90) gives

Okk
3K

Consider next the adiabatic condition where no heat input occurs which is
obtained by the conditions r = 0 and §; = 0. This situation can be achieved if
the specimen is loaded very quickly since heat exchange with the surroundings
then has no time to take place. In that case (21.89) provides

Ekk = (21.91)

6=- 0¢ ik (21.92)

pce
Recalling that (21.89) was derived on condition that the material parameters are
temperature independent, integration of the expression above gives

mnd - _3Ke . (21.93)
0, pCe
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We shall later see that the temperature change is very small and we may then
write

0=0,+A0 where |A9] <1

Under these conditions, a Taylor expansion gives

ln£=ln(l+é£)z-A—0=0_0”z—g_0o

00 00 00 00 0
and then (21.93) becomes
K
0—0,= X%, (21.94)
pee

Insertion into (21.90) provides

Okk
o = —— (21.95)
3K(1 + Ke0)

which can be written as

9K a0
where K, = K(1+ l

ad PCe

) (21.96)

Exk =

where K, is the apparent bulk modulus during adiabatic loading. During isother-
mal loading we have (21.91), i.e. K;;, = K and (21.96b) may then be written
as

K, 2
d _ 1+ 9K a0
Kiso PCe

where K;;, = K. It appears that the material behaves in a stiffer manner during
adiabatic loading than during isothermal loading. However, this effect is most
often extremely small and for steel we find from Table 21.2 - and recalling that
¢s ~ C - that at room temperature, we have K 4/K;;, = 1.014.

Let us return to (21.94) and demonstrate that the temperature change for
thermo-elastic materials during adiabatic conditions is indeed very small. Com-
bination of (21.94) and (21.95) and taking advantage of (21.82) give

aeakk
PCs

Since 8 — 6, is very small, we have 8 ~ 6,, i.e.

0-6,=

Kelvin’s expression for thermo-elasticity
aeookk (21-97)

pes

9-6,=
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This expression was established by Lord Kelvin already in 1855 and it is called
the Kelvin effect. For hydrostatic tension, it implies a fall in temperature whereas
hydrostatic compression gives rise to a temperature increase and it may be con-
sidered as the counterpart to the same phenomenon for gases. However, this
effect is very modest. As an example, consider uniaxial loading where o4« = o
referring to Tables 21.1 and 21.2, we find for steel at room temperature that a
sudden application of a tensile stress of 200 MPa results in a temperature drop
of about 0.17°C.

We have demonstrated that straining of a thermo-elastic material in itself
only influences the temperature to a very modest degree. In general however,
when thermo-elastic behavior is considered the material is not only exposed to
mechanical loading, but also to significant temperature loadings that, in turn,
influence the stress and strain state, and the problem of coupling effects then
becomes more complex. In order to evaluate the coupling effect apparent from
(21.89) in such cases, we rewrite this expression according to

pcb(1+ M) =(k6,); +r (21.98)
where the coupling term M is given by
9Ka’f i
e 3ab

The term £;;/(3a8) is a natural quantity, since it is the ratio of the total volumet-
ric strain rate to the volumetric thermal strain rate. We can ignore the coupling
effectif M < 1,1i.e.

i PG
3a0  9Ka?0

According to Table 21.2, at room temperature the term pc./(9Ka?0) is 71,
33 and 569 for steel, aluminum and concrete, respectively. We can safely re-
place these restrictions by a stronger condition and - traditionally - one chooses
£ii/(3a8) < 20; in that case the coupling term M in (21.98) can be ignored. In
conclusion

If 3%5 < 20 then
the uncoupled heat equation
pee = (k6 +r

holds for thermo-elasticity with close accuracy

(21.99)

The condition €;;/(3ad) < 20 does not seem to be a severe restriction, since we
intuitively expect the total volumetric strain rate £; to be of the same order of
magnitude as the volumetric thermal strain rate 3. Indeed - and as already dis-
cussed - this restriction turns out to be fulfilled in most cases of practical interest
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and the reader is referred to Boley and Weiner (1960) for a further evaluation of
this issue.

