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Po3gin 1. JliHinHe nporpamMmyBaHHA

OpHielo 3 HaMBaXkNUBILLMX 3agady onTumisauii € 3adava MamemamuyHO20
rpoepamysaHHs, WO NOMsrac B MOWYKY eKkcTpemymy (MiHiMymy abo Makcumymy)
dyHkuii f(x ) npn ymoBax g;j(x)<0,i=1,....m, xe XcEN.

Akwo dyHkuii f(x), gi(x), i=1,....m, — niHinHi, a obnactb X 3agaeTbcA
obmexeHHsMN BUrNagy IjSst rj, j=1,...,n, TO BKasaHa 3aga4a Ha3MBaETbCHA 3adayero
NiHiGHo20 nipoepamysarHs (3/11). Ynepwe noctaHoBka 3JI[1 Ta oguH i3 metoais i
po3B'a3aHHA G6ynu 3anpornoHoBaHi J1.B. KaHTtopoBu4yem y poboti "MaTtematunyeckmne
MeTOoAdbl opraHuMsaumm u nnaHvpoBaHus npomssogctea" y 1939 poui. Y 1947 poui
k. OaHuir po3pobuB CUMMMAEKCHUN MeTod (CUMNNEKC-MeTod) — OAWH i3 OCHOBHMX
MeToAiB po3B'adyBaHHA 3/I1. 3 Tux nip Teopia MiHIMHOroO nporpamyBaHHA OypXxnuBo
po3BuBanacs i HAHi HOCUTb LiNICHUW, B OCHOBHOMY, 3aKiHYEHUIW XapakTep.

3ayBaXXMmo, L0 Ha PO3BUTOK TeOpil NiHINHOro NporpamMyBaHHA CyTTEBO BMNAMBano
il 3aCTOCyBaHHA 00 PO3B'A3yBaHHA (3 LUMPOKMM BUKOpUCTaHHAM EOM) npuknagHux
3ajay, MNoB'A3aHMX 3 OMTUMAarnbHUM MNNaHyBaHHAM, OpraHiauicto Ta yrpasBniHHAM Yy
Pi3HOMaHITHMX cpepax NACbKOI AiISNbHOCTI.

CuctemaTnyHe BUMBYEHHA Teopil JiHIMHOrO nporpamMyBaHHSA pPO3MNOYHEMO 3
po3rnsay TMNoBUX, LLO CTanm KnacuyHumu, npuknagis 3/171.

§ 1. lMpuknaauv 3agay niHiMHOro nporpamyBaHHSA

1. 3apayva npo nepeBe3eHHs (TPaHCNOpPTHa 3aAavda)

Y nyHktax Pj (i=1,...,m) BupobnsaeTbca AesKUN OAHOPIAHUIA NPOAYKT, NPUYOMYy B
NyHKTI P; BUPOBMSIETbCS a@; OAWHWUB LbOro MpoAaykty. Y nyHkti Q; (j=1,...,n)
CNOXUBAETLCS b j OANHNL LIbOTO X NpoAykTy. MNpunyckaemo, Lo

m n
Y aj=2bj.
i=1 j=1
Hexait ¢ jj — cobiBapTiCTb NepeBe3eHHs OAUHUL MPOAYKTY 3 MYHKTY BUPOOHMLITBA
P; y nNyHKT cnoxvBaHHs Qj (TpaHcnopTHi BuTpaTtn). HeobxigHO 3HaWTKM nnaH

nepeBeseHb MPOAYKTY TakMM YMHOM, Wo6 3a40BOSbHUTM MOTPebU BCiX CNoXuBadiB,
MIHIMi3Yy04M NpY LUbOMY 3arasibHi TPaHCNOPTHI BUTPaTW.
Hexait x jj — HeBigoma KifbKiCTb MPOAYKTY, LLO NNaHYeTbCs ANs nepeBe3eHHs 3 P;

B Q It Topi TpaHcnopTHa 3agada, SIKy NMPUAHATO Has3MBaTWU MPaHCIoOPMHOK 3adayero

niHitHo20 npozpamysaHHs (T3/I[1), nonarae y 3HaxXOMXKeHHi MaTpuui nepeBe3eHb
X= ||x,-j|| ,i=1,...,m, j=1,...,n, WO MiHIMi3y€ 3ararnbHi TPAHCNOPTHI BUTPATN

m n
Z Zcij Xij
i=1 j=1

npuv 0BMeXeHHAX

n
inj:a,-, i:1,...,m,
Jj=1



m
inj:bj’ j:1,...,n,

X;i20,i=1...mj=1..,n

~

2. 3apava npo xap4oBuM pauioH (3agava npo AieTy)

Xap4oBuii pauioH MOXe cknagatucs 3 Nnpoayktis Py,...,P, (xni6, macno, MOmnoko i
T. iH.). Bigomo, W0 B oguHuLi NpoayKTy Pj MIiCTUTbCSA ajj, i=1,...m, oANHNLb NOXWUBHOI
peyoBuHK V; (Binku, Xnpu, Byrnesoam i T. iH.) Hexan Cj — BapTICTb OAMHULI NPOAYKTY
Pj. lMpunyckaeTbCA, WO XapyoBMM pauioH MOBMHEH MICTUTU He MeHLWe b; OOUHULb
peyoBnHn Vj. [pn BKaszaHUX OOBMEXEHHsIX MOTPIBHO 3HAWTU pauioH HaWnMeHLLOl
BapTOCTiI.

dopmanizyemo Ut 3agadvy. Hexan Xj — KiNbKICTb  MPOaYKTY Pj y LWwyKaHOMY
pauioHi. Toai BekTop X=(X1,...,Xn) BU3HA4Ya€ AeAKUN paLioH BapTICTIO
n
z Cj Xj .
J=1
KinbkicTb NOXWBHOT peyoBMHN V; y pauioHi X JOPIBHIOE
n
Z a,'ij .
J=1
Takum 4YnMHOM, 3aga4a NPo Xap4vyoBU paLioH 3BOOMTBLCA 40 MiHIMi3auil yHKLT
n
2.CjXj
J=1

npun 0BMEXEHHAX

n
> ajjxjz bj, i=1,..,m,
J=1

Xj = 0,j=1,...n.

3. 3apaua po3noginy pecypcis
Heske nignpuemcTBo Moxe peanidyBaT n BUPOOHNYO-TEXHOMNOTYHUX MpPOLIECIB
P1,...,Ppn, BUKOPUCTOBYIO4M ANS LbOro pecypeu Ry,...,Rm.
Bigomo, wo
a) nignpvemcTBO Mae b oaunHuLb pecypey R, i=1,...,m;
6) BuTpatM pecypcy R, Ha OAMHULIO NPOAYKUil, L0 BWUrOTOBMASETLCA 3a
TEXHONOTIE Pj, OOPIBHIOKOTb ajj;
B) peanisauia oauHWULiI NPoAyKuii, BUTOTOBNEHOI 3a TEXHOMNOriE Pj, NPUHOCUTb
nignpuemcTey npnbyToK Cj.
3apava nonsrae y BM3HayeHHi 06'emy BUpobHMUTBa Xj NpOAayKUiT 3a TEXHOSOrIEt
Pj, J=1,...,n, WO MaKCMMI3ye 3a X yMOB NpubyTOK NignpnemcTaa.
INlerko 6auntn, wWo cdopmynboBaHa 3agada opmanbHO 3BOAUTLCA OO
3HaXOKEHHS BEeKTopa X = (X1,...,Xp ), LLLO MaKCUMi3ye (OYHKLIIO



n
2 CjXj
J=1
npuv 0BMeXeHHAX
n
> a,'ijSb,', i=1,....m,
j=1
Xj = 0,j=1,...,n.
Hes3Baxatoun Ha 3MICTOBHI BigMIHHOCTI, YCi NpuBeAeHi npuknagn mawTb 6arato
cnineHoro. Lle cninbHe nondrae B NiHIMHOCTI OYHKUiA, WO nignaralnTb MiHiMi3auil

(Makcumizadii) Ta QyHKUiN, WO BXOASATb B OOMexXeHHSA (piBHOCTi abo HepiBHOCTI).

§ 2. 3aranbHa 3agava NiHiIKHOro NporpamMyBaHHS

3azanbHa 31 (33/17) dopMyntOETECA TAKUM YNHOM.
3Hnaltmu eekmop X =(X1,...,Xp) € EN, wo MiHIMI3ye (Makcumiaye) rniHilHY ¢OyHKUito

n
L(x) =Y. ¢c;x;, (1.1)
j=1
i 3ado80r1bHSIE cucmemy IiHIUHUX 0bMeXeHb

n
Za,‘jxj' Ri b/’ j=1,...,m, (12)
j=1

Xi20,j=1,.,k k<n, (1.3)
Oe cumsor R 3amiHIoe 0OUH i3 3HaKig <, =, >.

O6bmexeHHsa (1.3) HasuBalOTbLCA MPSMUMU i, SIK NPaBWUIO, HE BKNKYAKTbLCA OO
HerpsMux obmexeHb (1.2).

BekTtop x, wWwo 3apoBonbHAe obmexeHHs (1.2), (1.3), HasnBaeTbcss AornycmumMmum
p038'3KoM (8€KMOpPOM, moykoro, ririaHom) 3J1I1.

MHoOXuHa pgonyctummnx po3ds'askiB 3/1[1 HasmBaeTbca Oonycmumoro obracmio
(MHOoXxUHor0) 3/1M, no3Ha4vaeTbes OykBOK D i 3anUCYETLCA TAKOX Yy BUrNSAAI

n
D=x=(x1,...,Xpn) eE”:Za,-jxj Rjbj, i=1,...,m, X >0, j=1,...k, k<nq.

j=1
dDyHKUisa L(x) HasnBaeTbCs uinbogor, x* € D, Wo AOCTaBnsie UiNboBin OyHKUii
MiHIMYM (MakcumyM), HasuBaeTbCsA onmumarnbsHuUM poss'askom 3JI[1 i 4acTto

3anucyeTbCsa y BUrNAai
x* =arg min (max) L(x).
xeD
BenuuuHa L (x *) HasuBaeTbCHA ornmumarsibHUM 3Ha4eHHSIM Uirlbo80I QhyHKUI.
3ayBaXXMmMoO TaKoX, WO ToM doakT, Wo UuinboBa dyHKUia L(x) mae 6yTtu

MiHIMi30BaHa (Makcumi3oBaHa), 4acTo 3anuUCcyeTbCs y BUTNAAI
n

L(x) :chxj — min (max) .
j=1



§ 3. BnactuBocTi gonycTtumoi obnacri

Hexan x’=(x;,...,x;7)eE”, i=1,...r, r>2. OMyKrow JiHilIHOK OBOIOHKO

movyok x1,...,x" Ha3NBaAETLCA CYyKYMHICTb TOYOK BUAY
r
X = Z a;x '
i=1

ae aj, i=1,...,r, — 6yab-4aKi Yncna, Wo 3a40BOSMbHATL YMOBaM
r
[94 ,'2 0, Z a =1.
i=1

Byaob-sika TOuka OMyKMoi NiHINHOT OBONIOHKM HAa3MBAETLCA OrYK/I0K JliHIUHOK
Kkomb6iHaujeto moyok x1,... . xT.

Mpun r = 2 onykna niHinHa 060M0HKa Ha3NBaETLCS 8iOPI3KOM, O 3'€OQHYE TOUKN X 1
x2, i nosHavaetbes [x 1, x 2], To6TO

[x7, x2] ={x: x=ax1+ (1-a) x2, 0<a< 1}.

