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Tema 1

J1iHINHe andbepeHuianibHe
PIBHAHHSA MepLUoro rnopaaky

1.1 Jlimiiine omHopijgHe audpepeHIiaJabHe PiBHS-
HHsI II€PIIOTO IOPAIKY
Posrsiremo taki osuadenss [1,2,4,6,10].

O3HayeHHA 1.1. /[upeperuiarvre pisnarHs 6u2A80Y

dx
— =a(t)x +g(t) (1.1)
dt

nazusaemvea NMHIMHUM AndepeHuialbHUM PiBHAHHAM MNepLUOoro nopsaj-

KY.
Tyt a(t), g(t) — menepepsni gynukii, t 2 R.

O3HauveHHAa 1.2. dxwo dynxuyia g(t) momoosicho pieha Hysesi, Mo PIGHAHHA
(1.1) nasusaemvcs OGQHOPIGHUM. 6 inwomy eunadky pieuanns (1.1) nasusa-
emuvcsa HEOQHOPIAHNM.

Opnopijne JiHiiine gudepeniiiaibie piBHAHH
— = a(t)x (1.2)

€ PIBHSAHHSAM 3 BIJJOKPEMJIIOBAHUMHU 3MIHHUME. BpaxoBytoun o3HadeHH:A Jude-

pentiaia PYHKITIT
dx = X'dt;

3AIUIIEMO PIBHSIHHY B AudepeHiaabHiil dpopmi

dx = a(t)xdt:



Bijgokpemrooun 3MiHHI, 0J€PrKUMO

dx
— = a(t)dt:
- =a()
[aTerpyemo JiBy i paBy 4acTUHU
Z Z
dx

ne Cq; — JloBLJIbHA KOHCTaHTa, HEBU3HAYEHI 1HTErpajum PO3yMiEMO sIK IepBiCHI
niiinTerpaJbHnx GyHkiiiit. Bpaxosyloun, mo

< X

OJIEPZKYEMO 7

Injxj = a(t)dt+ Cy:

st Toro, mo6 mo3dyTuch JorapudgmidHol YHKINT B IpaBiil YacTHHI piBHOCTI,
MOKJTaIEMO

C, = InjCj;
ne C — joBlIbHA KOHCTaHTa. Taka 3aMiHa € KOPEKTHOIO, OCKLJIBKU JIJIsT OY/Ib-
sikoro Cy; moxkna migioparu C raxk, mo Cy; = INjCj i maBnaxn. Tosi

Z
Injxj = a(t)dt +InjCj:

3 ocTaHHBOI PIBHOCTI OJIEPIKYEMO
Z

X X " amat
In== = a(t)dt; = =e 2O
iCj (Odt; =
Bpaxosyioun, mo C — J0BlIbHA KOHCTAHTA, 3AIUCYEMO 3arajbHUil PO3B’sI30K
ojHOpiiHOTO piBHsTHHS (1.2) Tak

R
x(t) = Ce a0, (1.3)

e C — noBlIbHA KOHCTAHTA.

BayBaKnmo, 10 3arajbhuii pos3s’si3ok (1.3) moxua nogatu y dopmi Ko-
mi. A came, SIKIIO TMTYKA€MO PO3B’s130K piBHAHHS (1.2) 3 MOYATKOBOI YMOBOIO
X(to) = Xo, TO .

t
a(t)dt
X(t) = Xoe "
€ po3B’si3KoM 11i€l 3aga4i Ko,
Ipuxaad 1.1. Posp’szatn gudepeniiiajbie piBHIHHS

0

X x=0:
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Po3B’A3aHHA. [IponionoBane piBHSAHHS € PIBHAHHAM 3 BiJIOKPEMJIIOBAHUMU
3MIHHUME. BiToKpeMIIoeMo 3MiHHI

- at
X

Ta IHTErpyeMO 7 7

d—: dt + Cq;
X

ne Cq — nosBliibHa koncranTa. ITokiagemo
C, = InjCj;
e C — nmoBlibHa KoncranTa. Toml

Injxj =t+InjCj;

3BIJIKH

In X = t:

C :

3anucyemMo 3araJbHUi po3B’ 30K

x(t) = Ce";
e C — jnoBlabHA KOHCTAHTA.

Bignosiap:
x(t) = Cet

— 3arajibHuil po3B’s130K, Jie C — J10BiIbHA KOHCTAHTA.

1.2 JliniiiHe HeogHoOpiaHe audepeHIiajgbHe PiB-
HSIHHSI IIEPIIOTO IIOPSIIKY

Posrsinemo Jiiniitae neoaopinte audepentiaibie pisasunst (1.1) 1 Bigmnosigne
fiomy omHOpigHe piBHsgHH:A (1.2). Mae micie Teopema.

Teopema 1.1 (1po cTPYKTYpy 3arajbHOrO PO3B'sI3KY). 3a2aivhull po3e’a30k
MNETH020 HeodHopidnozo dudepenyiarvnozo pishanmna (1.1) dopienroe cymi 3a-
20.00H020 D036 A3KY 610N0610H020 NHITIHO20 00HOPIIH020 dupepeHtiasbHO20 Pi6-
nanna (1.2) ma wacmunnozo po3s’asky Ainitino2o Heodnopidnozo dugepeniyi-
anvno2o pieHanma (1.1).

Teopema BKasye METOJUKY 3HAXO/KEHHS 3arajbHOIO PO3B’sI3KY JIHIHOTO
Heo iHOpiIHOTO JTdbepentianabHoro pisasianst (1.1).



Ha nepmiomy Kporii 3ammcyemMo BiJiIIoBijgHe ojHOpiIiHE JdepeHIiiaibie piB-
astaag (1.2) 1 3HaxomnMo Horo 3arasbHuil Po3B’ 30K

R
x(t) = Ce a0t

Tax siK 1e 0yJio 3pobJieHo y nonepeaabomy nyHKTi. Tyr C — 1oBiibHa KOHCTaH-
Ta.

Ha apyromy xpori moTpiOHO 3HaiTH OyAb-siKMil YaCTUHHHUI PO3B’SI30K JIi-
HIffHOTO HeojfHOpiHOTO jndepentiaabroro piBastHHa (1.1). Posrisaemo Taxi
METO/I 3HAXO/?KEHHS YaCTUHHOI'O PO3B’SI3KY:

e wetost Jlarpanzka (MeTos Bapianii JOBIIBHOT CTAIO1);

e MeTog Ko

meTon bepnyii;
e metTog Eitnrepa;

® MEeTOJ] HEBU3HAUEHNX KOeDIIieHTIB.

Meroj HeBu3HAUEHNX KOEIIEHTIB 3aCTOCOBYEThCS Y BUIIAJAKY KOJIU PyH-
kiig a(t) e mocriitroro, a dpynkiis g(t) mae creniaabauii Burssa. Perra meTosis
€ YHIBEpCaJIbHUMU.

1.2.1 Mertopg Bapiauii goinbHOI ctanol (Metopq Jlarpan-
>Ka)

[1est BUKOpUCTAHHST IIHOTO METO/TY 3aKJjajieHa y iforo Hassi [1,2,4,6,10]. Croua-
TKY, 3aCTOCOBYIOUN TEOPEMY IIPO CTPYKTYPY 3araJibHOTO pO3B’s3KY JIHIHHOTO
HEOTHOPITHOTO TN epeHIiaIbHOTO PIBHIHHS, 3aIIICYEMO BiJIIIOBITHE OJTHOPI IHE
piBusnHs (1.2) 1 3HAXOMMO HOTO 3arajbHI PO3B’ 30K

R
X(t) = Ce 2O,

ne C — noBlibHa KoHCTaHTa. aJii, /s Toro, mod 3HailTi YacTUHHUN PO3B’SI30K
JiHifiHOro HeojHOpiIHOTO judepeHiiaabHoro pisasians (1.1), Mmu BapitOEMO
AOBINIbHY KOHCTaHTy C. a came, MU B 3araJlbHOMY PO3B’sI3KY OJHOPIIHOIO
piBHsiHHs 3aMinsiemo C Ha HeBigoMy QYHKIIIO, siKy mpuitaaTo mosnadaru C(t)

R
x = C(t)e Ot (1.4)

MorkHa BukopucTaTu i iHIne rmo3HadeHHd. [licas nporo mijgoupaemMo (pyHKIIIO
C(t) rak, mo6 (1.4) Gysa yacTUHHUM PO3B’SI3KOM JIHIHOIO HEO[HOPIIHOTO [T
dbepenrianbaoro pisasaast (1.1).