After this discussion of thermo-elasticity, we return to the general coupled
heat equation given by (21.86). If the loading is performed very quickly, no
heat exchange can occur with the surroundings of the body. Moreover, this
rapid loading does not allow any heat flow to take place. Disregarding heat flow
can be obtained by ignoring the heat flux vector ¢; = —k;;0;, i.e. by putting
kij0 ; = 0. Likewise, since no heat exchange with the surroundings is possible,
we put r = 0. These conditions are called adiabatic heating and (21.86) then
reduces to

Adiabatic heating
. e oy
peel = 01;€;; + (01 — P(')Zj)eij (21.100)
Py . oy o’y
0-2Y (¢, — &) - - 0——)k
+P aeuao (E ] EU) p(aK,, aoaxa )Ka

For a given stress state 6;; and a given expression for the free energy y, then
once the quantities £;;, £;; and &, are known, the right-hand side of this ex-
pression is known and (21.100) then determines directly the temperature rate
6. That is, the temperature change can be determined without solving any field
problem that involves the boundary conditions of the body; instead the prob-
lem is solved directly at each point in the body. For isotropic thermo-elasticity
with temperature-independent material properties (21.100) reduces to (21.92).
It should also be emphasized that (21.100) for an inhomogeneously loaded body
allows the development of an inhomogeneous temperature distribution over the
body. This inhomogeneous temperature field is allowed to exist since the load-
ing was assumed to be so rapid that heat flow within the body has no time to
take place.

It is noted, however, that since &;, e:j and k,, in general, depends on 4,
expression (21.100) still defines a coupled problem in the numerical sense (but
it is not a coupled boundary value problem). Numerical solution strategies for
this problem as well as the general case of the coupled heat equation (21.86)
will be discussed later on in Chapter 23.

Expression (21.100) determines the temperature change that results from
mechanical loading alone. For thermo-elasticity, we have seen that this effect is
very modest, cf. the discussion of (21.97). For inelastic materials, however, the
effect may be very significant and we shall return to this aspect in Chapter 23.

With evident notation, (21.100) may be written as

pced = O'ijé::; +Y
From the experiments of Taylor and Quinney (1934) for steel and metals it is
found that

pced = no; ,5:5 Adiabatic heating (21.101)
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where 7 & 0.90 - 0.95. It appears that Y =~ —(0.05 ~ 0.10)ai,~é::§ and since
Y has the dimension of energy rate [Nm/(m?s)], it follows that the material
absorbs a certain energy that does not manifest itself in terms of a temperature
increase. Instead, this absorbed energy is used to transform the microstructure of
the material by phase changes, pile-up of dislocations etc. The absorbed energy
therefore transforms into latent hear that can be recovered when the material
is heated, i.e. annealed, cf. the discussion of Taylor and Quinney (1934) and
Bever et al. (1973).

In many applications in the literature, the factor # in (21.101) is treated as a
material constant. However, if (21.100) is written in the form (21.101) it is evi-
dent that # must depend on the evolution laws for k, and £;; and on the stresses
o;; and the thermodynamic forces K,(= pdy /dx,) and - despite the traditional
attitude in the literature - it is not surprising that n for a given material will not
become a constant. In recent years, there has been an increasing interest for the-
oretical determination of the n-factor and detailed considerations are presented
by Chaboche (1993b), Kamlah and Haupt (1998) and Rosakis et al. (2000).

21.5 Properties of state functions at thermodynamical
equilibrium

We will now consider a body at a state where no mechanical work input or heat
input occur. Following (20.62), the body is then in thermodynamical equilib-
rium, if no changes of the state variables can occur. In (20.63) and following
Gibbs, it was then concluded that when the internal energy is constant, thermo-
dynamic equilibrium exists when the entropy attains a maximum value. We will
now express these properties in precise mathematical terms by which we can
characterize the properties of the state functions at thermodynamical equilib-
rium; in particular we want to identify which properties the free energy y must
possess in order to achieve thermodynamic equilibrium.
According to (21.4), we have

u=y+s6
Differentiation with respect to time and use of (21.37) results in
. . all’ . e aV’ .
u=20s5+ 5871-(6'7 - £:~j) + "EKG (21.102)