MHoxnHa W HasuBaeTbCA OMyK/I0t, HAKWO Ans  AO0BiNbHUX x1 x2e¢ W
BUKoHyeTbes [x T, x2] < W.

Haragaemo Takox, Lo MHOXWHA

n
n.
P=<xeE .Zajxj <(2) b
j=1
Ha3nMBa€TbCHA nierlpocmopOM \ En, a MHOXXMWHa

n
G=1xcE":Xajxj=b;- (1.4)
j=1

eineprinowuHoto B E N,
[lepemuHOM [BOX MHOXWH Ha3MBAETbCA MHOXWHA TUX | TiflbKM TUX TOYOK, LUO
HanexaTb 060M MHOXUHaM.

Nema 1.1. TlepemuH oryknux MHOXUH € OryKIT0K MHOXUHO!O.

HoBegeHHa. Hexam A ta B onykni MHOXWHU, AN B — ix nepeTuH. PoarnsHemo
poBinbHi Toukn x7,x2 € AnB. 3a o3HaveHHaM nepeTuHy MHoxuH X7 x2c A, x1 x2eB.
Ockinbkn A Ta B — onykni MHoxuHn, To [x7,x2]c A, [x7, x2 < B. 3Bigcn 3a
o3HaueHHaM nepeTury [x 7, x2] « AnB.

INewma 1.2. [ligripocmip € oryKkrio MHOXUHOK.
HoBegeHHsa. Po3rnsHemMo, Hanpuknag, niBnpocTip
n
_ n. .
P=.xecE .Zajxj <b
J=1
i Hexaun x7,x2 e P. Ue o3Hauvae, Wwo

n
Ya;x<b, k=12 (1.5)
j=1



ae x;‘ xﬁ — KOOpAMHATU TOYKN x k. PoarnsHemo AesiKy OOBiNbHY TOYKY X Bigpiska

[x 7,x2] i NOKaXXeMo, Lo BOHA TaKOX HanexunTb P. Hexan
x=axT+(1-a)x2, 0<a<1.
Maemo 3 BpaxyBaHHsM (1.5)

n n n n
Z;ajxj :Z;aj(a x}+(1—a)x12-) —a Z;ajxj-+(1—a)z;ajx12- <
j= j= j= j=

<ab+ (1-a)b=0>b.
Lle osHayae, WO [AoBiNbHa Touka x Bigpiska [x7,x2] Hanexutb P. Omxe
NiBMNPOCTIP € ONYKNOK MHOXWHOH).
INewma 1.3. TineprninowuHa € oryKrio MHOXUHOK.

HoBegeHHsa. NnepnnowwmHa (1.4) € nepeTuH NiBNpoCTOopiB

n
_ n. . .
P,=ixeE .Zajxj <b
j=1
Ta

n
n. Dy
Py, ={xecE .Zajxj > b,
Jj=1
WO € ONyKNMMMW MHOXWHamu 3rigHo nemm 1.2, oTXe, rinepnsiowmHa € OryKIio
MHO>XMHOIO 3rigHo nemu 1.1.

O3Ha4veHHsa 1.1. MHoz20epaHHOIO ~ MHOXUHOK  HasueaembCsl  repemuH
CKiIHYeHHo20 4ucna nigripocmopie. ObmexeHa MHO20epaHHa MHOXUHa Ha3ueaembCs
MHO202paHHUKOM.

3po3ymino, wo gonyctuma MHOXuHa D 3/I[1 € MHOrorpaHHOK MHOXMWHOK (AKLLO
BOHA He MOpPOXHSA). IHkonn obnactb D Ha3uBakTb MHOrorpaHHMKOM, OO4alo4M CrioBa
"obmexeHun" abo "HeobMmexeHnn".

be3nocepegHim HacnigkoM UWMX O3HA4YeHb Ta [OOBEOEHUX TBEPOKEHb € Taka
Teopema.

Teopema 1.1. [Jonycmuma wmHoxuHa D 3JI[1 € onyknow MHO202paHHO
MHOXXUHOIO.

Omxe, 3/I1 nonarae y 3HaXOAXKEHHI MiHIMyMy (MakCcuMyMmy) RiHINHOT pyHKUiT L(X )
Ha ONyKMin MHOrOrpaHHi MHOXUHI D.

O3HauveHHsa 1.2. Toyka x onyknoi MHOXUHU X Ha3ueaembCsi Kymogo
(kpalHbot0), KW il He MOXxHa rpedcmasumu y auearsisioi

x=axT+(1-a)x2, npex1, x2e X, x1%x2 0<a<1.
3 reoMeTpUYHOI TOYKM 30pYy TOYKa X € KParHbOK TOYKOK MHOXWMHWM X, SKLWO 1T He
MOXXHa po3TallyBaTu ycepeauHi Bigpiska, KiHui skoro Hanexatb X.
KyTOBi TOYKM ONYKIOi MHOrorpaHHOT MHOXWUHW Ha3nBaKTLCA 1T 8epwuHaMu.
§ 4. NeomeTpuyHe TNyMadyeHHs 3apavi NiHIMHOro nporpamMmyBaHHs

Po3rnaHemMo KOHKpeTHi npuknaan y 4BOBUMIPHOMY MPOCTOPI.



Mpuknap 1.1. PosansHemo 3J1T1
L(x)= x7+ X2—> max,
-X1+2x2< 6,
9 x4+ 4x5<56,
3x1+5x02> 4,
x120,x220.

Honyctuma obnacte D wuiei 3/I[1 306paxeHa Ha puc.1.1 i sBnse coboto
M'ATUKYTHUK 3 BepwmnHamu V1(0,4/5), Vo(0, 3), V3(4,5), V4(56/9,0), V5(4/3,0).

)

n

V2

1 -+

Vi

+ — X1
@) 1 V5 V4
Puc. 1.1

O3HaueHHA 1.3. MHoxuHa 3Ha4deHb xe EN makux, wo L(x)=const,

Ha3ugaemaCs JliHIE PigHS UiNIbo8oI hyHKUIT.

Y po3rnaHyToMy npuknagi niHii pisBHA LinboBOiI PYHKLUIT X1 + X2 = const npu pi3HKX
3Ha4YeHHAX const € ciMencTBOM napanenbHUX NPAMUX 3i CMifIbHUM BEKTOPOM HopMmani
n(1,1).

Bigomo, Lo 3HayeHHA const 3pocTae, SKWO Ui NpsiMi nepemillyBaTth Yy HanpsiMky
Hopmani n.

3Bigcn 3 04EBUOHICTIO BUNNMBAE, WO MAKCMMaribHOro 3Ha4YeHHSs UinboBa (pyHKUis
pocsarae y sepwnHi V3(4, 5) obnacti D, To61o x *=(4,5), L(x*) = 9.

Mpuknap 1.2. PosansHemo 311
L(x)= x7+ Xo— max,
-X1+2x2< 6,
3x1+5x02> 4,
x120,x220.



.
o| 1 !
Puc. 1.2

Llem npuknag ogepxaHo 3 nonepegHbOro, e BIOKWHYTO Apyre Henpame
obmexeHHs. 3 puc. 1.2 Bunnueae, Wo

max L(x) = oo .
xeD

3ayBaxmmo, WO, B3arani Kaxyyu, 3 HeobmexeHocTi obnacti D He BunnuBae
HeobMeXxeHiCTb 3Bepxy (3HU3Y) LinboBOIl OYHKUIT y AonyCcTumii obnacri.
Npuknaa 1.3. PosansaHemo 3J1T1
L(x)=9xq+ 4 xo—> max,

—-X1+2x0< 6,

9xq1+4x2<56,

3x1+5x02> 4,

X120, x220.

Llen npuknag Bigpi3HAETLCS Big NepLUoro nuile LinboBOo YyHKUIE.

)

V2
1..
2N —
o| 1V, v4\ 1

Puc. 1.3

AHanisytoun puc. 1.3, NpuxogmMmo 0O BMCHOBKY, LLO MaKCUMarsibHOro 3Ha4eHHSs,
piBHOro 56, UinboBa yHKLUiA fgocarae y 6yab-AKin Touui CTopoHn V3V n'atnkyTHrKa D.



§ 5. BnactuBocTi po3B'A3KiB 3aaadi NiHiMHOro nporpamMmyBaHHA

Mpuknagwu, pos3rnsHyTI y nonepeaHbLoMy naparpadpi, HaBoAATb Ha AYMKY, LO
onTumMarnbHUM po3B'a3ok 3/1/1 (SAKWO BiH iCHYe) cniBnagae 3 BepLUMHOK OONYyCTUMOI
obnacrTi (y gesikux Bunagkax — 3 i rpaHHo abo pedbpom).

3apaan NpocToTH PO3rnsiHEMO BMNAgoK, Konn D — MHOrorpaHHuK.

HaBegemo 6e3 [oBeAeHHA [OOMOMIKHE TBEPOKEHHS, dAke HeobxigHe Aans
nogansLUoro Buknaay.

INlema 1.4. byob-ika moyka MHO202paHHUKa € OryK/Io JHIUHOK KOMBIHayiet
lioeo 8EePLIUH.

Teopema 1.2. Llinboga yHkuis 3JII1 docsieae onmumasibHO20 3HAYeHHS Yy
8EPWUHI MHO202paHHUKa p0o38'a3Kie. SKWo uinbosa ¢hyHKUisS 0ocs2ae Ub020 3HaYEeHHS
y 080X ma binbwe moykax, mo 8oHa docsicae moeao X 3HadyeHHs1 y 6yOb-sKil moyuyi, wo
€ IX onyKrior NiHitHO KOMbGiHaujero.

OoBepenHsi. Hexam x/, i=1,...,r, — BEPLUMHM MHOrorpaHHuka D i, poarnsgatoym
3agadvy MiHimisadii, noknagemo
x*=argminL(x).
xeD
OcTaHHe cniBBigHOLWEHHA O3Ha4ae, Lo
n . N
chxj_ chxj, xeD,
J=1 J=1
abo 3 BMKOPUCTaAHHAM MO3HAYeHHS CKanapHoro JobyTky
(c,x*)<(e,x), xe D, (1.6)

pec=(c1,...,Ccp).
Akwo x * — BepwnHa D, TO nepwy YacTUHy Teopemu AoBedeHo. Hexanm x * He €
BepwmHoto D. 3a nemoto 1.4 icHytoTb ¢j > 0, i=1,...,r, a1+...+ =1, TaKi, WO

r

* i

X —ZCZI'X.
i=1

BukopuctoBytoun BigOMi BNacTUBOCTI CKansipHOro Ao0yTKy, Maemo
r _ r _ r
(ex*)=|ed ajx"|=2 a (c,x’)z(c,xk)z a | :(c,xk), (1.7)

ne xK — taka BeplumHa, wwo
k)z min (c,xi).
1<i<r

(c, x

I3 cnieBigHoLWweHb (1.6) Ta (1.7) BUNnuMBae, Wwo (c,x*) = (c,xk), a ue o3Havae, Lo
icHye BepwuHa xK gonyctumoi obnacti D, Ae uinboBa (yHKUiA NpuiiMae HalMeHLLe
3HaYEHHS.