Orxe, 3naitjemo dactuunuii po3s’s3ok (1.1). s mporo migcrasumo (1.4)
B (1.1) i orpumaemo

R R R
C'(t)e 20 4+ C(t)e 2DUa(t) = a(t)C(t)e 2O + g(t):
Cxopouyroun 10/1i0Hi, 0JIePKYEMO
R
Cl(t)e 20t = g(1):

SHaXO0/IMMO R
Cly=e (v

3BLJIKU 7

R
Ct)= e 3aO%gp)dt:;

Omrke, Mu 3Haituum posapiiiopany koucrauty”. Iligcrasisiemo 17 B (1.4) i
OJIEPIKYEMO JaCTUHHUI po3B’s130K (1.1)

R Z R
X = e a(t)dt e a(t)dtg (t)dt

Toi sarabauit po3s’si30k (1.1), 38 TEOPEMOIO TIPO CTPYKTYPY 3araJIbHOTO PO3B’SI3KY
JIIHIITHOTO HEOTHOPITHOTO JinepeHIiaIbHOIO PIBHSIHHS, MA€ BUIJIAT

R R A
x =@ 2OUC 4o aA0I o " a®dtgp)dt:

R
dkio B ocranuiil piBHOCTI BHHECTH 3a CIIIbHY Jy:KKY MHOxKHHK € 204t

TO MU ojiepxkuMo (popmysry Korrri
R z R
x=¢ 30 Cc 4+ g()e Ot (1.5)

Tyt C — noBijibHa KOHCTAHTA.
AKimo HeoOXinHO po3B’st3aTu 3a4a41y Korri

d_X = a(t)x + g(t); x(tp) = Xo;

dt
TO 3aCTOCOBYIOTH (popmysty Ko y TakoMmy BuTJIsiIi
Rta(t)dt Z "ta( )
x = e W%+ 530 g(s)ds: (1.6)

o
Otxke, 3anuIiiemMo ajaropuT™m Merojy Jlarpam:xka:
® Ha I1epPIIOMY KPOIIi JJIsl JIHIHHOIO HeOIHOPIIHOTO inbepeHIiaIbHOIO PiB-

ustrts (1.1) Mu 3armmucyeMo BiJoBijiHe OJHOPI/IHE PIBHSIHHST 1 3HAXOUMO
floro 3arajbHUil PO3B’A30K;



Puc. 1.1: 2Kozed-JIyT Jlarpanxk (1736 — 1813), Oriocren JIyT Kommi (1789 —
1857), Axo6 Beprysi (1655 — 1748), Jleonapn Eitep (1707 — 1783). Bei 30-
Opastcenns: Bixinedis / cycniavre nadbannsa; asmopu E. Tandmann (Eisep),
IHULL — HEBLO0MI.

e Ha JIPYroMy KpOIli B 3araJibHUNl PO3B’SI30K OJIHOPIJIHOIO JudepeHiiaib-
HOT'O PIBHAHHS I1JICTABJISIEMO 3aMICTh JIOBLIBHOI CTAJIOl JIESIKY HEBLJIOMY
byHKI0 1 ofiep:kyeMo piBHicTh Buriisiy (1.4);

e Ha TpeThoMy Kporii migcraBisiemo (1.4) B piBasiang (1.1) 1 ckopotyemo
o 1ibHI JIoanKu. B pe3ybTaTi oJep:KyeMo PIBHAHHSA [T 3HAXOKEHH S
noxiuol Bin nesinomoi dyuxuil C(t), sike poss’azyemo. 3uaxomumo CU(t)
i mistxom iHTerpyBanus 3Haxogumo C(t);

e Ha YeTBEPTOMY KpOIi mijcTaB/issemo 3uaiigeny ¢yukiioo C(t) B piBHicTb
(1.4) i 3HAXOANMO YACTUHHUIT PO3B’sI30K JHHIHOIO HEOHOPIIHOTO Jnbe-
pentiaabHoro piBHstHHS (1.1);

® Ha OCTAHHBOMY KPOIIi JIOJIAEMO 3arajbHIil PO3B’I30K OJIHOPIHOTO Jinde-
PEHIaJIbHOTO PIBHAHHS, AKUiT 3HAMIIIN Ha IepIIOMYy KPOIll, JI0 YaCTUH-
HOT'O PO3B’SA3KY, AKWIl BUSHAYWIN Ha YeTBEPTOMY KpPOIll. Y Takuil crocio
3HAXOJAUMO 3arajibHIl PO3B’sI30K JIHIITHOIO HEOIHOPITHOrO andepeHIii-
asibHOTO piBHsAHHS (1.1).

Ipuxaad 1.2. Buaiitn 3araabamuii po3B’si30K AudepeHIiajlbHOro PiBHAHHS
X! = 2x + e
Po03B’A3aHHA. 3amnucyeMo BiIIOBLIHE JI0 3aJIaHOT0 OJIHOPIHE PIBHAHHA
x! = 2x:
3 dx = X'dt, mizcranoBKoo IpaBoi YACTUHI OJHOPIIHOIO PIBHAHHS, OTPHUMYEMO

dx = 2xdt:



Maemo piBHsSIHHSA 3 BIJIOKPEMJIIOBAHUME 3MiHHUMHA. BijJoKpeMuBIm 3MiHHi, 0j1ep-
ZKYEMO

dx
— = 2dt:
[rTerpyemo JiBy 1 mpaBy 4aCTUHH
Z dx Z
— =2 dt+Cy;
X

ne Cq — HoBLIbHA KOHCTAHTA. 3BIICH
Injxj = 2t + InjCj;
ne C; =1InjCj, — nosinbHa KoucranTa. Jlari
X
In —- =2t
C
Orxe,

Xo(t) = Ce?

— 3araJIbHUI PO3B’SI30K OJHOPITHOIO PiBHSIHHSI.
3a MeTo[0M Bapiallil JTOBLILHOI CTAJIOI, IMIYKAEMO YACTUHHII PO3B I30K 3a-
JIAHOTO PIBHAHHA 9K

x(t) = C(t)e?";

ne C(t) — meBimoma HemepepBHO JudepeniiiioBana QyHKINs, Ky TOTPIOHO BU-
SHAYUTH IIJISIXOM I11J[CTAHOBKI

x(t) = C(t)e?
B 3a/laHe PIBHAHHA. SHANIIOBIIN MOXIHY
X'(t) = C(t)e?t + 2C(t)e?;

OTPUMAEMO

C'(t)e?t + 2C(t)e?* = 2C(t)e?t + &%

Cxopouyroun 1o/1i0H1 JOJaHKH, OTPIMAEMO PIBHICTD
Co(t)EZt — e3t;

3BLIKU

C'(t) = e'; C(t) = et:
OTxke,

X1(t) = C(t)e?t =



€ JAaCTHMHHUM PO3B’SI3KOM 3aJIaHOI0 PIBHSIHHSI. 3a TEOPEMOI0 IIPO CTPYKTYPY
3araJibHOI0 pO3B’g3KY JIHIITHONO HEOHOPIIHOTO JudepeHIia bHOr0 PiBHAHHSA
IEPITOro MOPSIKY OJEPKYEMO

X(t) = Xo(t) + x1(t) = Ce?' + 3t

Bignosiap:
X = Ce” +¢™

—3araJibHuil po3B’si30K piBHsiHHS, Je C — 10BiJIbHA KOHCTAHTA.

Ipuxaad 1.3. BuaiiTu 3aranbanii po3B’sI30K AudepeHIiajlbHOro PiBHAHHS
tx’ = x + 2t

P03B’A3aHHA. 3Hax01MO PO3B 30K BiJIIIOBIIHOI'O OJHOPIIHOTO PiBHSIHHSA

> = X;

abo, 1110 Te came,
tdx —
dt '

Ile piBHAHHSA € PIBHAHHAM 3 BiJIOKPEMJIIOBAHUMN 3MIHHUMU. BiTOKpeMIIOEMO
3MIHHI 1 OJIEPZKYEMO

dx _dt
X ot
[aTerpyemo JIiBy i paBy 4acTUHU
Z Z
dx dt
— = —+Cy;
X t

ne Cq — noBisibHA KOoHCTaHTa. [lepernncyeMo ocTaHHIO PiIBHICTH Tak
Injxj = Injtj + InjCj;

ne C, = InjCj, — nosinbHa KoHCTaHTa. Jlayi BUKOPUCTOBYEMO MpaBUIa JIOTa-
pudMyBaHHs
Injxj = InjCtj:
Orxe,
X =jCtj:
Tak sik C — JI0BlIbHA KOHCTAHTA, TO 1€ eKBiBaJCHTHO PIBHOCTI

Xo(t) = Ct:

Ot2Ke, MU 3HAMIIN 3araJbHUI PO3B’SI30K OJIHOPITHOIO PiBHSIHHSI.
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J11s1 3HaXO0/PKEHHST 3araJIbHOI0 PO3B’ 3Ky HEOTHOPITHOTO PIBHSIHHS 3aCTOCO-
BYEMO METO/I Bapiallil JOBLILHOI CTAJIOl, & camMe IIYKAEMO 3araJbHuil po3B’ 30K
HEO/THOPIJTHOTO PIBHSIHHS Y BULJIS 1

x=C(t;

ne C(t) — HeBigoma QyHKITIS.
SHaX0AUMO ITOXITHY

X'=(C @)t =C'(t)t+C(t)
1 T11JICTaBJISIEMO Y PIBHSAHHS
t(C'()t+ C(t)) =C ()t + 2t
B ocranHiil piBHOCTI PO3KPUBAEMO JIy?KKY 1 CKOPOUYEMO ITOIIOHI JI0TaHKN
c'Htt+c@t=Cc@t+2t3 C'(t) =2t

3BIJICH 3HAXOINMO 7

C(t)= 2tdt=1t>
Maroun C(t), 3ammcyemo 9acTUHHII PO3B’sI30K HEOIHOPIIHOTO PIBHSHHSI

x;() =C (Ht=t%

loaemMo 10 HBOrO 3arajbHUil PO3B’I30K OJHOPIIHOTO PIBHSHHSA 1 OJIEPIKYEMO
HIYKaHU 3araJbHN PO3B’sI30K HEOHOPITHOIO PIBHSIHHS Y BUIJISII

X(t) = Xo(t) + x1(t) = Ct+ 3
Bignosiap:
x=Ct+t®
—3arajbHuil po3B’a30K piBHsHHS, e C — J0BlIbHA KOHCTAHTA.