The internal energy is a state function and the expression above suggests that
u=u(s g;— eij Ke)
Differentiation of the expression and comparison with (21.102) provides

d_u_o. _01_0!1/, du _ dy
ds - 06,'1' ae,-j ’ 61(,, - aKa
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Since 8 > 0, (21.102) may be solved for § to obtain

. 1 N 1 0111 N -ie 1 aW .
L, Loy e _1OW 21.103
$= 0% 95, G T8 T gac ke (21.10)

The entropy s is a state function and we must therefore have
s =s(u, & — &, Ka)
i.e.
os s

S=—u+

. e os .
» aeij(eij—e,.j)+—x (21.104)

oKy
A comparison of this expression with (21.103) shows that

ds 1. ds 1oy ds 1 oy

(21.105)

ou_ 6’ ey 00, O0kg 60K,

With these preliminaries we now consider a situation where the internal en-
ergy u is constant and where the entropy s attains a maximum value at thermo-
dynamic equilibrium. Therefore # = s = 0 and (21.104) then provides

os . y ds |
E(E,‘j - Ei;) + b—x—;Ka =0 (21106)

Moreover, following Appendix (A.12) the condition that s = s(u, &;; - ei;’ Ka)
for constant u attains a maximum value can be expressed as

2

(i - €5 (€t — €

0¢€;;0¢

TRk (21.107)
Y i SRR ic BPRY
YT gg 0K, ¢ 0,0k /
This is simply to say that the entropy s at thermodynamic equilibrium is a con-
cave function with respect to the variables ;; — €;; and .

Having identified in mathematical terms the properties of the entropy s, we
will now identify the corresponding properties for Helmholtz’ free energy .
Insertion of (21.105b) and (21.105c¢) into (21.106) and (21.107) gives the re-
sults sought for

At thermodynamic equilibrium

o . ey, OV, (21.108)
E(&j — &)+ 'a—K:Ka =0
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and
At thermodynamic equilibrium
. 02]’/
e e B8 e (&
(811 eu)aeijaekl (Ekl Ekl) (21109)
Py . Py
2(&; ' g > 0
ey - €Dy P Pl PR P

which according to Appendix (A.8) means that Helmholtz free energy y is a
convex function with respect to the variables &;; — €;; and K.
From (21.37) we have s = —dy /08 and differenuatlon gives

Py, Py : Py
§ = —[——0 .mn _ gle vl
$=~1562° % Ggagy, Emn ~ Em) ¥ G5 |
and as § = 0 holds at thermodynamic equilibrium we obtain
p 6 Py A Py
- _ gle .Y
5056 Emn = 1) + 7%

However, by using (21.108) in this expression we obtain

[f’ =0 at thermodynamic equilibrium

We will now prove that the free energy y not only is a convex function in
€ij—¢;; and k,, but also that it attains a minimum at thermodynamic equilibrium.

Since vy = y(f,e — e ,k,) we obtain with the expression above as well as
(21.108)

[li/ =0 at thermodynamic equilibriumJ

This result combined with (21.109) shows that y attains a minimum value at
thermodynamic equilibrium. According to (21.78) the specific heat capacity c,
is defined by ¢, = —09%y/36* and as @ > 0 and we certainly expect the heat
capacity to be positive, we conclude that y is a concave function of the absolute
temperature 6. .

Let us finally specialize to thermo-elasticity, where the internal variables €;;
and k, do not exist and where (21.109) reduces to

62

€ >0 (21.110)

We do not expect any peculiarities connected with thermo-elasticity; therefore,
it seems reasonable to expect that thermo-elastic materials are stable in a ther-
modynamic sense and we therefore expect the expression above to be fulfilled.
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Since aZW/aeijaek] = Diju/p, cf. (21.19), we conclude that (21.110) is ful-
filled for

ID,~ jki IS positive deﬁnitﬂ

That the elastic stiffness tensor D; j is positive definite is precisely what we an-
ticipated already in Chapter 4, cf. (4.24) and (4.25), and for isotropic elasticity
this is fulfilled when E > 0and -1 < v < %, cf. (4.96).
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