HoBegemo pfgpyry 4yactmHy Teopemu. Hexan uinboBa yHKUiA Jocsrae
MiHIManbHOTO 3Ha4YeHHs y Toukax x 1,...,x S T06To

(¢, x')=1=min L(x), i=1,.,s.
xeD

10



PoarnsHemo onykny niHiHy KomOiHauito

S .
X*=>Y aj x!' «a i=20, i=1,...,8, a1+.tag=1
i=1
Mokaxemo, wo L(x *) = [. dincHo,

s _ s , s
L(x*)z(c,x*)z[c,Za i x’]: Yajlex)=1Ya;=1.
=1 =1 =1

3rigHO goBefgeHoi Teopemu po3s'asku 3/I[1 cnig wykatm cepen BeplunH i
AonycTumoi MHOXMHKW. OgHak npsima peanisadis Uiel igel npakTM4HO HEMOXXITMBA Yepes
BENWKY KiNbKICTb BEPLUMH Y 3aranibHOMY BUMaAKy Ta CKMagHICTb IX 3HaxomkeHHA. dani
OyayTb BMKNAAeHi 4OCUMTb NPOCTi METOAM, WO A03BONAKTb YHUKHYTU LMX TPYAHOLLIB.

§ 6. CrtaHpapTHa 3agaya niHiMHOro nporpamyBaHHS.
Ba3uncHi po3B'aA3ku

CmandapmmHa 3/11 (C3JII) mae suensd
n

L(x) =, ¢;x; > min, (1.8)
j=1

n .

2 ajjxj=bj, i=1,..m, (1.9)

j=1

X0, j=1...n. (1.10)

Lle C3JIl y koopOuHamHit ¢opmi. Mun 6Gygoemo TakoX BMKOPUCTOBYBaTU
8EeKMOPHy Ta mampu4Hy ¢popmu C3JII.

BexkmopHa ¢popma C3JIIT:

L(x)=(c,x)— min, (1.11)

n

2 XjAj=b, (1.12)

j=1

x>0, (1.13)
pe c=(cq,...,cp), Aj=(ayj,...,amj), j=1,...,n, — eexkmop ymos, LIO BiAnoBifae
3MiHHIN X, b=(bq,....,bpy) — eekmop obMexeHb, a WTpux (') o3Ha4vae
TPaHCMOHYBaHHS.

MampuyHa ¢gpopma C3/Il:

L(x) = ¢ x — min, (1.14)
Ax=b, (1.15)
x>0, (1.16)

ae A=||a,-j||, i=1,...m, j=1,...,n, — mampuuss ymos (ii CTOBMUSIMN € BEKTOPU yMOB

Aj), x=(X1,....xp), b=(b1,....bp).

3ayBaxumo, wo C3JI € yactnHHuMm Bunagkom 33/I1. Y cBoto Yepry Oyab-sika
33/J1l 3B0AUTbLCSA A0 CTaHAAPTHOT PopMU:
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a) 3agadva makcumisauii L(x) ekBiBaneHTHa 3agadi MiHimisauii — L(x);
6) obMexXeHHs HEepPIBHOCTI

n

> ajjxjs (=) b

J=1
nepeTBOPIOTLCA B OOMEXEHHS-PIBHOCTI  BBeAeHHAM dodamkosux (b6anaHCHUX)
HeBiO'EMHUX 3MIHHUX Xy +j TAKUM YNHOM:

n
2 ajjXj+(=)Xnyi=Dbj;
J=1

B) ANA 3MiHHUX Xj, WO MOXYTb npuAMaTn | Bi4'€MHI 3HAYEHHS, BBOOUTLCS

., xT>0, x>>0.
TR
Mo3HauMmo 4Yepe3d A poswmpeHy wmatpuuto cuctemn Ax=b. Hapgani, He
obmexytoun 3aranbHOCTI, NpunyckaeTbes, Wwo ansa C3JIr

3amiHa X = xtT—x
]

rangA=rangZ=m<n. (1.17)

Ak BigoMO, y LbOMY BUNAAKy cuctemMa piBHAHb A X = b cyMmicHa i Mae HECKIHYEHHY
MHOXMHY pO3B'sA3KiB. KpiM TOro, mMakcumaribHe 4MCRo JiHIMHO He3aneXxXHUX BEeKTopiB
yMOB Aj,j= 1,...,n, DOPIBHIOE M.

Akwo cepen po3B'sA3KIB L€l CUCTEMU HEMAE HEBIA'EMHUX, TO JonycTuma obrnacTb
D € NopOXHbOHO.

O3HauveHHsa 1.4. HeHynbosul donycmumuli po3s's3ok x 3JI[1 Ha3zusaembcs
b6asucHuUM, SKWO cucmema eekmopie ymos A j» wo gionogidarompb 0o0amHuUM
KOMIMOHeHMaM X Ub020 PO38'A3KYy, € NiHIGHO He3anexHor. Hynboeut donycmumud
p038'930K 3a8x0u bydemo egakamu 6a3uCHUM.

3rigHo (1.17) Maemo, WO MakcuMmarnbHe YMCIo SOAAaTHUX KOMMOHEHT 6a3ncHoro
po3B'a3ky 3/1[1 gopiBHIOE M.

O3HauveHHA 1.5. bas3ucHul po38'a30K Ha3lu8aembCsi HEBUPOOXEHUM, SIKUO BIiH
micmumb pie6HO m 0odamHUX KOMIOHEHM, ma 8UPOOXEHUM, SKWO 4Yucrio dodamHux
KOMIMOHEHM MeHwWwe m.

He oOmexytoun 3aranbHOCTI, MNpUMNyCTUMO, WO Yy BWMNAAKY HEBUPOOKEHOMO
©a3nCHOro po3B'a3ky 404ATHUMMW € NEpPLUi M KOMMNOHEHT, TOBTO
x=(X1,...,Xm,.-.,0,...,0), Xj > 0, j=1,....m, (1.18)

npuyomy BeKTopu ymoB Ay,...,A ;; — NiHINHO He3anexHi. byaemo Has3vnBaTu Ui BeKTopu

6asucom, WO nopoaxXye Oa3nMCHMIA pPO3B'A30K X, a YTBOPEHY HUMMKU MaTpuLIO
B=(Aq,...,Am) — 6asucHoro mampuuyero. O4eBMAHO, WO 3 TOYHICTIO OO NOPSAKY

BEKTOPIiB Ba3nc y uboMy BUNAAKy EANHNUN.
AHnanoriyHo (1.18) y BupogxeHoMy BMNagKy Maemo

X=(X1,....,Xp,...,0,...,0), x;>0, j=1,....,r, r<m, (1.19)
npuyoMy BEKTOPU YMOB Ay,...,A , — NiHINHO He3anexHi. Y ubomy Bunagky 6asucom, Lo

nopooKye po3B'a3ok (1.19), € byab-sika cuctema m niHinHO He3aneXxHUX BEKTOPIB YMOB,
o Bkntovae Bektopu Agq,...,A,. Lla cuctema BekTopiB dpopmye 6asucHy mMampuuro.

OueBungHo, Wo y UboMy BMNaaKy 6asuc i, BignosigHo, 6a3ncHa MaTpuuda He € EQUHUMM.
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Ona obox po3rnaHyTMX BUNAAKIB 3MiHHI Xj, LWo BignoBsigawTb 6a3ncHUM

BekTopam, bygemo HasuBaTtu 6a3ucHumMu, pewty — Heba3ucHumu. 3pOo3yMmino, Wwo y
HEBUPOLKEHOMY BMMagKy BCi 6asncHi 3MiHHI gogaTtHi, HebGa3uCHIi — HynboBi, a y
BUPOOKEHOMY BMMNAAKY i cepen 6a3nCHNX 3MiHHUX € PIiBHI HYNHO.

Mpuknap 1.4. Hexan obmexeHHa 3/1 matoTb BUMMSA
X1 +2x3+ Xx4=7,
Xo+ X3—3X4=2,
Xj20, j=1,....4.
PoaB'a3ok (7, 2, 0, 0) € HeBUpPOAKEHUM Ba3MCHUM PO3B'A3KOM, BigNoBiaHWM Ba3nc
yTBOpIOKOTL BekTopy ymoB A4 =(1,0), A»>=(0,1), B — oguHn4Ha mMaTpuus
PO3MIPHOCTI 2x 2, 3MiHHI X 1, X 2 — 6a3ucHi, X 3, X 4 — Heba3uCHi.

Teopewma 1.3. Jonycmumuti poss'azok x 3/I[1 € eepwuHow ii donycmumoi
MHOXUHU D mo0di i nuwe modi, koru x — 6a3ucHUl pO38'S30K.

OdoBegeHHsi. HeobxigHicTb. Hexan x — BepwwuHa D. lNokaxemo, wo x —
6a3ncHuM po3B'a3ok. bes obmexeHHs1 3aranbHOCTI MOXHa BBaXaTtu, LLO

xX=(X1,...,Xk,---,0,...,0), Xj > 0, j=1,...,k, k<n.
MoTpibHO goBecTw, WO BeKkTopn A 1,...,A i NiHINHO He3anexHi. [losegemo ue Bif,

cynpoTuBHoro. Hexan Bektopu A 1,...,A i NiHINHO 3anexHi, TOBTOo iCHYIOTb YMcna aj, He
BCI PiBHI HYJ1KO OQHOYACHO i TaKi, Wo

k
> o« jAj = 0. (1.20)
j=1

Uepes Te, WO X — JOMNYCTMMUIN PO3B'A30K, TO
k
21 xjAj: b . (1.21)
j:

NMomMHoxXuMo 06umasi yactuHn (1.20) Ha & > 0 i pe3ynbTaT gogamo Ta BigHIMEMO
Big (1.21). Opepxunmo
k
Y (xjtea;)A;=b. (1.22)
j=1

PosrnaHemo BekTopu
X1=(X1+6a1,...,Xk+€ak,...,0,...,0), (1.23)
X2=(X1—€a1,...,Xk—8ak,...,0,...,0). (1.24)

Towmy wo X;> 0, j=1,...,k, TO & MOXHa BUBPaTM TakMM YiMHOM, Wo6 x 7> 0, x2> 0.
[INs UbOro JOCUTL MOKNACTU

. . X . X
& =min min — 1, Mmin - .
Jjra;j>0 OCj Jia j<0 OCj
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Omxe, BpaxoBytoun (1.22) npuxogumo 4O BMCHOBKY, LLO x1, x2¢eD. Kpim Toro,
xT#x2, 60 He BCi aj piBHi Hymto. 3 (1.23)—(1.24) Bunnusae, wo x=(1/2)x1+(1/2)x?2,
a, 3HAY1Tb, X HE € BEPLLMHOMD, LLO CYNepeynTb YMOBI.

HocTaTHicTb. Hexan x — 6a3ucHuin po3B'a3ok. [okaxemo, wo x — sepwmHa D.
Hexan

xX=(X1,...,Xk,---,0,...,0), Xj > 0, j=1,...,k, k<m.
OTxe

J=1
i BEKTOpU A 1,..., A | — NIHINHO He3anexHi.
PewTy noBeaeHHs npoBenemo Bif CynpoTuBHOro. Hexam x He € BepwmHow D. Y

LUbOMY BUNAOKY ICHYIOTb TOYKM x1 x2eD,takiwo xT=x2, x=ax1+ (1-a) x2,0<a
< 1. 3 uboro BMNMBaE, WO

x'=(x}..x1,0,.,0), x?=(x2,.,x2,0.,.0)

1’ Kk’
i, KpiM LbOro,

k 1

Z xjAj= b, (1.25)
j=1

k 2

Z xjAjzb. (1.26)
j=1

BigHimaroun nouneHHo (1.26) 3 (1.25), ogepxumo

d 1 2
Z(Xj—Xj)A':o,
Jj=1

NPUYOMY He BCi xj. —x? AOPiBHIOTL HyIo. OCTaHHE CriBBIAHOLEHHS 03HA4YaE MiHinHy

3anexHicTb BeKTopiB yMOB Ay,..., Ak, LLO CyrnepevnTb YMOBI.