IIpuxaad 1.4. Po3s’sz3aTu piBHSIHHSA

dx )
@t + Xxcost =sintcost:

Po3B’A3aHHA. /lane piBHsAHHA € JHHITHUM JudepeHIiaJbHIM PIBHIHHIM
HIEPIIOrO MOPSLIKY. 3alllCyeMO BiJIIIOBIHE OJHOPIIHE PIBHSIHHS

dx
— 4+ Xxcost=0:
dt

MaeMo piBHAHHS 3 BIJIOKPEMJIIOBAHUMH 3MIHHIMUI

dx z dx 2
Y+costdt:O; Y+ costdt = InjCj:

11



3BijicH
. : . X :
Injxj = sint+1InjCj; In c = sint:

TaxuMm YuHOM 3HAMIILIN 3araJbHNAN PO3B 30K OJTHOPITHOIO PIBHSHHSA
Xo(t) = Ce "t

[[Tykaemo gacTHHHUIT PO3B’I30K HEOIHOPIIHOI'O PIBHSHHS METO/IOM Bapiallil J10-
BlIbHOT cTasiol (Metomom Jlarpamxka) y BUrIsii

x(t) = C(t)e St

ne C(t) — meBinoma dyukis. [ligcrapiasgemo mo GYHKINO B HEOIHOPIIHE PiB-
HaHHA. /19 hOT0 CcrovYaTKy 3HaXOIMO

X'(t) = CY(t)e "t C(t)e S"tcost
1 JTaJ1l MiJICTAaHOBKA Ja€
C'(t)e "t C(t)e S"'cost+ C(t)e "tcost =sintcost:
Ckopouyemo MoAi0HI 1 3HAXOINMO
C'(t) = e¥"tsintcost:

[[TgxoM iHTErpYBaHHS OJEPIKYEMO

Z Z
C(t)= eisintcostdt= eS"'sintdsint= s=sint =

Z Z
= e°sds = se® eSds = (s 1)e° = (sint 1)e’"%:
3anucyeMo YaCTUHHUI pO3B’sI30K HEOHOPIIHOTO PIBHSHHS

x1(t) = C(t)e "' =sint 1

BpaxoBytoun Teopemy Ipo CTPYKTYPY 3arajbHOr0 PO3B’A3KY JIIHIITHOTNO HEOTHO-
pigHoro JudepeHIiaabHOrO PIBHSIHHS HEPIIOrO HMOPSJIKY, 3aIMCYEMO ITYKaHUIT
PO3B’ 130K _

X(t) = xo(t) + x1(t) = Ce "'+sint 1

Bignosiab: _
x() =Ce "'+sint 1

—3araJibHuil po3B’si30K piBHsiHHS, Jie C — 10BlIbHA KOHCTAHTA.

Ipuxaad 1.5. Po3p’sizaTn piBHsIHHS
(tcosx + sin2x)x" = 1:
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Po3B’A3aHHA. 3 o3nadenns judepeniiaia QyHKINT
dx = x'dt
Ma€EMO
(tcos X + sin 2x)dx = (tcos x + sin 2x)x'dt:

3BijicH
dt = (tcos x + sin 2x)dx:

Or2ke, sKIO po3risiaT 3MiHHY t 9K QYHKIIO Bl X, TO MaeMo JiiHiitHe jude-
peHniajgbHe pIBHSAHHI

— = tCosS X + sin 2x: (1.7)

dx
3acTocoByeMO MeTo I Bapiallil 10BibHOI cTaj1ol. Cro4aTKy 3HAXOIIMO PO3B’SI30K
BIJIITOBIAHOIO OAHOPIIHOTO PIBHAHHSA

t
— = tcosX;
dx

siIK€ € PIBHSIHHAM 13 BIJOKPEMJIIOBaHIMU 3MIHHUMHK. Vloro 3arajibHIil po3B’sI30K

Mag€ BUIJIA )
t — CeSInX;

ne C — noBisibHa KoHCTaHTa. YacTUHHUIA pO3B’s30K piBHsIHHS (1.7) 1myKaeMo y
BUTJISIT1

t = C(x)es"; (1.8)

ne C(X) — uesinoma dyukiis Big X. [ligcrasasgoan (1.8) B (1.7), orpumyemo
C'(x)e™ + C(x)eS*cosx  C(x)e""* cosx = sin 2x;

abo _
C'(x) = e S"Xsin2x:

3BijicH, IHTErpy0dn 3a JacTHHAMEI, MATUMEMO

Z Z
C(x)= e ™sin2xdx =2 e " cosxsinxdx =
Z Z Z
=2 e S"Msinxdsinx=jt=sinxj=2 te 'dt=2 td( e Y=
Z

=2 te'+ et = 2 Y(t+1)= 2e ™*(sinx+ 1)

Otxke, _
C(xX) = 2e ™ +sinx): (1.9)
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[Tligcrasmsiroun (1.9) B (1.8), oTpuMyemMo 3arajbHuii po3B’si30K pPiBHSHH:
(1.7).
Bianosiab: _
t=Ce""* 2(1+sinx):

—3araJbHuil IHTerpaJl PIBHAHHA.

1.2.2 Metog Kouui

Metro Kortiri 3acT0COBYETBCS 1)1 3HAXO/?KEHHST 3arajIbHOINO PO3B’A3KY JIIHIITHO-
0 HEOTHOPITHOTO Judepentiaabaoro piBastast (1.1) Ha ocHoBI dhopmysu Kori
(1.5). g mporo:

® 3HAXOJMMO IePBICHY 7

a(t)dt;

e JlaJil BU3HAYAEMO 7 .
e 2Odgt)dt;

® 3allCYEMO 3arajbHIil po3B’a30K 3a (gopmysio Korri
R Z g
X = g a(t)dt C + e a(t)dtg(t)dt :

e C — 1noBiibHA KOHCTAHTA.

Moxkna 3acrocoByBatu Takoxk gopmyny Komr (1.6), ockinbku BoHa jae
3araJibHAN PO3B 30K JIHIITHOTO HEOHOPITHOTO JnudepeHIlia bHOTO PIBHIHHSI
(1.1) y cdopmi Kori. @opmysty (1.6) m011i1bHO 3aCTOCOBYBATH TAKOXK JIJIsT 3HA-
XOJZKEHHsI PO3’I3KY IIOYATKOBOI 3a1adi.

IIpur.srad 1.6. 3uaiiTn 3araJbHUil PO3B’I30K JnMEPEHIIaILHOIO PiBHIHHSI
X! = 2x + &%
Po3B’A3aHHA. B 3anpononoBanomy piBHAHHI
a(t) = 2; g(t) = e

3HAX0/IUMO TIePBiCHY 7
a(t)ydt = 2t;

BU3HAYAEMO Z " Z
e OMGH)dt= e'dt=e";
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anucyemo 3arajibHuil po3B’si30K 3a dhopmysioo Korri

Z
R R
x=e 30 c 4+ o AOdGH)dt = C+e' ;

ne C — joBlibHA KOHCTaHTa (TOPIBHSIHTE 3 pe3yIbTaToM MpuKIaLy 1.2).
Bignosiab:
x=¢e" C+e¢

—3arajbHuil po3s’sa30K piBHsHHS, g6 C — J0BlIbHA KOHCTAHTA.

Ipuxaad 1.7. Posp’sazatn qudepeHIiajbie pIBHIHHS
X' +tx =t

Po3B’A3aHHA. [lis1 3ampornonoBaHoro piBHsaHHs Bijimosiami 10 (1.1) mosHa-

JeHHd Takl
al)= t gt) =t
TO,Hi 7 7 )
t
a(t)dt = tdt = E;
Z Z Z Z
R t2 1 2 t2 t2
g(tle 2OUgt = tezdt= 5 erdt? = s= 5 = eSds=eS=e7:

Buxkopucrosytoun dhopmyny Ko (1.5), 3anucyemo 3araibHuii po3s’si30K Heo-
JIHOPITHOTO JndepeHIiaJbHOIO PiBHSIHHSI

2 Z 2 2 h 2 i 2
t t t t t
X=e 2 tezdt+C =e 2 e2+C =1+Ce 7;
e C — 1oBlIbHa KOHCTAHTA.
BignoBiAb: 3arajbHUM PO3B’SI3KOM PIBHSIHHS € (DYHKITIST
1:2
X=1+Ce 7;
e C — noBlIbHA KOHCTAHTA.

Ipuxaad 1.8. Posp’asatn gudepeniiajbie piBHIHHS

0

X Xtgt=cost:

Po3B’A3aHHA. /I19 3ampoonoBaHOTO PiBHAHHSA

a(t) =tgt; g(t) =cost:
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Tomi
Z Z
a(ft)dt= tgtdt= Injcostj;
Z ; z z
g(the 204t = costeI®Udt =  cos? tdt =
z 1+ cos 2t t sin2t

= E— = —+
2 at 2 4

Buxopucrosytoan dopmyny Ko (1.5), 3anmcyemo saraibHuil po3s’ 130K Heo-
JIHOPiTHOTO JudepeHIiaJbHOIO PiBHSIHHS
Z R
e Wieostdt+C
Z
=e Injcostj eInjcostj costdt +C =

tg tdt

X=€

1 t sin2t
- —+ +C
cost 2

Tyr C — noBijibHa KOHCTAHTA.
BignoBiab: 3arajbHuM pO3B A3KOM PIBHSIHHSA € QYHKITIS

C t sint
X = + + :
cost 2cost 2

e C — noBlIbHA KOHCTAHTA.

Ipuxaad 1.9. Posp’szatn 3aauy Korri

NG % =t% x(2) = 2

Po3B’A3aHHA. lis1 3a11poIlIoHOBAHOTO PiBHSIHHS

a(t) = %; g(t) =t
Toni
Z Z
a(t)dt = fdt = Injtj;
Z . z Z 2
g(tle 2Wdgt= e 2dt= tdt= 5

Buxopucrosytouan dopmyny Ko (1.5), 3ammcyemo sarajibHuil po3s’ 30K Heo-
JIHOPIIHOTO JIndePeHIliaIbHOTO PIBHAHHS
Z
1dt ; ldte2
X=et e Ttdt+C =
Z 2
. - t
=Ml e Midt+C =t 5 +C =Ct+=:
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Tyt C — noBijibHA KOHCTAHTA.

[TicraBumo mouaTkoBi ymoBn X(2) = 2 y 3arajbHuil po3B’si30K i 0j1ep:Ku-
MO
2C+4= 2:
Seigecn C = 31
t3
X(t) == 3t
) =7

[Tokazkemo, K po3B’s3aTu 110 3a/1ady 3a joromorot dopmysn Korri (1.6).
JLst i€l 3a a4l
th=2;, Xo= 2.

Toni
‘i 21y ot . . t
a)dt= —dt=Injtj =Injtj Inj2j=1In - ;
to 2 t 2 2
Z
t t
adt=Injtj =Injtj Injsj;
S
ZSth Z L Z 2t 3
es30g(5)ds = MU Nisig?ds =t sds=t— =— 2t
to 2 2 2 2 2

3a dopmystoro Ko (1.6)

= — + — = — :
X 2xo > 2t > 3t

BignoBiab: Poss’szkom 3amaqdi Komii e

3

x(t) = % 3t:

1.2.3 Metog bepHynni

Meton Bepnysuti nossrae y Tomy, IO MU 3HAXOJUMO 3araJbHUN PO3B’A30K JIi-
HItHOTO HeoHOpiAHOTO JudepeHtiaabHoro pisasians (1.1) y Buris

X(t) = u(t)v(®);
e u(t), v(t) — mesxi rmazki mesizomi dymkmii [1,7]. 3HaxommmMo moxigmy
X' (1) = u'(Dv(D) + u(tv'(t)
i migerasisiemo X(t) = u(t)v(t) B pisasans (1.1). Oxepxyemo
w(Bv(t) + u(Vv'(t) = at)u(t)v(t) + g(b):
17



JlaJi rpymyeMo JoiaHKy, ki mictars U(t), ase ne mictars Uu’(t)

u'()Vv(t) + (UEV'(t)  a(t)u(t)v(t)) = g(t)

i BUHOCHMO 3a CHijibHi ay>kKu dyukiio u(t)

Mv(t) + dv(®) a(v(t) u(t) =g(b): (1.10)
dt dt
®ynkiio V() 3HaxX0IMMO 3 YMOBU PIBHOCTI HYJIEBI CIIBBIIHOIIEHHS B Ty 2K-
Kax
dv(t) _
gt a(tv(t) =0

Tak, 1mo GyHKIs V(1) € JacTHHHUM PO3B’sI3KOM JIHIHHOTO OJHOPIIHOTO e~
PEHIIABHOTO PIBHSIHHS, siKe Binnosinae pisagnnto (1.1). Hanpukias,

R
v(t) = e 2Dt
[Tigcrasisiemo mio dyukiio B (1.10) i ogepryemo

a(t)ydt — .

3BijicH
du(t) _
dt

[[TgxoM iHTErpyBaHHSA 3HAXOIUMO

Z
R
u®) = e 2O%t)dt+ C;

R
e a(t)dtg (t) :

ne C — noBiibHa KOHCTaHTa. Tak MeToaoMm Bepnysuti onep:kyemo dpopmysry Ko-
mi (1.5) 7

R R
x(t) = v(Du(t) = e 20 c 4+ e aO%Gt)dt
3anuieMo aJropuTM MeToy bepmysui:

e Ha nepromy Kpori migcrasiasgemo X(t) = u(t)v(t) B piBusunga (1.1), e
u(t), v(t) — nesiki meBimomi GyHKIIT;

e Ha JPYroMy KPOIl I'PYIIYEMO B CILIbHI JY2KKI JTOJAHKM, sIKi MicTaTh U(t),
ase ne mictaTs U'(t), Bunocumo 3a ryzxxu dynkmio U(t) (pismicrs (1.10)),
CIIIBBIJIHOIIIEHHS B JIy?KKaX IPUPIBHIOEMO 710 HYJIs1. O1ep:KyeMo PiBHSIHHSI
Jutst 3Haxo/KeHHs V(t);

® Ha TPETHLOMY KPOIll pO3B’gd3yeMo jndpepenIliaibie piBHAHHA, 3HalijleHe Ha
apyromy Kporti i sHaxoaumo V(t);
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Puc. 1.2: Cim’s BugaTHux MateMaTnkis: ko6 Bepmyii (1655 — 1748), Moramnn
Beprysuii (1667 — 1748), aniens Bepuysti (1700 — 1782). Bci s06pastcerm:
Bixinedis / cycnisone nadoanna; asmopu: E. Tandmann (rxo6 Bepnyani), J.
J. Haid (ﬁoeaHH Bepnyani, Janieav Bepryani)

e Ha YEeTBEPTOMY KPOIIi IijicTaBisieMo 3Haiiaeny ¢yukmio V() B piBHsIHHS
(1.10), 3anmcyemo judepeHtiaibHe PIBHIHHS J1JIsT 3HAXOZKEHHsT (DYHKIIT
u(t), Busnagaemo iforo 3arajbHUil PO3B A30K;

e Ha ocTaHHBOMY Kporii B piBaicTb X(t) = u(t)v(t) mincrasisemo GyHKIIi0
u(t), sxy Mu 3HAMILIN Ha 9eTBepTOMY KpOIli, a TakoK (byHKIIo V(t), siKy
MU 3HAUILIA Ha JIDYTOMY KPOIIi 1 TAKUM CIIOCOOOM 3aITIMCYEMO 3arabHIil
PO3B 530K JIIHIHOIO HEeoJHOPIIHOTO JndbepeHtiaabHoro piBusHus (1.1).

Ipux.aad 1.10. SHaiiTn 3arajbHmii po3B’si30K AIMEPEHIiaJIbHOI0 PIBHIAHHSI
x! = 2x + et

Po3B’A3aHHA. 3a meTogoMm Bepryiui mykaemMo 3arajbHUl PO3B’I30K piB-

HAHHS Yy BUIJISIL
x = u(tv(t);

ne u(t), v(t) — mrajaxi ysKIil. 3HAXOUMO MTOXITHY
X(t) = u"(H)v(t) + u()V(t)

i migcraBastemo X(t) = u(t)v(t) B samane piBasgHHs. Maemo

u (v () + u(V(t) = 2u(t)v(t) + &3
I'pynyemo noganku, ski micrars U(t), aie we mictars U'(t)

u'(tv(t) + (V'(t)  2v()u(t) = e (1.11)
Dyukiio V(L) mykaemo 3 yMoBH piBHOCTI HYJIeBi Bupasy B jayKkax B (1.11)
) —

V' = 2V:
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3arajbHUM PO3B’SI3KOM IIBOI'O PIBHSIHHS €
v(t) = Cge?t;
ne Co — noBlibHa kKoHcranTa (mpukia 1.2). igcrasasemo Cy = 11 ogepkyemo
v(t) = e?t;

Toxi 3 (1.11) maemo
u'(t)e? = e

3BijicH
u'(t) = e u(t) = et + C;

e C — noBlibHA KOHCTaHTa. 3Bijacu
x(t) = u(t)v(t) = e*(e' + C):

[TopiBugiiTe pe3ybTaT 3 TPUKIAIOM 1.2.
Bignosiap:
x = e”(e' + C)

—3arajbHuil po3B’sa30K piBHsHHS, e C — J0BlIbHA KOHCTAHTA.