§ 7. KaHoHiuyHa 3apgaya niHinHoro nporpamyBaHHS. lNepebip BepLwuH
aonycTtumoi obnacti metogom Buknro4veHHsa XXopaaHa-Maycca
CmaHoapmmHa 3JII1
L(x)= ¢ x— min,
AXx=b,
x>0,

Ha3ueaembcsi KaHOHIiYHO (K3JIM), sakwo 8 mampuuyi A icHye 0OuHUYHa rnidomampuus i
gekmop ymos b — Heegid'’eMHul. be3 obmexeHHs1 3azanibHocmi 6y0eMo eesaxkamu, Wo

nepwi m cmosnuie mampuyi A ymeoproromb O0UHUYHY niOmampuuro. Todi K3JIT
MOXXHa 3arucamu y euansoi:
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n

L(x)= > cjxj — min, (1.27)
j=1
n
X j+ Za,’ijZﬁ ji=1,...,m, (1.28)
j=m+1
X2 0,j=1,..,n, B;i=0,i=1,..m. (1.29)

Ona K3JI1 nerko 3HaxoguTbCA Mo4vaTkoBuK 6asmcHMA po3B'dA30K, Gasuc Ta
BasncHa maTpuus:

x=(f1,---,Bm,0,...,0) — 6asucHul po38'sa30K,
(1,0,...,1),(0,1,...,0),...,(0,0,...,1) — 6asuc,

17 0 .. O

0 1 .. 0 |— 6asucHa mampuus (po3mipHoCcmi mxm),

0 0 .. 1
Xq ye-ry Xy — 08@3UCHI 3MIHHI, Xm+1 ..., Xn — HEba3UCHI 3MIHHI.

CnissigHoweHHs (1.27)—(1.29) — ue K3JI'y koopduHamHit ¢hopmi. AHaNOriYHo
C3JII K3JI moxe 6yTn 3anucaHa y 8eKmMoOpHili ma MampuyHit ¢popmax. 3okpema,
AKLLIO

ﬂ=(ﬂ1,...,ﬂm)', X=(X1,...,Xn)', a=(l,am+1,...,an),
Ae | — ofuHU4Ha MaTpuLs Po3MipHOCTI mxm, & = (aqj,....am;j)’, T0 ymoBu (1.28) Ta
(1.29) y maTpunyHin oopmi HabupatoTb BUrNAaY :

ax=4, x>0, >0. (1.30)

3a o3HaveHHsaMm K3JI1 € C3JII1. Y cBowo 4yepry C3J/IT moxe 6yTn 3BegeHa Ao
K3JII. TeopeTuyHo Ans UubOoro A0CUTb, Npunyckatoym 6e3 obMexeHHs 3aranbHOCTI, WO
BeKTopu ymoB A y,...,A , yTBOptooTL 6asuc i B=(A 4,...,A ;) — BignosigHa 6a3ncHa

MaTpuLs, OOMHOXMTM 06uaBi YacTWHM cniBBigHOWeEHHS Ax=b 3niBa Ha B-T.
OveBnaHo, Wo
a=B-1TA, p=B-1b. (1.31)

MpakTnyHi wnaxu nepetsopeHHa C3/1M no K371 mn o6roBoprmo nisHilue.
Mepengemo Big 6a3ncHOro po3B'sasky

x=(B1,-- s B1-1:.B1:B1+1,---,fm 0,...,0),

LLIO BU3Ha4aeTbcs obmexeHHsamu (1.28), (1.29) K3/1l1, o HoBoro 6a3ncHOro po3B'sa3Kky

X = (ﬂ1 ""’ﬁ/—1 ,O,ﬁ | +1 ,...,ﬁm ,0,...,0,ﬂ/ ,O,...,O) ,

sikoMy Bignosigae Hoea K3J/11, ae 3 yicna 6a3ncHUX BUKMOYEHa 3MiHHa X (1=1,...,m),
a 3MiHHa X, (k=m+1,...,n) yBegeHa Ao yncna 6asncHux.

Buaesnsetbcs, WO uUe MOxHa 3pobutm 3a JOMNOMOrow  BiAOMOro mMemody
gukntoyeHHs1 XKopdaHa-laycca, noTypbyBaBWIMCb MpU LbOMY nuwe npo Te, Wwob
nepetBopeHa 3/1I1 3HOBY Marna kaHOHi4YHy coopmy. Pobutbca ue Tak. Bukniounmo 3 ycix
piBHAHb cuctemun (1.28), Kkpim /-ro, 3MiHHY X k. [Ans uboro Big /-ro piBHAHHA (i=/)
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BiAHIMEMO /-e pIBHAHHA, AOMHOXeHe Ha «ajk /o (o # 0). PiBHAHHA 3a Homepom |/
AOMHOXUMO Ha 1/« k. Opepxumo cuctemy, eksiBaneHTHy (1.28), suay:

T n I r
Xj+a X+ z a,-ijzﬂ,-, i=1,
j=m+1 .
' n ’ ' i=1,...,m. (1.32)
0{,-,X/+ Z anijﬂl; i:/;
Jj=m+1
Y cuctemi piBHAHBL (1.32)
ajj .
1] ’ =1, ﬂ/ ’ =1,

" a [k " a |k 133
ajj= ajjaik ‘ 'BI'_ Baik . (1.33)
0{,]—7, I?ﬁl, ﬂ[._i,v =1,

a |k o |k
i, 30KpemMa,
' 1, i=1,
YIkT 0, ixl.

3ayBaxumo, wWo nepetBopeHHsa (1.33) nerko peani3yeTbCs 3a [OOMNOMOro
BIQOMOrO rpasursia rnpsiMoKymHuka.

Cuctema piBHAHb (1.32) mMaTUMe KaHOHIYHY hopmy, SKLLO Bi'z0, i=1,...m.
Buxogaun 3 upboro, iHgekcn | Ta k cnig Bubupatm Tak, wWwob BUKOHyBanucs
cniBBiAHOLWIEHHS

Bl 5o, ﬁi_ﬁ/a/k
Uk Uk

>0, i#l. (1.34)

Nerko 6auntn, WO ANA UbOro xoda 6 ofHa KOMMOHEHTa BEKTopa YMOB a k=
=(a1k--Amk) Mae Bbytn ctporo gopgatHot (aj,>0), a iHgekc | mae BubupaTnca 3
yMOBU

P _ min P g (1.35)
ok i‘a k>0 2jk
HincHo, aKwo aj, <0 (i#1), To gpyra 3 HepiBHocTen (1.34) BUKOHYETLCS. AKLLO X
ajk> 0, 70 | cnig Bubupatu Tak, wob
o .
_ ﬂl—lk >0 abo ﬂ_/ < ﬂl .
x|k ok Ojk

i
OTxe,
x'=(B1-0ka1k,-B1-1- Ok |-1k, 0,8 |+1- O k& [+1ks--:B m— O k& mk,
0,...,0,0 ,0,...,0).

3ayBaxmmo, WO /-a KoopauvHaTa BEKTOpa X', WO AOPIBHIOE Hymn, MOXe O6yTu
3anucaHa y surnagi fj— O o k.
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BusicHnmo Tenep, sk noB'aA3aHi Mixk cobor 3HaYEHHS LinbOBOI (PYHKLIiT B TOYKax X'
Ta x. Maemo

m m m
Lix")= 2 ci(Bi-Okaijk)tckbk=2Cifj+0k(Ck— 2 Cija k)=
i=1 i=1 i=1
=L(x)+0 kA g,
ae
m
A =Ck — Y. Cijajx =Ck —Zk (1.36)

i=1

i Ha3MBAETLCHA BIOHOCHOI OUIHKOH 3MIHHOI X |, D0 CUMIIIeKC-pi3HUUEHO.
3po3ymino, wo gopmyrna

m
zk = ) Ciaik
i=1
Bignosigae Bunagky, Konv 6asMcHUMU 3MIHHUMU € X1,...,Xmy. Y 3aranbHOMy BUNagKy,

Konu 6a3vCHUMU € 3MIiHHI X, ,...,Xj _, TO
J1 Im

m
zi = 3.¢j; ik =(C6as, k) , (1.37)
i=1
A€ Cgaz = (Cj1,...,ij), o= (1ky-s & mk)-
besnocepeaHbO0 MOXHaA MEPEBIPUTU, WO CUMMNEKC-PI3HUUI 6a3UCHUX 3MIHHNX
AOPIBHIOKTb HYIHO.

3ayBaxumo, wo G, > 0. Axwo G, > 0, 10, 04eBUAHO, IHAEKC K 3MiHHOI, Lo
BBOAUTLCS A0 4ucna 6asncHux, cnig subpatu 1akum, Wwo A < 0. Npu uboMy 3HaYeHHS
LinboBOIl (PyHKLUIT Npy nepexoai Bif X 40 X ' 3MeHWwnTbes, TobTto L (x ') <L (x).

Akwo x 0x=0, 7o L(x')=L(x). 3 dopmynu (1.35) BunnuBae, O OCTaHHIN
BMMaZoK Mae Micue AN BUPOLXXeHOro 6asmcHoro po3s'asky.

§ 8. Kpwutepin onTumanbHOCTI.
O3Haka HeobMmeXxeHOoCTi LiniboBoI (hyHKLiT
HaBefeHi y nonepegHboMy naparpadi MipKyBaHHA CKlagaroTb OCHOBY CUMMSIEKC-
mMeToay po3B'adyBaHHs 3J1I1.

Mepw, HX cdopmynioBatn anroputM ULbOrO0 MeToay, AoBedeMO AeKinbka
HeobXigHMX ONA NOro OBrpyHTYBaHHSA TBEPOKEHD.

Teopema 1.4 (KpuTepin onTUManbHOCTI 6asncHoro po3sB'asky 3JIM). Sxkwo
Ons1 0esiko2o 6a3ucHO20 po36'sA3Ky X ™ cripasdxyrombcsi HepieHocmi A >0, j=1,...,n,
mo x *— onmumaribHuli po3e'a3ok 3/II1.

JdoBefeHHsa. Hexan pans 6asucHoro poss'asky x *=(f1,....6m,0,...,0), wWo
BU3HAYaETbCA KAHOHIYHOK bopmoto obmexeHb 3/11
ax=p, x>0, >0,
BMKOHYETbCHA YyMOBa TeOpemMu, TO6TO
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Aj=cj- Zc,a,j_o ji=1,..

Mwu NOBWHHI JOBECTH, LIJ,O ,u,nﬂ Oyab-KOro 4onycTMMoro po3B'asky y=(y 1,...,¥n)

(ay =8, y>0) BUKOHYeTbCA HepiBHICTb L(y)>L(x*), a ue i 6yae o3HayaTu, WO X * —
onTumarnbHUn po3s'sasok 3/111.
[incHo, 3 ymoBu Teopemu Ta 3 JOMNYCTUMOCTI PO3B'A3KY ¥ MAaeMO

m
Zij/ 2 Z Z cCiajjyj=2CiBj=L(x"),
Lo | 4OBOOUTL TEOPEMY.