IIpursad 1.11. 3uaittu po3s’sa30k 3aga4i Kol
tt DX'+x=t3Q2t 1); x(2) =4: (1.12)

Po3B’a3aHHA. 3rijao Merony Bepnysuii mykaemMo 3arajbHUil po3B’si30K
(1.12) y Bursizi
X = u(t)v(b);

e u(t), v(t) — mesii raaki mesizomi yHKIHI. SHAXOLIMO TOXIHY
X(t) = U(D)v(t) + u(t)V'(t)
i migcrasisiemo X(t) = u(t)v(t) B pisusgnug (1.12). Maemo
t(t UV +u®Vv'(D) +uv()) =@t 1)

Tagi rpymnyemo gojaHKH, ski micrars U(L), ane ne micrars U'(t). B myzKkax
BuHocnMo U(t) 3a JyzKKM i OTpIMy€eEMO

t(t  DvuU'R) +[tt DV + v(®]u(t) = 2t 1): (1.13)
Oyukiio V(t) 3HaxXoauMO 3 YMOBI

t(t V() + v(t) = 0:
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Maemo piBHSAHHS 3 BiJIOKPEMJIIOBAHUME 3MIHHUM. 3allAIIEeMO HOro y BUIJISI

Vi) 1
v()  tt 1)’
IHTErpyeEMO JIIBY 1 IIPaBy YaCTUHU, 3HAXOJUMO IHTErpaJn
Z Z
V(1) 1 N
—=dt = ——dv(t) = Injv(t)j;
V(D Y0 () = Injv(t))
Z VA
! dt = - ! dt=Injtj Injt 1j
D B

OJIEPZKYEMO
Injv(©)j = Injtj Injt  1j + InjCoj;

ne Cg — HoBLIbHA KOHCTAHTA. 3BIICH

Cot
t 1°

v =

Bpaxosyemo Te, 1110 Cp — JIOBiJIbHA KOHCTAHTA 1 0JIEPXKYEMO 3ara/IbHIi PO3B’I30K

Cot _
.

v(t) = n

Bubupaemo Oyiab-siknii 9acTUHHUN PO3B’sI30K. Jish I[Or0 B OCTAHHBOMY CIIiB-
BijHomenHi Bubepemo Cop = 1 1 ojep:kumo

v(t) = ﬁ:

Buaiieny dyukmio mijgcrasisiemo B (1.13). Maemo piBHsIHHS
u'() =2t 1;
3 IKOI'0 3HAXOIMMO (DYHKIIIIO
ut) =t t+C;

ne C — nosisbHa KoHcTanTa. OTKe, 3araibHUil po3B’si30K piBHAHH: (1.12) Mae
BUTLJISI]

x(t) = u()v(t) = (2 t+ C)tLl:

Poskpuparoun Jy:KKH, f1oro MOXKHa, 3aIlICaTH TaK

Ct
)= — +t%
X0 =
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Bukopucrosyoun mouarkoBy ymoBy X(2) = 4, orpumyemo
4 =2C + 4,

3Biikn C = 0. O1ike, po3s’si3koM 3ajiadi Ko € dyHKIis

Bignosiab:

1.2.4 Metopg Ennepa

Metron Eiinepa jnossosisie 3Bectu Jiniitne jgudepentiaabie piBHsaHsA (1.1) 10
PIBHSIHHS II€PIIOrO IOPAAKY B HOPMaJibHI (popMi HARIIPOCTIIIOTO BULJISILY, &
came, JIO PiBHSIHHSI, B IIpaBiil 9acTHHI SKOIO MaeMO BiJIoMy (PYHKIIIO TiLJIbKI
B HesasexkHol 3minHol |1, 7]. Ak Bimomo, nudepeniiaabie PIBHSIHHS EPITIO-
ro TOpsJIKY B HOpMaJIbHINT bopMi, TpaBa YacTUHA SKOTO 3aJIEKUTL JINIIE BijT
He3aJIe2KHOI 3MIHHOI, pO3B’sI3y€ThCsl 3a O3HAYEHHSAM IIEPBICHOI 1 HEO3HAUYCHUI
iHTerpas BiJl TpaBol YaCTUHU BU3HAYAE 3arajbHUil PO3B’I30K TAKOTO PiBH-
HHs1. [l1st peaJiizariii Takoro IijIxojly CJiji 3HaWTH cleliajbHy (QPYHKIIO, sSKa
HA3UBAETHCs IHTETPYBa/IbHUM MHOXXHUKOM, JOMHOXKITH Ha Hel JIiBY 1 Ipa-
By dactunu piBasHus (1.1). [lasi, BUKopucToBytoun Teopemy mpo MoXiJHy Bif
JI0OYTKY JBOX (PYHKIIIH, ojiepKaTh jJudepeniiiaibie PiBHAHHA HaHIPOCTIIIO-
ro Burysgry. Tomy meton Eitiepa TakoyK HA3UBAIOTh METOJOM IHTETPYBATHLHOTO
MHOXKHUKA.

Posrysinemo criouartky pisusaast (1.1) 3a ymosn, mo ¢yukiis a(t) e nocriii-
Hoio, TobTo a(t) = a, me a — koucranTa. IlomiTimo, 110

dx

— e ™ =e = e Tax 1.14
dt dt (L.14)
Tomy, sikio 3anucarn piBastaas (1.1) sk
dx
— ax =g(v);

eat

JOMHOYKHUTH HOTO Ha i 3acrocyBaru (1.14), TO oepKNMO

aty, — o atq(t)-
o e x =-e %g(b):
3BijicH 3a O3HAYEHHSIM IIE€PBICHOI

Z
e Mx()=C+ e g(t)dt:
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Otxe, € 2 ¢ inTerpyBajJbHIM MHOMKHUKOM 1 3arajibHUil PO3B 30K piBHAHHS

(1.1) 3a ymoBu, mo a(t) = a, mae BUIsA
Z q
x(t)=e* C+ e 2Odgr)dt

Ipux.aad 1.12. 3uaiiTn 3arajbHuil po3B 30K AuMEPEeHIIAIBHOIO PIBHSTHHS

X'= 2x+eh

Po3B’Aa3aHHA. [lomiTumo, 1110
ex | = 2ty + 2etx:

BanuiemMo 3apornoHoBaHe PIBHAHHS 9K

X'+ 2x = e';
JIOMHOKHIMO Horo Ha €2t i onep:kumMo jndepeniiaibie piBHAHHA

(ex)! = e

3a o3HaYEHHSIM [1€PBiCHOI

Z
e’x =C+ %t

e C — noBlibHA KOHCTaHTa. 3BiacH
1
e’'x = C + Ze*:
3
3almcyeMo 3araJbHI PO3B’ 130K PIBHSIHHS
1
x =¢e *'C + Zet:
3
Bignosiab:
1
x=e C+ §et

—3araJibHuil po3B’si30K piBHsIHHS, Jie C — 10BlJIbHA KOHCTAHTA.

Posriisinemo terep 3arajbHuii Buiaiok. JJoMHOKIMO JIIBY 1 IpaBy 4acTHHY
piBugnns (1.1) na gesxy dyukmito (t), sxa HasuBaeThCs IHTErPYBa/IbHUM
MHO>XHNKOM

OF = mamx+ g

YaCTUHY PIBHOCTI iy
05  a®x= [Og(): (1.15)
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[Tigbepemo inrerpysanbanii MHOKHUK (1) Tak, 11006 JiiBa YacTHHA PIBHOCTI
(1.15) 6ysa noxigrowo dyukuii ()X, To6To MO BUKOHYBAIACH yMOBa

d . dx .
(0= 05  Oabx (1.16)
Toni 3 (1.15) mMaemo ;
SO0 = O (117)

[nest Meromy moJsira€ y TOMY, IO SIKIIO BiaeThes migioparn dyukiio  (t),
JJTsT STKOT CTIPaBRKY€eThest piBHicTh (1.16), To 3 piBHsnHs (1.17) 3a o3HAUEHHSIM
HEPBICHOT MOYKEMO 3HANTH 3arajbHUl pO3B’d30K JindepeHIiaIbHOr0 PiBHAHHSA

(1.1).
[Tykaemo inrerpyBaibuuii Muozkauk () 3 (1.16). B sisiit uacruni pisHocT
(1.16) poskpuaemo moxijHy Bij 100yTKY (DyHKIIIt

"‘Wx+ OX= OxX  (Da)x:
JlaJii ckopodyemo 110/1i0H1 J0JaHKI
"Mx = (Ha(t)x

i gimMo JiiBy 1 ipaBy dacTwHU piBHOCTI Ha X. OJ1ep:KyeMO pPIBHSIHHSI JIJIsI 3HA-
XOJIPKEHH 1HTEeI'PyBaJIbHOTO MHOXKHIKA,

= (Da(t):

Ie piBHsIHHS € JIHITHIM OJXHOPIIHIM JrdepeHiaIbHIM PIBHIHHAM. 3HAXO/IU-
MO HOr0 HEHYJIbOBUIT YACTHHHUI pO3B’ 30K

R
(t) =e a0 (1.18)

Jist iporo mozkemo 3acrocyBaru dopmyity (1.3), B kit C = 11 dynkuito a(t)
saminioemo #a  a(t).
Hauti iHTerpyemMo piBHiCTD (1.172 i 0JIePrKYEMO

Ox=  (Hg(t)dt+C: (1.19)

Tyr C — nosinbaa koucTanTa. [ligcrasasgemo B (1.19) suaiijennit inTerpyBasib-
ruit MoK (1.18)

R Z R
e a(t)dtx — e a(t)dtg (t)dt +C:

3BijIcH 0/1ePXKYEMO 3araJibHIN PO3B 30K JIIHIITHONO HEOIHOPIIHOTO JiepeHIli-
asbaoro piBHsHH (1.1) v Burisiai dopmysu Ko