Teopema 1.5 (kputepin HeobOmMexeHocTi uUinboBoi ¢yHkuii 3JIM  Ha
AOMNYCTUMIN MHOXMHI). SKwo 0ns 0esiko2o basucHoz20 po3e'sasky x 3JII1 icHye xoya
6 00He j, maKe, Wo A j< 0 i sekmop ymo8 « | makul, wo « j< 0, mo uinbosa yHKis
3J1I HeobmexxeHa Ha dorycmumil MHOXUHI, mo6mo

min L(x) = —o0, x € D.
JdoBefeHHsa. Hexan gna 6asucHoro poss'a3ky x = (f1,....,6m.0,...,0), wWo
BU3HAYaETbCA KAHOHIYHOK bopmoto obmexeHb 3/11
ax=4, x>0, >0
BUKOHYETbCA yMOBa Teopemu (3 j: Aj<0, ajj<0,i= 1,...,m).
PoarnsiHemo BekTop
y=(81- 9a1j,...,ﬂm - Qamj,O,..., 0,0,0,...,0),
ae 0 € j-10 koopamHaTor Lboro Bektopa i € > 0. lNokaxemo, wo y € D.
fincHo, y mae Hesig'emHi koopauvHatn (5= 0, ajj< 0, i=1,...m, 6>0)

3a10BOSIbHSE OOMEXeHHA ax =f, Wo nepeBipseTbea 6e3nocepeaHbOor0 NiACTaHOBKO.
O6uncnmo Tenep 3Ha4YeHHs LinboBOT PYHKLUIT y Touui ¥

L(y) = ch(ﬁ/ Oa jj)+cjo = chﬂ/ +0 (CJ ZC:OC //J:L(X)JFeAj-
i=1
Uepes Te, wo 6>0 i Aj<0 3HAYeHHA UiNboBOI (*)yHKLI,II MOXHa HeobMeXXeHo

3MEHLUyBaTK, 3anuiaryncb y AonycTumin obnacTi, Wwo 1 3aBeplye [OBEeOEHHS
TeopeMu.

§ 9. Anroputm cumnnekc-metoay

1. 3JI1 3anucyeTbCa y KaHOHIYHIM OpMI, WO BU3HAYaE NoyaTKoBUN Ba3nCHMI

po3ss'asok x 0 3/111.
2. Hexan Ha s-y kpoui € K3JII1

cx—>min, aSx=4S, x>0, S>0,

ne a S= (x f,...,a ,f ), WO BM3Ha4Yae 6a3nMCHUN po3B'A30K

=(B,° s B 0,...0).
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3. OBuUCNEMO CUMMNEKC-PI3HULL
s m s .
A = Cj_i§:10ia i j=1,..,n.

Axwo Ai > 0, j=1,...,n, TO KiHeUb ob4YMCneHb: XS € OoNTUManbHUM PO3B'A3KOM

3JII1. IHakwe
4. HAKWO iCHye NpUHANMHI OOWH IHAEKC j Takni, WO A? <0ia i‘; <0, i=1,....m,
TO KiHeub obuncneHb: 3/ po3B'a3ky He Mae (UinboBa yHKLIA HeoOMexeHa 3HM3Y Ha
A0NYCTUMIN MHOXWHI, min L(x) = — o, X € D). IHakwe
5. 3Haxogumo iHgekeu k Ta /, BignosigHo, 3 ymMoB
A z = min A 7
jiAS<0
J
S
ﬁ/ . i S
—— = min =0, ,
S .S k
a/k I.aik>0 alk

MeTo0M BUKMoYeHHs YKopaaHa-Iaycca nepepaxoByemo matpuuio aS y aS+1, Bektop
BS y ﬂ5+7 (3MiHHY X, BMKNOYaeMo 3 4ucna 6asmcHuX, 3MiHHY X, YBOAMMO [0 4ucna
6a3uncHux) 3a hopmynamm

s s
“ij B _
s i=1, s i=1,
s+1 & |k s+1 & Ik
*ij = s s Pi = S
s Z1j%ik s B ik
aU s y I?f/, ﬂl_ s Il I:'tl:
a,k a/k

i nrepexogumo 40 NYHKTY 2 anropnutMy, 3aMiHAKYM S Ha S+7.

3aygaeHHsl.
1. -1 pspok, k- ctoBneub Ta enemMeHT ali MaTpuui YMOB S Ha3MBalOTbCHA

gedyyumu (po3e’sa3ysaribHUMU).

2. TepetBopeHHst maTpuui aS y aS*?, Bektopa BS y #5*7 3a Bigomum Begyumm
ernemMeHToM Ha3MBalTbCS CUMITIEKCHUM repemaeopPeHHsIM (cumnnekc-
r1epemeOopPEHHSIM).

3. TlocnigoBHicTb Ain 2—5 cumMnnekc-meToay Ha3nMBaETbCA imepauieto.

4. [1ns ABOX NOCNIAOBHMX iTepauin CUMMMeKc-mMeToay Maemo

L(xS*)=L(xS)+ 6 A},

AKWwo nparHy™ A0 MakCUManbHOro 3MEHLUEHHSI 3HaYeHHS LinboBOI (OYHKLII 3a
OAHy iTepauito, To k cnig Bubumpartu Tak, Lwob
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S, S : S, S
ekAk_ min G.Aj.

. S
Ji A f <0
Ockinbkn ocTaHHA 3agadva AOCUTb CKagHa, TO BigaalTb nepesary Bubopy k Tak,
SIK YKa3aHO B MyHKTI 5 anroputmy.
5. Y BIiTYUM3HSAHIN NiTepaTypi CUMNIIEKC-METO, iHKONW Le HasnBalTb Memoodom
r10¢s1i008HO20 MOMINMUEHHS MaHy.
6. AKwo iHOekc K y NyHKTI 5 anropuTtMy BM3HAYa€TbCA HEOAHO3Ha4yHO, TO A0
yncna 6asmncHux yeogutbca Byab-sika 3 BignoBigHUX 3MiHHMX. [1pobrnemun, nos's3aHi 3
Heo4HO3HaYHICTIO BUOOPY iHAEKcy /, obroBoprooTbCS Aarni.

§ 10. Cumnnekc-tabnuui

CnoyaTKy poO3rngHeMo [AOMOMDKHE TBEPAXEHHS, WO [03BONAE CTaHOAPTHUM
YMHOM (32 JONOMOIOK CUMMIIEKC-NEPETBOPEHHS) 0BUYMCNIOBATU CUMMNIEKC-PI3HULI ANs
3MiHHUX y K3JIT1.

Hexan Ha s-y Kpoui cumnnekc-metony € K3JII1

n n
L(x)= > cjxj—>min, xj+ X ai‘;xj =p;
J=1 j=m+1

s .
,i=1,..,.m, x>0,8 5>0.

Nema 1.5. Skwo 3 uinboeoi epyHkuii L(x) K3JI sukntoyumu 6a3ucHi 3MiHHI, mo
KoegbiuieHmamu npu Hebal3ucHUX 3MIHHUX 6yOymb iOro8IOHI iM CUMIMIEKC-PISHUY |
3'78nsembCsl 8iflbHUU 4YfleH, WO OOPIBHIE 3HaYeHHK Uinboeoi hyHKUiiI 8 6a3ucHiu
mouuyi, wo po32r1510aemabCH.

OoBegeHHsa. [incHo, npunmaroum o yBaru, wo K3JI[T Bu3Havae 6GasucHuin
PO3B'A30K
s

xS$=(8S,...5 ».0,...,0),
npu4omy
sy & s
L(x>)=XciB;,
i=1

MaeEeMOo

m n m s n s n
L(x)=2.cjxj=2.CiXj+ 2.CjXj=2.Cj|f; — 2 a;Xj|+ 2Cjxj=
j

=1 i=1 j=m+1 i=1 Jj=m+1 Jj=m+1
m s n m s s n s

=2Cif+ 2 cj—Zc,-aij Xj=L(x>)+ 2 AXj
i=1 j=m+1 i=1 j=m+1

HaBepfeHi cniBBigHOLEHHS JOBOAATL fleMy.

Tenep cumnnekc-pisHuUi 3MiHHUX Yy K3/II1 nerko ogepxaTu, SKLWO Ha No4vaTKoBI
iTepauil gogatn 0o BUXigHUX HenpsamMux obmexeHb 3/ piBHAHHA L(x) =0, 3 sIKOro
BMKMOYEHI 6GasucHi 3MiHHI. Ha HacTynHux iTepauisx CuMnnekcHe nepeTBOPEHHS
3aCTOCOBYETLCHA TAKOX i 10 LlbOro HOBOIO PIBHAHHS.

Mpn npoBegeHHi pyyYHUX po3paxyHKiB, MNOB'A3aHUX 3 po3B'adyBaHHAM 3/If1
CUMMNIIEKCHUM METOAOM, 3pYYHO BCi ODYMCNEHHS Ha KOXHIiM iTepauii 3aHOCUTU OO0
cumMmnnekc-tabnuui, Wo Mae Takun BUrnsaa
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Tabnuuys 1.1

X6az | X1 X| Xm | Xm+1 Xk Xn B 0
X1 0 0 | a1m+1 atk a1n B1
X| 1 0 | aim+1 alk ain B

Xm 0 T | amm+1 Amk mn BPm

OcobnmnBOCTI BUKOPUCTAHHS CUMMNIIEKC-Tabnuub NpoChnigKyeMO Mpu po3B'A3aHHi
npuknagis. [JomMmoBMMOChb BUAINATU BeAyYMWN E€NemMeHT ofk MaTpuli YMOB >XUPHUM

wpudTom.
Mpuknap 1.5. Posg’aszamu 3/II1:
L(x)=—2x1— X2— 7x3—min,
X1+ 2x2+ 3x3<4,
—X1—4x2+10x3<7,
Xj20,j=1,.,3.

MepeTtBoptotoun 33J1M po C3/Il1, opepxumo Bigpasy K3JIIT:

L(x)=—2x1— Xx2— 7 X3— min,
X{+2x0+ 3x3tx4 =4,
—-X1—4 x>+ 10 x3 +X5=7,

xi>0,j=1,..,5.

j ’ s ’

Po3B'a30k HaBoAUTLCS Y NOCMIAOBHOCTI cMMnnekc-Tabnuub (ave. Tabnuuto 1.2).
x*= (19/13,0,11/13, 0, 0) — onTumanbHun po3s'a3ok K3JII1.

x*=(19/13,0, 11/13) — onTumanbHWin po3B'a30K BMXxigHoT 3/1I1.
L(x*)=-115/13.

Tabnuys 1.2

X6a3 X1 X2 X3 X4 X5 B 4

X4 1 2 3 1 0 4 4/3

X5 ~1 4 10 0 1 7 7/10

A 2 1 7 0 0 0

X4 13/10 32/10 0 1 -3/10 19/10 19/32

X3 -1/10 —4/10 1 0 1/10 7/10

A -27/10 | -38/10 0 0 7/10 49/10

X 13/32 1 0 10/32 -3/32 19/32 19/13

X3 1/16 0 1 1/8 1/16 15/16 15
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A | -37/32 0 0 19/16 | 11/32 | 229/32
X4 1 32/13 0 10113 | 3113 | 19/13
X3 0 —2/13 1 1/13 1713 | 11713
A 0 37/13 0 27/13 | 1113 | 115/13

Mpuknap 1.6. Pose'ssamu 3/l
L(x)=—-Xx71— X2 — min,
-Xx1+ X251,
X1—2Xx9< 2,
Xj20,j=12.

MepeTtBoptotoun 33J1N po C3/Il1, opepxumo Bigpasy K3JI:
L(x)=-=x71— Xo— min,

-X1+ Xo+Xx3 =1,
X1—2 X2 +Xx4=2,
Xj 2 0,j=1,..,4.
O6uncneHHs BeayTbCsa Yy NOCnigOBHOCTI cumnnekc-tabnuub (ame. Tabnuuto 1.3).
Tabnuuys 1.3
X6a3 X1 X2 X3 X4 p 0
X3 -1 1 1 0 1
X4 1 -2 0 1 2 2
A -1 -1 0 0 0
X3 0 -1 1 1 3
X4 1 -2 0 1 2
A 0 -3 0 1 2

Baunmo, wo ang HebasmcHOI 3MIHHOI X2 Ha OCTaHHI iTepauil a12=-1<0,
a92=—2<0 npun Ao =-3. OTxe BuxigHa 3/I1 po3s'askis He Mmae (min L(x)=—xo, xeD).