R R
X(t) —e a(t)dt C + e a(t)dtg(t)dt

SanuieMo ajaropuT™ merony Eiirepa:
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Ha TIEPIIOMY KPOIIi JIOMHOZKIMO JIiBY 1 paBy dacTuny piBHsiHHs (1.1) Ha
nesky dyukmiio (t), mepeneceMo J0maHKHU, AKI MICTATH IIYKaHy QyH-

Ha JIPYroMy KpOIll HaKJIaJa€MO YMOBY Ha 3HaxojkeHHsi GpyHKIHI (t):
miBa gactuHa piBHocTi (1.15) criBnajae 3 moxignoro ¢yukimii  (Y)X. Tak
ojtepzKyemo pisnocri (1.16), (1.17);

Ha TPEThOMY KpOIIl B JiiBiit wactuni (1.16) po3skpuBaeMo MOXiIHY Bif J0-
oyTky dyukmiin  (t)X, ckopouyemo moibHI JoAaHKH, JILINMO JIBY 1 IpaBy
yacTUHY piBHOCTI Ha X. Tak ojiepKyemMo judepeniiaibie piIBHAHHA 1151
3HAXO/PKEeHHs iHTerpyBajbHOro MHOKHIKa  (t). Po3s’s3yemo itoro i 3Ha-
XOAUMO YacTUHHUN po3B’si30k (1.18);

Ha 9YeTBEPTOMY KpOI[l IIJISIXOM iHTerpyBaHHst 3 piBHsiaHst (1.17) 06un-
cioemo  (t)X (bopmyita (1.19)), migcrasisiemo B (t)X 3naiiaeny Ha mo-
nepeanboMy Kpori dyukmio  (t) i Busnauaemo X(t). Takum crocobom
OJIEPXKYEMO 3arajbHuil po3B 30K JIIHIITHOTO HEOIHOPIIHOIO JudepeHIii-
asibHOrO piBnsnus (1.1).

MozkeMo 3pobUTH BUCHOBOK, 1110 PO3IJIsiHYTi BuIle metoan Jlarpan:ka, Ko-

i, Bepryi, Eitiepa 3HaX0/I7KEHHS 3ara/ibHOTO PO3B’I3KY JIIHIITHONO HEOTHO-
pigaoro nndepentiaabaoro pisasiaas (1.1) € ekBiBaJ€HTHIMEI, OCKITBKI MPH-
BOATH J10 hopmysn Ko (1.5).

Ipuxaad 1.13. Poss’sa3aru audepeniiaabie PiBHSIHHS

X +tx =t

Po3B’A3aHHA. 3actocyemo metos Eitnepa. JlomHoxKuMO J1iBY 1 1IpaBy da-

cTUHU piBHsAHHS Ha dyHKIio (t)

X+ (Htx= (Ot

Haknagemo ymoBy

SCo= X+ O

[{ro ymMOBY MOXKHa 3alncaTi Tak

"x+ OX'= OX+ (Ot

3BiJICH 0/IEPKYEMO

"x = (Dtx:

Maemo nudepenniajgbie PiBHAHHS JIJIsT 3HAXO/KCHHSI 1HTEIPYBAJIBLHOTO MHO-
JKHUKA,

") = (@Ot
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Ile piBHSIHHSI € PIBHSIHHSIM 3 BiJIOKpEeMJIIOBAHUMM 3MiHHUMK. Voro posB’sizkom
€ (byHKIIisT -
2
2
(t)=e W=¢gz:

Omxke, nudepenniajibie PIBHSIHHSI MA€ BUIJISI

G om = (0
(0= Ot

[TincTaBasgemMo iHTerpyBaIbHNN MHOKHUK

d 2
—(ezXx) =ezt;
IHTErpy€eMO JIIBY 1 IIPaBy YaCTUHU
Z
2 2
ezx = eztdt+C:

Tyt C — nosinbHa KoHcTaHTa. [lomigaemo, 1110
Z 2 Z t 2
eztdt = e?di =ez:

Tomy

Y Takwuii crnocidb 3HAXOINMO 3araJbHUN PO3B’A30K

N

X=1+Ce

Bianosiab:

SarajbHuil Po3B’A30K
2

t
Xx=1+Ce 7
e C — noBijIbHA KOHCTAHTA,

Ipux.rad 1.14. SuaiiTn 3arajbHIil po3B’si30K AIMEPEHIIaJIbHOI0 PIBHIHHSI
x! = 2x + edt:

Po3B’A3aHHA. 3a meroinom Eitepa, JOMHOXKUMO JIBY 1 HpaBy YacTUHU
piBustaas Ha dyakiio  (t)

X' =2 (Hx+ (t)e:

Hakmamgemo ymoBy
SCa= o¢ 2 mx
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[{ro yMOBY 3alIMIIeMO TaK
"Ox+ OX"= OX 2 (t)x

3BiJICH MAEMO

"x = 2 (H)x:

[ToxinuBim Ha X mpaBy 1 JiiBY 9aCTUHU OCTAHHBLOI'O PIBHSHHS, OTPUMYEMO JIH-
depeHIiaibHe PIBHAHHSA JIJIs1 3HAXOJIKEHHs IHTErPYBaJILHOTO MHOXKHIKA,

®= 2 (1
[loro yacTuHHNM O3B SA3KOM € (DYHKILis
(t)=e

Otxke, 3agane gudepeHIliagbie PIBHIHHS MA€ BULIsII

d — t.
¢ O%) = (D

[TigcTaByigemMo iIHTErpyBaJbHII MHOXKHNIK

d

—(e *x) =e"
dt

[HTEerpyemMo octanHiii BUpa3 i OTPUMYEMO
e Ix=e'+C:
Tyt C — noBijibHa KOHCTAHTa. 3BiACH
x(t) = e?(et + C):

[TopiBHsiiTe pe3yabTaT PO3B’si3yBaHHs 3 PE3YJILTATOM IIPUKIATLY 1.2.
Bignosiab:
x = e?(et + C)

—3araJibHuil po3B’si30K piBHsiHHS, Jie C — 10BlJIbHA KOHCTAHTA.

1.3 Metoa HeBu3HauYeHNX KOeIIi€HTIB

Meto 1 HeBU3HAUEHNX KOeMIIEHTIB 3aCTOCOBYEThCS /I 3HAXO/KEHHS 3araJib-
HOTO PO3B’$13KY JIHIHTHOTO HEOMHOPiIHOTO AudepertiaabHoro piBaanus (1.1) y
Buma Ky, ko ¢pyakimisg a(t) e mocriitroro, a pyuaximisa g(t) e nenepepsHoo GyH-
KIiero creniajabaoro Burisry, T 2 R. Orxke, posrisgHemo JtiHiiiHe HeOIHOPIIHE
nudepeHItiaabie PIBHAHHS IEPIIOTO MOPSIKY

2—),: = ax + g(t); (1.20)
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ne a 2 R — nocriitaa, g(t) — nenepepsna ¢yukis, t 2 R.
Crouarky 3anucyemo Biamnosigte 1o (1.20) omHOpiaHe piBHSAHHS

dx ax
dt
1 3HAXOMMO HI0r0 3araJbHHUl PO3B’sI30K
Xo(t) = Ce?; (1.21)

ne C — nosinbha KoncTanTa. Jlani posristaemo (1.20) y Bursi

dx _
gt ax = g(t):

3a metojiom Eitsepa moMHOXKIMO JIiBY 1 1IpaBy YacTUHU OCTAHHBOI PIBHOCTI Ha

e 2 Toui ;
X
e ata ae *x =e 2g(b):

[TomiTuMmoO, 1110

dx d
e = ae Mx=_—(e ™)

dt dt
Tomy
d
(e M) = e g(0):
[HTEerpyioun ocTaHHIO PIBHICTD, OJEPKYEMO

Z
e Mx= e ¥g(t)dt;

3BIJIKI MOYKEMO 3pOONTH BHUCHOBOK, IO YACTHHHUI po3B’s30K piBHstamg (1.20)
Mag€ 3a/I0BOJILHATH PIBHOCTI

Z
X (t) = e e g(t)dt: (1.22)

Bunapgok 1. [pumnycrumo, 1mo B piBusanHi (1.20)

g(t) = poe
ne Po, — aificui gncna. [ligcraBumo taky dyuxigo B (1.22)
Z

x1(t) = poe?t el At

Tomi, sikmo = &, To YacTUHHUI pO3B 130K piBHstHHS (1.20) Mae BUTIAT
X1(t) = gote & (1.23)
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TyT o — xouctanra. Axkmo 6 a, To

x1(t) = %e‘“e( Ayt — ﬂae t.

Tosi wacTunHuil po3B’a30K piBHAHHS Mae Burs (1.20)
X1 (t) = qoe b (1.24)

Koedimient o B Bupaszax (1.23), (1.24) BusHauaeMo I1iICTAHOBKOIO B DiBHSIHHS
(1.20).

Ipuxaad 1.15. 3HaiiTi 3araJbHUl PO3B’A30K JN(EpEeHIiaIbHOTO PIBHIHHS
x! = 2x + et
Po3B’a3aHHA. B npukiaazai 1.2 Mu nmokasaJin, 1o
Xo(t) = Ce?