§ 11. CkiHuyeHHicTb cumnnekc-meToany. NonepemxeHHA 3aLUKNIOBaHHSA

3J1IM 6ypeMo HasuBaTu HEBUPOOKEHO, KO HEBUPOLXKEHUMW € BCi ii 6a3nCHI
PO3B'A3KN.
PosrnaHemo cnoyaTtky HeBupomxeHy 3JIf1. AKwo BOHa 3anvcaHa y KaHOHIYHIN

doopmi
cx—>min, aSx=4S, x>0, S>0,

TO Lle O3Hayae, Lo BeNnuyuHu S I.S, i=1,...,m, ctporo gogatHi. lNpun uboMy goaaTHO €
TakoX Benu4vHa
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s
i

6’: = min
.S a S
I.Olik>0 ik

OcCKinbKn 3Ha4YeHHS LinboBOI PYHKUIT y ABOX MOCAIQOBHUX iTepauinHuX Toykax xS
Ta xS*7 noe's3aHi cniBBigHOLLIEHHSIM

L(xS*)=L(xS)+ 0 A},

npu4omy Ai < 0, 1o L(xS*1)<L(xS). 3Bigcu, npuimMaoum [0 yBaru, WO YUCHO

BEPLUMH OOMNYCTUMOI MHOXWHWN CKiHYEHHE, NPUXOAMMO A0 BMCHOBKY MPO CKiHYEHHICTb
CMMMEKCHOro MeToay.
Y Bunagky BupomkeHoi 3/171 ogHa abo pekinbka 6a3vCHUX 3MiHHUX 6a3ncHoro

PO3B'A3KY MOXYTb OyTU piBHUMU Hy”o. [py LUbOMy 9; = 0, omxe, L(xS*1)=L(xS).

Lle moxe npvBecTM OO TOro, WO Ha NpOTHA3i pagy iTepauii cumnnekc-metoay 6yne
po3rnsagaTnca odHa i Ta X BepluMHa, a 3MIHIOBaTMMYTbCS nuwe 6asncHi BEKTOPU, LLO
BiQNOBIAAOTb HYNbOBMM 6a3MCHUM 3MIHHMM | MOXITMBE MOBEPHEHHS OO0 NOYaTKOBOrO
Gasucy, Wo BignoBigae Ui BeplwuHi. Take sBULE HA3MBAETbCA 3aUUKITHOBAHHSM
CUMMNJIEKCHOro MeToay. MOXNUBICTb 3aUMKIIOBAHHA € pearbHOK nuwe Todi, Konu Ans
po3rnsayBaHoro 6asmcHoOro po3B'sa3ky NpUHaNMHI ABi 6A3MCHI 3MiHHI LOPIBHIOKOTb HYIHO.
Y ubOMy BWNAAKy IiCHYe HEOAHO3HAYHICTb MNpu BUOOPI BekTopa, WO nigndrae

s . . .
BMBEEHHIO 3 6a3ncHMX npu & P 0. Taka X HeogHO3Ha4HICTb MOXe MaTu MicLe i ansa

HEBUPOLKEHOro 0asncHoro po3B'ssky. OgHak y ubOMYy BUNaAKy 6’; >0 i HoBUM

6a3ncHMI pPO3B'A30K MPMBOAUTbL A0 3MEHLUEHHS 3HAYeHHs UinboBoi byHKUii. [Mpwn
LUbOMY, BHACnigoOK 3ragaHol HeOOHO3HAYHOCTI, HOBWA 6GasnMCHWI po3B'A30K byae
BUPOKEHNM.

HesBaxarwun Ha Te, WO Npu PO3B'A3yBaHHI MPaKTUYHUX 3a4ay 3auuKoBaHHS
CUMMIeKc-MmeToay He 3ycTpivanocs i wo nobygoBaHO nuvwe Aekinbka LWTyYHUX
npuknagis, e uUe siBULWE Mae Micue, po3pobneHi pi3Hi MeToam Noro nonepemkeHHs
(Buxoay 3 uukny). 3pobneHi BuULLe 3ayBaXkeHHsI CBigYaTb Npo Te, Wo Oyab-sKkuin 3 uux
METOAIB Ma€ rapaHTyBaT OAHO3HA4YHICTb BUOOPY BEKTOpa, WO Nignsrac BUBEAEHHIO 3
B©a3ncHux.

PoarnsHemMo KopoTKo 3MiCT Memody 36ypeHHSs, 3anponoHoBaHoOro YapHecom.
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Puc. 1.4

3 reoMeTpuU4yHOI TOYKM 30pY BUPOLKEHWA BUNAOOK Mae Micue, KONU BEKTOpP
obmexeHb b neXxnTb Ha rpaHUYHIn rinepnnowmHi abo Ha TBIPHI OMYKNOro KoHyca, Lo
BU3HA4YaeTbCcsa OasvcHUMM  BekTopamu. Hanpuknag, Bektop b Ha puc. 1.4
BUpa)kaeTbCA MiHiMHO KOMOiHaLUieo BekTopiB A 1 Ta A o 3 JoAaTHUMK KoedilieHTamu,
ane BMpasnTW LEN BEKTOP Y BUMAAI HeBig'eMHOI kOMOiHaUil 6a3ncHuX BekTopis A 7,
A 5, A 3 MOXHa nuLue npu ymosi, wo x3 = 0, TobTo

b=x1A1+x2A>+0A3.

Lle € npuknag BupogxkeHoro 6asncHoro po3s'asky. OgHak, SKLWO 3MICTUTU BEKTOP
b Takum 4YnHoM, W00 BiH NexaB BCEPEAMHI ONYKITOro KOHyca, NoOpOAXKEeHOro BEKTOpaMu
A 4, Ao, A3, TO BiANOBIAHWI NNaH Byae yXe HEBUPOMKEHUM. LIboro MoxHa JOCArHyTw,
AKWO [0 Bektopa b pgogatu niHiMHY KomMbGiHauito UMX BeKTopiB 3 JoAaTHUMMU
koediuieHTamun. o6 nomiTHO He cnoTBOpPUTUM BUXiQHY 3agadvy, L0 KOMOiHauio cnig
BMOMpaTK AOCUTb Marnoto, PiBHOK, HaNpuknag,

eA1+2Ar+3A3,
ae ¢> 0 — pesike mane 4ncno, To6To, obmexeHHs1 HOBOI 3adadi HabyBatoTb BUrNAQY
x1A1+x2Ao+x3A3=b+cA1+2As+ 3 A3=Db(s).

"eomeTpunyHO BekTop b (&) 306paxkeHo Ha puc. 1.4.

Y 3aranbHOMYy BMMNaaKy HENnpsiMi oOMeXXeHHs

n
> X Aj =b
Jj=1
3/1 nepeTBOPOOTLCA 40 BUMNSAY
n n .
YxjAj=b+3Y clAj=b(s). (1.38)
j=1 j=1

Hexan Bektopu A 1,...,A ;; yTBOpIotoTb 6a3uc i B — BignosigHa 6a3ncHa matpuus.
Topai
x=B-1b=p>0,
x(g)=B=1b(¢) (1.39)
BU3Ha4aloTb OA3MCHI KOMNMOHEHTM BUXiAHOI Ta 3MiHEHOI 3a4ay BianoBiAHO.
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Hexan aj= B—7Aj,j=1,...,n. Topai cnisBigHoweHHs (1.39) HabyBae Burnsay

n

X (& )=ﬂ+Zajaj.

j=1

Ockinbkn BeKTOp aj, j=1,...,m, € OOVHNYHUM, IHOEKC OANHWUYHOI KOMMOHEHTU

SIKOro [OPIBHIOE j, TO
. n .
X,-(g)=ﬁ’,'+g'+ Zg/a,'j. (1.40)
j=m+1

Bubupatoum &> 0 goctaTHbO Manum, MOXHa gobutucs, wob HepiBHiCTb Xj(g)>0

BMKOHyBamnacb Ana Beix i=1,...,m. [Ona 3HaxomkeHHs Bektopa Aj, WO Mae bByTtu

BUKNIOYEHUM 3 ymcna 6asmncHux 3agavi (1.38), obuncnioemo

n
BitD ela;
x)(e) xi(e ) ’ ,21 N
0= = min = min : (1.41)
Ak ita >0 & jk ita x>0 ad ik

3 pisHocTi (1. 41) BunnuBae, wWo iHpopMaLis, HeobXxigHa ANA 3HAXOMKEHHA 6,
MICTUTbCA Y cumnnekc-tabnuui (S Ta a,'j). 3po3ymino, wo ona AOCTaTHbLO Maroro &

CYTTEBMMU NPU CTEMEHAX &£ € NepLli KoedilieHTn, Wwo po3novmHaTeea 3 j=1,...,n. Bce

ue npuMBOoAUTbL OO TOro, WO 30BCIM He OOOB'A3KOBO MNEPETBOPIOBATU HEMPSAMI

obmexeHHs 3J1M go sugy (1.38). A npouec BM3HA4YeHHs BeKTOpa, WO nigndrae

BMBEAEHHIO 3 4yumcna ©0asncHUX, MOXHa ynopsakyBaTM Tak. HAKWO MiHIMyM y
CNiBBiQHOLLUEHHI

0 k= min Ai

i jk>0 & jk

AocAraeTbCa ANnst OOHOro iHAekcy i=/, To BekTop A BMBOAUTLCHA 3 yucra 6asncHuXx.

AKLLO XK LUen MiHIMYM JOCAraeTbCa ANs OEKiNTbKOX IHOEKCIB /, TO AN BCiX TakMX iHOEKCIB
npu j =1 064YNCNIOTBLCA | NOPIBHIOKTHCA BigHOLUEHHS a,'j/a,'k. IHoeke, Wwo Bianosigae

anrebpaiyHO HaMEeHLIOMY BiJHOLLEHHI0, BU3HA4Yae BEKTOpP, WO Nigndrae BUBEOEHHIO 3
Gasucy. AKWO XK HeoOHO3HaYHICTb 30epiraeTbCA, TO MNOPIBHIOEMO aHAsOoriYHi
BiHOLWEHHA Ansa ctoBnus j=2 i T. 4. 13 cniBBigHOWweHHSA (1.40) BunnuBae, WO 3peLuToro
3ragaHui miHimym 6yae goocsrHyTo Ans ogHoro iHaekcy. Hanpuknaa, skwo ans 6asucy
A1q,...,Ap, BUKOHYETLCA

Ok=p1/a1k=p2/ a2k
TO NiAPaxoBYEMO i NOPIBHIOEMO BIAHOLWEHHA & 11/ 1k Ta a 21/ 2. AKWO
min (a11/a1k,c21/a2¢) = a11/a 1k,
TO 3 6a3ncy BMBOAMTHLCA BEKTOP YMOB A4, SKLLO X
min (a 11/a 1,021/ a2k) = a1/a,
TO — Ao. AKWO X a1q/a 1k =21/ a2k , TO NOPIBHIOEMO BiOHOLWIEHHA a12/a 1k Ta
a9o/ookiT. A.
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Mpuknap 1.7. Pose'ssamu 3/1I1:
L(x)=—(3/4) x1 + 150 xo — (1/50) x3 + 6 x4 — min,

(1/4) x4 — 60 xo—(1/25) x3+ 9 x4 + X5 =0,
(172) x1— 90xo—(1/50) x3+ 3 x4 +x =0,
X3 +x7=0,

Xj20,j=1,.,7.