— 3araJILHUI po3B’g30K BiJITOBIIHOTO OJTHOPITHOTO PiBHSHHS

X' = 2x;
ne C — noibHa KoHcTaHTa. OCKIJIBKHI JIJIsl 33/aHOTO PIBHSIHHS & = 2, = 3,
TOMY, 3aCTOCOBYIOUM METOJ| HeBH3HaueHUX KoedillieHTiB, mykaemo 3a (1.24)
JACTUHHUN PO3B’SI30K K

x = Qe*;

ne Q — mesimomuii koedirient. IlijicranoBka y 3ajaHe piBHSIHHSI Ja€ PiBHICTD

3Qe3t — 2Qe3t + e3t:

3i6pasin HoAI6HI JOMAHKI 1 HOIIIMBIIT OjlepyKaHIi BIpa3 Ha €5

Q = 1. Orxe,

, OTPUMAEMO

X1 (t) = e

— YACTUHHUI pPO3B’A30K PIBHSIHHSI. 3a TEOPEMOIO IIPO CTPYKTYPY 3arajbHOro
PO3B’3KY JIIHIHHOIO HEOJHOPITHOIO AU epeHIiaJlbHOr0 PIBHAHHS IIEPIIOro 110~
PAJIKY OJIEPKYEMO

X(t) = Xo(t) + x1(t) = Ce?t + &%

Bignosiap:
X = Ce”t +¢%

—3arajbHuil po3s’a30K piBusHbs, ge C — J0BlIbHA KOHCTAHTA.
Bunapgok 2. lpumnycrumo, 1mo B piBasanui (1.20)

g(t) = Pm(D);
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Je
Pm(t) = pot™ + pit™ 1+ i+ py 1t + p;

— MHOro4jeH m-ro cremenss, m 0.

Axmo a =0, To (1.22) mae BULIAT
Z

X1(t) =  Pnp(t)dt;

Jle TiepBicHa € MHOro4JIeHOM M+ 1-ro cTenens, B AKiil KoedilieHT Mpu HYJIbOBI
CTelleHl MOXKHA B34TH PIBHUM HYJIEBI.

VY Bunasiky a & 0 orpumaemo (1.22) y Burisi
Z

x((t) = e e AP, (t)dt:

[aTerpyemo 3a gacTuHaMn
Z . 7 . 7
¢ "Pn(®dt=" 2 Pn(hide = 2 e TPn()  Pm(hde * =
1 Z
= 3 € "Pm(t) e MdPm(t) ;

nudepentiroemMo Py (t) i Bupaxkaemo dPm (1) sx mobyTok mHOrOwIeHa m  1-ro
crerenst Ha Ot, 10 ojepKaHOrO iHTErpaJy 3HOBY 3aCTOCOBYEMO IHTErDYBAHHSI
3a JacTHHAMU. [IpOIOBXKYIOUN iHTErPYBaHHS, IEPECBIITYEMOCS 10 TaCTHHHIT
PO3B’SI30K € MHOI'OUJIEHOM M-TO CTeIeHs.

Maewmo npoanaJsiizyBatu Taki BapianTu: gkino a = 0, To yacTUHHUIT O3B’ I30K
piBasinHst (1.20) mykaemo y BUDJIsiji

X1(t) = tQm(t);
1HaKIIle Y BULJISA]
X1(t) = Qm(1):
Tyr
Qm(t) = qot™ + qut™ ' + 1+ g 1t +
— MHOTOYJIEH M-T0 cTeneHs, KoedirmienTn akoro Jo, 1, -, Gm 1, Qm CJIiJ1 3HAHTH
Tak, o6 Xp(t) ojep:kaTu K JYacTHHHEN pO3B 130K piBHstHHS (1.20).

Ipuxaad 1.16. Po3p’a3aru jqudepeniiaabie piBHIHHS
x'=x+t*+ 1

Po3B’A3aHHA. 3acrocyeMo MeTo 1 HeBu3HaUeHnx KoedinienTis. CriodaTky
3HAMIEMO 3araJibHUl PO3B’SA30K OJIHOPITHOIO PIBHAHHS

X' = x:
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SarajbHuil PO3B’A30K OJIHOPIIHOINO PIBHSIHHS Ma€ BUIJISLT
Xo (t) = Cel;
ne C — joBijibHa KOHCTaHTa. Tak sSIK B I[bOMY PiBHSIHHI
gty =t +1;
TO 3a METOJOM HEBU3HAUEHUX KOeMIIEHTIB YaCTUHHUN PO3B’I30K
x (t) = At> + Bt + D:
Tyt A, B, D — nesijomi koedinienTn. SHAXOIIMO
x"(t) = 2At+ B
1 IIIICTAHOBKA B PIBHAHHA A€
2At+B = AP +Bt+D +t° + L.
3BiJICK MaEMO TOTOXKHICTh
t?(A+1)+t(B 2A)+1 B+D=0;
sdKa CIIPaB/IZKYEThCS 1IpU
A+1=0,B 2A=0;1 B+D=0:

Tomy
A= 1,B= 2,D= 3

YacTunanit po3B’ 30K PIBHAHHS 3aITUCYETHCS TaK

x ()= t& 2t 3:

Otxke, 3araJibHIN PO3B’SI30K 3a/IaHOTO JIHIHONO HEOIHOPIIHOrO rdepeHii-
aJIbHOI'O PIBHSIHHS TaKUit

x(t)=Cet t2 2t 3

e C — 1oBljibHa KOHCTAHTA.
BignoBiab: 3Baranbauii po3s’si30K AudepeHIiajibHOro piBHIHHSI

x(t)=Cet t* 2t 3

e C — 1oBlJIbHA KOHCTAHTA.
Bunapok 3. [Ipunycrumo, 1o

g(t) = e Pm(t);
31



Je
Pm(t) = pot™ + pit™ 1+ i+ py 1t + p;

— MHOro4JieH M-ro crerienst, m 0, — jificie uncyo. Bunajiok 3 yzarajabHIoe
sunaaku 1 1 2. [ligcranoska dyukuii g(t) B (1.22) nae
Z

x1(t) = e el Ap_(t)dt:

Hauti, mogiono g0 Bunajkis 1, 2, aHaII3yeMO BUIJIAJ] YACTUHHOTO PO3B A3KY
PIBHSIHHSI.
dAxmo = a, To yacTHHHEI PO3B’s130K piBHsHHS (1.20) MIyKaeMo y BUTJIsII

x1(t) = te ‘Qm(t);

1HaKIIle — Y BUTJISIII
x1(t) = e 'Qm(t):
Tyr
Qm(t) = Got™ + qut™ '+ i+ gm 1t + O
— MHOrowIeH M-ro crenensi. HeBusnaueni koedimientn muorowiena Qm(t) sua-

XOJIUMO TLISIXOM TiijicranoBku B piBHsHHsT (1.20). Jami orpumyemo piBHICTS,
B gKiil ckopodyemo € b 36upaeMo JIojlaHKK IpH ojHaKoBux crenensax t, j =

TIYHUX PIBHAHD JJIsd 3HAXO2KEHHS (o, J1, : %, Om-

Brunaaok 4. Hexait

g(t) =pocos t+pisin t;

1e Po, P1, & O — mifichi dnca. Y 1pOMY BHNAJKY YACTHHHUIT PO3B’I30K
piBmanmns (1.20) myxaemo (1.20)
VA

x1(t) =e* e F(pycos t+pysin t)dt:

[HTerpas 3HaxXoMMO 3a JIONOMOIOIO IHTerpyBaHH: 3a JacTuHamu. OTike, da-
cTUHHEI O3B 130K piBHAHHS (1.20) mykaemMo y BUIVIsi

X1(t) =qgpcos t+q;sin t;

Jie (o, (1 — HeBU3HAUYEHI KoeillieHTH.
Bunagok 5. [Ipumycrumo, 1o

g(t) = e "(Pm(t)cos t+ Rs(t)sin t);

Pm(t) = pot™ + pst™ '+ i+ py gt +pm; (M 0);
Rs(t) =rot +rit®> Y+ 415 t+r; (s 0);
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— MHOTO4wIeHn M-ro crenend i S-ro crenenss, M 0, s 0, |, & 0 — nxiiicni
qncsia. SHaieMo MaKCUMaJIbHIN CTeIliHb MHOIOYIEHIB

M = maxfm; sg
i yacTuHHU Po3B’s130K piBHsAHH:A (1.20) MIyKAEMo y BUIJIsII

x1(t) = e Y (Qm(t)cos t+ Np(t)sin t):

Tyt
Qu®) = qot™ + quit™ '+ +qu 1t +qu;
Npm () = not™ +mtM T+ i+ ny 1t +ny;
— mHorowienn M-ro crenens, koeditienTnn 9Kux Jo, d1, - -5 dm 1, qm, No, N1,

15 N 1, N CJILT BUSHAYUTH 38 JIONIOMOTOI0 i icTanoBKE Tak X1 (t) B piBHSIHHS
(1.20), mob6 omeprkaTn dacTHHEM po3B’a30K piBHstHHA (1.20).

OO6rpyHTYBaHHs BUIAJIKY D MPOBOIUTHCS AHAJOTIYHO JIO OOI'PYHTYBAHHS
Buraaky 3. [Ipu oMy npuiyckaemo, 6e3 0OMeKeHb Ha 3araJibHICTh MipKyBaHb,
mo M =S = M i 3acTocoByeEMO iHTerpyBaHHs 3a JacTUHAMU JIjIsI iIHTErpaJiiB
BUTJISLTY 7

te Y(Ccos t+Dsin t)dt=
Z
= t’e '(Acos t+Bsin t) e '(Acos t+Bsin t)dtk =
Z

=tke '(Acos t+Bsin t) t e Y'(Acos t+Bsin t)dt;

1

Kk

ne C, D — koHcTaHTH,

C D C+ D
B — .

A= 24 2 7 24 2

k=1;2;:::; M:

Bunapgok 6. I[pumnycrumo, mo B piBusuui (1.20) dyukiis g(t) xe 3a10-
BOJILHSIE YKOIHOMY 3 IIOIIE€PEIHIX BUIAJKIB, aje 11 MOKEMO HOJATH UK CYMY
HelepepBHUX (PYHKILIIT

g() =g + 9@ +:::+ g (V);

ne koxkua 3 byuxmi gO(t), g@(t), :::, g(t) nignagae nix ogmm 3 waTnH
BHIIQ/IKIB, 38 STKOI'0 3aCTOCOBYETHCsI METOJ] HeBU3HaYeHUX KoedinienTiB. Toui

1. s xkoxuoi dynknii g (L), g@(t), 111, g(t) 3HAXOJ[MO METOJIOM HeBH-
sHadennx Koedimnientis vacruanmnii poss’azox XM (t) miniftoro HeoxHOPI-
JIHOTO JInbepeHIliaIbHOIO PiBHSIHHSI

?j_)t(zax+g(i)(t): =120
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2. KOHCTPYIOEMO YaCTUHHUI PO3B 30K JIHINHOIO HEOJHOPIIHOTO JindepeH-
[1aJIbHOTO PIBHSIHHS

(;—)t(=ax+g(t); i=1:2::::0r;

SIK CyMY YaCTUHHHX PO3B’sI3KiB, 3HallIEHUX Ha IOIEPeHbOMY KPOIIi

x(t) = xD () + x@() + ::: + xO(1):
Bukajiennit TyT MeTO] HeBU3HAYEHUX KOSMIIIEHTIB /15 JIHIHHOTO HEOTHO-
PIIHOTO PIBHAHHS MEPIIOTO MOPSJIKY € YJACTUHHUM BUIIJIKOM METOIy HeBU3Ha-

YeHNX KOeMIIeHTIB s JIHIHHONO HEOIHOPIIHOrO JudepeHIiajbHOI0 PiBHIH-
Hsl BUIIUX TOPSAAKIB 1 I CHUCTeM JHHIAHNX audepeHIiaabHuX PiBHSIHbD.

1.4 Bumagok JiHifiHOro BIJJHOCHO (YHKINI a1-
depeHITiaabHOro PiBHAHHM

Posrsinemo mudepentianbie piBasians Bursity |1, 7]
d
00 = aT () + gV

Tyt a(t), g(t) — nmenepeprni dynkiii, g(t) — HemepepsHo audepenmitoBana
dyukmig, t 2 R. Samina

dz dx
z = f(X); ol fO(X)E

3BO/IUTh TaKe PIBHAHHS JI0 JIHIITHOTO

z—i = a(t)z + g(t):
Ipuxaad 1.17. Po3s’a3aru jqudepeniiaabie piBHIHHS
%Z—: +2 tHinx=te * e§):
Po3B’Aa3aHHA. Pobumo zaminy sminnnx Z = InX: Toxni
dz _ Lox,
dt  xdt

O1epKyeMO piBHSIHHST

2

‘;—i =(t 2z+tle® e2):
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Take piBHAHHS € JIHIHHIM.
Po3p’si3yeMo criouaTKy OJHOPiIHE PiBHSIHHSI

dz dz _
Fra (t 2)z; 5 = (t 2)dt:

3BijicH , ,
t Z t

Injzj == 2t+InC;Inj—-j=—= 2t;

njzj 5 t+InC; njCj 5 t;

t2
Zo(t) = Cez 2t

Bacrocyemo meTos Jlarpam:ka 11l 3HAXO/ZKEHHsT YaCTUHHOI'O PO3B’SI3KY

2(t) = C(be* %

0 el 2 € 3
Z'(t) = C'(t)ez 1+ C(t)ez “i(t 2):
Iincrasmmo z(t), z(t) v pisrsanna. OTpumaemo

2 2
Clit)ez 2=t(e & e2);

3BIJIKA
2
Clit)y=t e = &%

[HTerpyemMo ocTanHiO PiBHICTH

Z , Z
C()= te zdt te?'dt:

SHailjileMo 1epIuil iHTerpaJ.

Z Z

2 2 t2 2
te zdt = e 2d—= e z;
2
Z 1 Z 1 Z
te?'dt = js = 2tj = 1 seSds = 1 sde® =

Z
— 1 S S — 1 S — 1 2t .
= 4(se e ds) = 4e s 1= 4e 2t 1)

Orxe, .
Cit)= e 2 ZeZt(Zt 1);

2 t2 1 2 1 e
z1(t) =C(t)ez = (e 7 + ZeZt(Zt 1))ez = (e 2+ Ze?(Zt

t2 1l e
z(t) = zo(t) + z3(t) = Cez ** e * Ze7(2t 1):
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Ockinbku Z = InX, T0

2t 1 tz

2t >
ez (2t 1
€7 ( )

t2
Inx =Cez e

OyJie 3araJbHIM 1HTErpaJjoM PIBHSIHHS.
BignoBiab: 3BarajbHuil iHTErpajoM piBHSIHHS
o 1

2t
~e
4

Inx = Cez e t?(Zt 1);

C - soBliIbHA KOHCTAHTA

1.5 IluranHd, TecTu AJisi CAMOKOHTPOJIIO
1. HaBeniTh o3HavueHHs JHITHOrO JudepeHIiaj bHOr0 PIBHIHHS IEPIIOro
HOPSIJIKY.

2. CdopmytroiiTe OCHOBHI BJIACTUBOCTI PO3B’SI3KIB JIIHIHHOIO JudepeHIiiaib-
HOI'O PIBHSIHHS HIEPIIOTO IOPSIJIKY.

3. Onumiith METOANKY PO3B’sI3yBaHHsI JIHIITHONO OJHOPIIHOrO jdepeHtri-
AJIbHOI'O PIBHSHHS TEPIIOTO MOPSIJIKY.

4. Cdopmytoiite OCHOBHI eTal METOJLy Bapianiil JOBUILHOT cTasiol (MeTojry
Jlarpamzka).

5. Hapenite dopmysty Korri 3arajibHOro po3B’si3Ky JIiHIHHOIO OJHOPIIHOIO
JbepeHIiaabHOr0 PIBHSAHHS EPIIOrO MOPSIKY.

6. Bamumrite dpopmysny Ko y dhopmi Kormri.

7. Y gomy moJisirae MeTo, Kot 3HaxozKents 3araJbHOr0 PO3B A3KY JIiHili-
HOTI'O OJIHOPIAHOTrO JIndepeHIiaIbHOTO PIBHSIHHS MIEPIIOr0 MOPsiIKY ?

8. Y yomy noJssrac ijiest MeTory bepHyJii 3HaX0 IKEeHHS 3arajJibHOI0 PO3B 3Ky
JIHITHOTO OJIHOPIHOIO UG EPEHIIaILHONO PIBHAHHSA TEPINOTO MOPSAJIKY !
AK g igesa BijiobparkaeThest PN PO3B’si3yBaHHI JIUMEPEHITIaILHOIO PiB-
HTHHS Bepryii?

9. Cdhopwmystoiite ocHOBHI eTarun MeToly Eitjiepa 3HaxX0KeHHs 3arajibHOI0
PO3B’SI3KY JIIHIHHOI'O OJHOPIIHOTO JiibepeHIiaaIbHOI0 PIBHAHHS IIE€PIIOrO
OPSIJIKY.

1.6 3amgadil A caMOCTiiTHOI podoT’

SHaiiTn 3arajbHi po3B’sI3KK a00 3araJjibHi iHTErpaJii HaBeCHNX HUKYE PIBHIHD.
B zagauax 6, 9, 10, 13, 22 3naliTu po3B’s130K 3a1a9i Kori.
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1. X' =t’x 13. dt + (t e *sec?x)dx = 0,

X(2) =0
2. X' = (Int)x 2)
d _ 2
3. % gty =0 14. & x=2t t
4. X'+ x=¢ & 15. X'(t+ctgx) =1
d _ d _ sint
5. § 2tx=1 16. & + % =%
6. tX"+x =tcost; x( =2) =1 17. X'sint X = 2sin?}
7. X(t+1Inx) =1
( ) 18. sec? X% +ttgx =t
8. tint  x=t(nt 1)
19. tcost® + x(tsint +cost) =1
9. xX»+tgtx =tcos’t; x(0) =1

dx — t
10. (x> 6)x'+2x=0; x(0)= 1 . g =X +te
21. &= 2x+t2 3t+4
11. (x xA)dt+(2tx? t x?)dx =0

22. E=x+t 1; x(0)=1
12. sec?x% = tgx + 2e%; secx =

1 240 & 133 — tat
oo 23. X°X +3X° =te

3 MeTOI0 BJIOCKOHAJICHHS! IPAKTUYHIX HABUYOK [IPOIIOHYETHCSI BUKOHATH J10-
JTATKOBI BIIPABH, IO MICTSThCs y JiTepaTypi: [3,8,9].
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