Mpn poss'asyBaHHi uiel K3J/I[T cnmnnekc-MmeToqoM Ha nepulin, TpeTin Ta N'aTin
iTepauisix BEKTOp, WO BUBOAUTLCSA 3 Yncna 6asncHMx, BU3HAYAETbCA HEOQHO3HAYHO. Y
KOXHIM i3 uMx cuTyauin i3 6asmcy BUBOOAUTLCA BEKTOP 3 MEHLUMM iHOeKCOM. OcCTaHHs
cuMmnnekc-Tabnuus cnisnagae 3 novatkoBow. Lle € oguH 3 HebaraTbox npuknaais, oe
Mae Micue 3auuKIoBaHHA cuMmnnekc-metoay. NponoHyeTbCs caMOCTIMHO po3B'a3aTtu
uio x 3JIf1, 3actocoByluuM CcOpMynbLOBaHe BULLEe NPaBUIO MonepemXeHHs
3aUMKNIOBAHHA. 3ayBaXMMO nuuwle, WO ONTUMarnbHUA pPO3B'A30K Mae BUMMNAL:
x*=(1/25,0,1,0,3/100,0,0), L(x*)=-1/20.

MuTtaHHa npo 4ncno itepauin CM, HeobXxigHMX ONs 3HAXOMKEHHS ONTUMAarbHOro
po3B'asky 3/I[1, pocntb cknagHe. [NpakTuka nokasye, Wo y cepefHbOMy Le 4ucro
NpuBAM3HO [OPIBHIOE 4UCy m Henpamux obmexeHb K3/IM1. Cnig BIigMIiTUTK, WO
nobyaoBaHi wWTy4Hi npuknagn 311, npn po3B'A3yBaHHI SKMX CUMMMEKC-anropuTm
"nepebupac” BCi BepwuHU gonyctumol obnacti. OTxe, CUMNNEKc-anroputM €
ana2opummomM eKCrioHeHuiasibHoI ckrnadHocmi.

§ 12. MeToau nowyKy NO4YaTKOBOro 6asncHOro po3B's3Ky

3rigHO  cumnnekc-metogy obuucneHHss  posnoynHawTbea 3 K3JIM,  wo
aBTOMATUYHO BU3HA4Yae noyaTkoBur GasvcHun po3e'sa3ok. OgHak ganeko He 3aBxau
BUXiAHA 3ajayva Ma€e KaHoOHiYHY ¢hopmy. o6 poass'azatn 3/1[1 cumnnekc-mMeToaom y
UbOMY BMNAAKy, YacTille 3a BCe BUKOPUCTOBYKTb TaK 3BaHi Memoou Wmy4yHo20
6asucy, 3MIiCT SKMX 3BOAUTBCA OO TOro, Wo OyayeTbcs neBHa gonomikHa K3JIM 3
BiJOMUM no4aTKoBMM Ga3MCHUM PO3B'A3KOM, 3a ONTUMANbHMM PO3B'AI3KOM SIKOI NErko
3HaxoauTbcs, abo npocTto OasucHuin, abo onTumManbHU POo3B'A30K BuxigHoi 3JIM1.
PosrnaHemo aBa BapiaHT MeTogy LWTy4HOro 6asumcy.

1. MeToa wTy4HOro 6asucy
Hexan posrnagaetbca C3/IM1
L(x) > min, Ax=b, x>0, (1.42)
ne 6e3 obmexeHHsa 3aranbHocTi b > 0. Haragaemo, wo 6yab-aka 33/1/7 3soguTbCca 00
C3JII (amB. § 6 ubOro poaginy).
PoarnsHemo gonomixHy K3JII1

L=y;+.+yy, >min Ax+ly=b, x>0, y>0, b>0, (1.43)

ne y=(y1,--.¥m), I — oonHnyHa matpuusa posmipHocTi mxm. Hexan D Ta D —
ponyctumi obnacrti 3agay (1.42) ta (1.43) BignosigHo, x = (x,y). 3ayBaxumo, wo
3MiHHI yj, i=1,...,m, 3BYTbCA WMmy4YyHUMU, @ BiANOBIAHI TM BEKTOPM YMOB YTBOPIOKOTb
wmyyHut 6asuc.

Poss'sokemo gonomikHy K3J11 (1.43) cumnnekc-metogom. Ockinbkn y >0, TO
MOXNuBI ABa Bunagkn: 1) min L= 0, X e 5, 2) min L> 0, x e D.
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PoarnsHemo nepwwnin Bunagok. Ockinbkn y>0, TO piBHICTb min L=0, xeD,
MoOXnuBa nuwe Togdi, konn yi=0, i=1,...,m. ToMy onTuManbHUA PO3B'A30K X * 3ajaui

*

(1.43) mae surnsa: xX* = (x1,...,x77 ,0,...,0 ) i, OCKifibKn X * — 6asnCHWil PO3B'A30K,
cepeq xj*, j=1,...,n, He Binbwe m BIOMIHHMX Bi4 Hynda. AKWO Tenep nepenTu Big
BeKTopa x* 1o BeKTopa x * = (x;,...,x:c7 ), TO, o4eBUAHO, X * e D i 36epirae npu Ubomy
BnacTmBicTb 6asncHocTi. OTXe, X * — 6a3ncHun poss'a3ok C3/1/7 (1.42).

Apyrnn BMNagoK MOXNUBUK NuLle TOAi, KONWU NPUHAWMHI O4HA 3 KOMMOHEHT y;

onTMMarnbHOro 6as3nMcHOro po3B's3Ky )_(*=(x*,y*) K3JIIM (1.43) € cTporo gogaTHoto.
MNMokaxemo, wWo y ubomy Bunagky D = . Big cynpotuBHoro. Hexan x=(x1,...,.Xp) —

ponyctumun  pose'asok C3/IM1 (1.42). Togi )_(*=(x1,...,xn,0,...,0) € [AonycTumMum

po3e'askom K3JIT (1.43) ()_( € 5). Ane npu ubomy L = 0, WO cynepeynTtb yMOBIi min
L>0,xeD.

3aysaxeHHs. He cnig 3noBxuBatv BBeAEHHAM "HaOMIPHOI" KiNbKOCTI LITYYHUX
3MiHHMX. AKWO aesdke 3 HenpsaMmx OBMeXeHb Ma€e KaHOHIYHY dopmy (MICTUTbL 3
koeilieHTOM 7 SKyCb 3MiHHY, LLIO BiACYTHS B iHLIMX OBMEXEHHSX), TO B Lie OBMeXeHHs
He Ma€ CeHCy BBOAUTW LWUTYYHY 3MiHHY. [1o peui, 33/1I1 surnsagy

L(x)=cx—>min, Ax<b, x>0, b>0,
K HEeBaXXKO nepekoHaTucb, npu 3BedeHHi ii o C3J/I[1 (BBeAEHHAM [O04aTKOBUX
HeBig'€EMHUX 3MiIHHUX Y NiBi YaCTUHM HENPAMUX OBMeXeHb) oapasy X CTae KaHOHIYHOH0.
3acTocyBaHHA MeToAy WTYy4YHOro 6asucy npuBoauTb OO0 TOro, wo 3agadvy (1.42)

noTpibHO pO3B'A3yBaTh 3a ABa eTanu: cno4vaTtky po3B'a3yeTbcs 3agada (1.43), a noTim,
BnacHe, 3agava (1.42). HactynHmii metoa nossonsie ob'egHaTty Ui ABa eTanu.

2. M-meTon
Hexan posrnagaetbca C3/1M1 (1.42). Po3srnaHemo gonomipkHy K3/1l1
Ly=cx+M(ys+..typm)—>minfAx+ly=b,x>0,y>0,b>0, (1.44)

wo 3BeTbca M-3adayero, npe M — gocuTb BEnuUKe Yncno, iHLWi Mo3HaYeHHA — TakKi XK
cami, gk B (1.43). PosB'asytoun U0 3agadvyy CUMMMEKC-MeToAoM, OAEPXKUMO OAWH i3
TPbOX BUNAAKIB :
* * * * *
' — H H k=
1) B onTMManbHOMY PO3B'A3KY X v (X1""’Xn ,y1,...,ym) M-3apaui Bci y;*=0,
i=1,....m;

*

2) B X NPUHANMHI O4Ha 3 KOMMNOHEHT yj*> 0;
3) M-3apava po3B'asky He mae (min Ly = — oo, (x,¥) € Dpy).

MoxHa goBecTu, Wo y uMx Bunagkax BignoBigHO MaeMo :
* *
1) onTumanbHWn PO3B'A30K BuUXigHOI 3agadi (1.42) mae Bug x*=(x1,...,xn ),

*

TOBOTO, OfEepXKyeTbCs 3 X M

BiAKMOAHHAM HYIbOBMX KOMMOHEHT, LU0 BignoBigawTb y,

i=1,....m;
2) C3JII (1.42) He mae XogHOoro AonycTMMoro po3Be'sasky (D = J);
3) C3JII (1.42) po3B'a3ky He mae (min L = — o, x € D).
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3ayBaxmmo, wo y M-meToni KOHCTaHTi M He 06OB'A3KOBO HagaBaTuM MEBHOrO
3HaveHHsA. [JocuTb nuwe Bumaratu, wob M 6yno Ginbwmm 6yab-AKoro yncna, 3 SKum
HeobXigHO MOopiBHIOBATU MOr0 B MpOLECi po3B'A3yBaHHA 3agadi. Ha npaktuui 4acto
BnbupatoTe M Taknm, Wwo

M > max{|a,-j|, |bjl, |cj|, i=1,....m, j=1,...,n}.

Mpuknap 1.8. Posg’szamu 3/II1:
L(x)=—5x1—-3x2—-4x3+ X4— min,
X1+3Xxo+2x3+2x4=3,
2X1+2x0+ X3+ X4=3,
Xj 2 0,j=1,...4.
3acTocyemo cnovaTKy MeTtoa wTyyHoro 6asucy. OTxe, po3rnsgaeMo AOMOMIXKHY
K3/ Bngy B
L= y1+y2—min,
X1+3Xo+2x3+2x4+ Y1 =3,
2X1+2x0+ X3+ X4 +yo=3,
Xj 2 0,j=1,..,4,yi>20,i=12.
Bukrntouatoun 3 LinboBoi yHKUiT 6a3nCHi 3MiHHI y1 Ta y2, 3BOAMMO ii 4O BUAY
L=-3x7—5xp-3x3-3x4+6.
PosB'aszyemo Ut 3agady cumnnekc-metogom (gus. Ttabnuuio 1.4). Ha nepuin
iTepauil 3MiHHa X2 BBOAUTBLCA OO0 4ucrna 6asmMcHMX 3aMiCTb LUTYYHOI 3MIHHOI Y4, Ha
Apyromy kpoui 6asucHolo ctae x4 3aMicTb yo. Ockinbkn ans 6asvcHoro posB'a3Ky

(3/4,3/4,0,0,0,0) ponomixHol K3JI[1 BUKOHYETLCA KpPUTEPIN OMNTUMAnNbHOCTI, TO
(3/4,3/4,0,0) € 6asncHUM po3B'a3kom BuxigHoi 3/171.

Tabnuuys 1.4
X6az | X1 X2 X3 X4 Y1 y2 B 0
Y4 1 3 2 2 1 0 3 1
Yo 2 2 1 1 0 1 3 3/2
A -3 -5 -3 -3 0 0 -6
X5 1/3 1 2/3 2/3 1/3 0 1 3
Yo 4/3 0 -1/3 -1/3 -2/3 1 1 3/4
A —-4/3 0 1/3 1/3 5/3 0 -1
X5 0 1 3/4 3/4 1/6 -1/4 3/4
X4 1 0 —1/4 —1/4 1/2 3/4 3/4
A 0 0 0 0 1 1 0

Tenep HenpsaMi obMmexeHHs BuxigHoi 3/1MN matTb BUMNAL
X2 + (3/4) x3 + (3/4) x4 = 3/4,
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X1 —(1/4) x3—(1/4) x4 = 3/4,
a uinboBa yHKUIS Nicnsa BUKMIOYEHHS 3 Hel Ba3nCHUX 3MIHHUX X1 Ta Xo —
L(x)=—3x3+2x4—6.
Bce ue [o3Bonsie Ham 3anoBHUTM NOYATKOBY CUMMMEKC-Tabnuuto i po3B'sisyBaTu

uto K3/ cumnnekc-metogom (ame. Tabnuuo 1.5). Ak 6aummo, 11 onTuManbHUn
po3B'a3ok x *=(1,0,1,0), L(x*)=-9.

Tabnuuys 1.5

X6a3 X1 X2 X3 X4 B 0

X, 0 3/4 3/4 3/4 1

X4 1 0 -1/4 —1/4 3/4

A 0 0 -3 2 6

X3 0 4/3 1 1 1

X4 1 1/3 0 0 1

A 0 4 0 5 9

Poas'sxxemo uto x 3/171, Bukopuctosytoum M-metoq. M-3agada mae Burnsag,:
Lpy=-5x1-3x0—-4x3+ x4+Mys+Mys— min,
X1+3X0+2x3+2x4+ Y1 =3,
2X1+2x0+ X3+ X4 + yo=3,
Xj 2 0,j=1,..,4,y>20,i=1,2.

MocnigoBHi Aii Ti po3B'A3yBaHHA 3rigHO cumnnekc-metoay npu M= 10 HaBogATLCA
y Tabnuui 1.6.

Tabnuys 1.6

X6az | X1 X2 X3 X4 Y1 Y2 B 0

Y 1 3 2 2 1 0 3 1

Yo 2 2 1 1 0 1 3 3/2

A -35 -53 -34 -29 0 0 -60

Xy 1/3 1 2/3 2/3 1/3 0 1 3

Yo 4/3 0 -1/3 | -1/3 | -2/3 1 1 3/4

A | -52/3 0 4/3 19/3 | 53/3 0 ~7

X, 0 1 3/4 3/4 1/6 —1/4 3/4 1

X 1 0 —1/4 | —1/4 1/2 3/4 3/4

A 0 0 -3 2 9 13 6

X4 0 4/3 1 1 2/9 -1/3 1

X 1 1/3 0 0 5/9 2/3 1

A 0 4 0 5 29/3 12 9
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Ak i paniwe, onTumManbHUA Po3B'A30K BuxigHoi 3/1M7 mae surnag: x *=(1,0,1,0),
L(x*)=-09.

§ 13. MoaudikoBaHMn cumnnekc-metTon

Hexan C3/Il1
cx—>min, Ax=b, x>0, (1.45)
PO3B'A3YETLCA CUMMIIEKC-METOAOM | Ha S-W iTepauii 11 HeNnpsAMi OBMEXeHHS MalTb
KaHOHIYHY cbopMy
aSx=8S, x>0, S>0. (1.46)

Hexan B obmexeHHsax (1.46) 6a3vcHUMU 3MiIHHUMW € X1,...,Xm, TOBTO 6asucHa
maTpuus B(s)=(A1,...,Am). Npn ubomy, 5K Bigomo,

aS=B-1(s)A, gS=B-1(s)b. (1.47)
3ayBaxmmo, o nepuly 3 piBHocTen (1.47) MOXHa 3anucatn y BUrnagi:
af=3‘7(s)Aj, j=1,...n. (1.48)

Haragaemo, WO CcMMMNeKc-mMeToa B OCHOBHOMY 3BOAUTLCA [0 3HAXOKEHHS
BEQYy40ro efnemMeHTa o fk CUMIMNEKCHOrO NepeTBOPEHHS, NepepaxoByBaHHSA MaTpuLi aS

B aS*7 Bektopa Sy B5*7 ta BekTOpa AS y AS*7, T06T0 peanisyeTbca Takumm aismu ;
1) 3HaxomkeHHs Kk :

m

s _ : s S_ . S L )

Ak_j_Amén<0Aj, Aj_cj iz1c,aij,j_1,...,n,
. j =

2) 3HaxomXKeHHs | :
S S
p :
“L_— min L_—¢

S . s S
a/k I.C(ik>0 alk

S
k'

3) nepeobuyncrneHHs 3a BeQy4MM €ENEeMEHTOM « /Sk BCiX erfieMeHTiB maTpuui aS,

BeKTOpiB BS Ta AS.

3ayBaxumo, WO 3rifHO OCTaHHbLOI nNpouenypu, aka ans CM € cyTTEBOIO, Ha KOXHIN
iTepauii HeobxigHO nepepaxoByBaTn (m+1)x(n+1) enemMeHTiB BKasaHOi MaTpuui Ta
BEKTOpIB. BMaBNseTbCA, WO ANS BUKOHAHHA BKa3aHWX Ai 3HATW BCKO MATpUUO aS He

060B'A3KOBO, IX MOXHa BMKOHATW, 3Haoun matpuuto B—1(s) Ta BuxigHy iHdopmaLiio:
A, b, c.
LincHo, ona 3HaxomKeHHs k 4OCUTb nigpaxyBaTu

S m S S
Aj:cj—Zc,-aij:cj—C5a3aj,
i=1

ne Ceaz = (€1,...,Cm), TOOTO, LUEe € BeKTOp, KoopaMHatamu SKOro € KoedilieHTu
LinboBOT yHKUii, WO BignosigatTe 6a3ncHUM 3miHHMM. BpaxoBytoun (1.48) Ta
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BBOASIMM [0 pO3rnsigy Bektop uS= (u?,...,uls77 )=Cpas B1(s), Wo HasuBaeTbes
B8EKMOPOM CUMIIIEKC- MHOXHUKIB, 3 OCTAHHbOrO CriBBIgHOLLIEHHS MAEMO

A}?:Cj—CO'as B_1(S)Aj=Cj—uSAj, j=1,...,n.

[ns 3HaxomkeHHs1 | 06UNCNIOTLCS BEKTOPU
pS=B-1(s)b, a;=B""(s)A .

OTxe, 3HUKAE HEOOXIAHICTb BUKOHAHHA MYHKTY 3 3ragaHux Ailn CMMMNeKc-MeToay.
3amicTb UbOro npu nepexofi 4O HACTYMHOI iTepauil NOTPiGHO nuwe nepepaxyBaTu
B-1(s) y B-1(s+1).

PobuTbcs Le 3rigHO HacCTynHOI TeopeMu, 9Ky My NpuBoanMO 6e3 OBEeAEHHS.

Teopema 1.6. Hexau

B(s)=(A1,...,A;_1,ALA|+1,...,Ap),
B(s+1)=(A1,...,AI.1,AK,Al+1,...,Am),
-1 Il ns -1 | nS+1
B (S)_Hbi/ B '(s+1)= bij
nepexio s8i0 B(s) 0o B(s+1) peanidyembcsi cmaHOapmHum Ossi CUMIIIEKCHO20
Memooy egedeHHsAM eekmopa A 00 yucrna 6asucHux i susedeHHIM sekmopa A 3
yucna 6asucHux. Todi

ij=1,...m,

J

S
as 1] I_ ’
s+1 Ik
bij - R (1.49)
pS 1j%ik |
ij s 17
X |k

BuknageHi mMipkyBaHHS CKrnagatoTb OCHOBY MOOUGIKO8AHO20 CUMIITIEKC-Memody
(MCM), o hopMynoeTLCA HUXKYE.

Anroputm moaudikoBaHOro cuMmnieKkc-metToay
1. 3Bogumo BuxigHy 3/IM po K3J/II, wo BM3Hayae ii novyaTtkoBun 6GasmcHWU

PO3B'A30K x0, sikoMy Bignosigae 6asncHa matpuus B(0). Hexan B—7(0) — maTtpuus
obepHeHa oo B(0).

2. Hexaln Ha s-i1 iTepauii ogepxaHo 6a3ncHuin po3e'asok xS, B(s), B-1(s) —
BiANOBiAHO, 6a3ncHa Ta obepHeHa i maTpui.

3. OBYNCNOEMO BEKTOP CUMMIIEKC-MHOXHUKIB

—1
u=(uj,...us )=cgaz B7'(s), (1.50)

A€ Cggz — BEKTOp, KoopAuMHaTamMm SKOro € KoediuieHTW UinboBOl (yHKLUIT, Lo

BignosigatoTb 6a3NCHUM 3MiHHUM X S.
4. OBUMCNIEMO CUMMNEKC-Pi3HMLI
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Af:cj—usAj, j=1,..,n. (1.51)

5. Axwo Aizo, j=1,...,n, TO KiHeub ob6uncneHb: xS € onTUManbHUM

pO3B'saA3KkoM. |HaKLwe
6. 3Haxoaumo k 3 ymoBHM
AS= min AS
ko s J’
JiA i <0
064nCcneEMO BEKTOPU
pS=B-1(s)b, a; =B "(s)Ax. (1.52)

Akwo o ?k <0, i=1,...,m, TO KiHeub ob6uucneHb: UuinboBa yHKUia K3/
HeobMexeHa 3HM3Y Ha JOMNYCTUMIA MHOXMHI. |HaKwe
7. 3Haxoaumo / 3 ymosm
S

s
ﬂ )
“1—  min I -9

S .. s S
a/k I.aik>0 alk

S
K-

Bektop Ak yBOoAMTbCS A0 4yucna 6asncHuX, BeEKTop, WO € 6asucHum y |-y
HenpsAMoOMy OOMeXeHHI, BUBoanTbCA 3 uncna 6asmncHmx. dopmyemo matpuuio B(s+17),
obuncntoemo matpuuto B-1(s+1) (nanpuknag, 3a copmynamm (1.49) uporo
naparpady) i nepexoammo 40 NyHKTY 2 anroputMy, 3aMiHSUN S Ha S+1.

Mpuknap 1.9. Pose'azamu 3/l

L(x)= 2X3—2X4— X5— min,
X1 —-2X3+ X4+ X5=4,
Xo+3X3— Xq+2Xx5=2,
Xj20,j=1,...,5

Ak 6auumo, BuxigHa 3/II1 € KaHOHIYHOW. [1pK NpoBeAeHHI PyYHUX PO3paxyHKiB,
noB'a3aHnx 3 po3B'adyBaHHAM 3/11 3a gonomoroto MCM, BCi 0BYMCNEHHA Ha KOXHIl
iTepauii 3py4yHo odhopmnaTn y Burmnaai Tabnuub. OdopMmmo BUXIAHI AaHi y BUMMSAI
Tabnuui, Wo HasnBaeTbCs OOMOMIKHOK, 0O AKOI B ModanblUOMy Ha KOXHIN iTepadii
OyoeMo BHOCUTM KOOPAMHATW BEKTOpA U Ta OBYMCNEHi cumnnekc-pisHuui A (ouvB.
Tabnuuto 1.7).

Tabnuuys 1.7

b A 1 A 2 A 3 A 4 A 5 uo ul u?

4 1 0 -2 1 1 0 -2 —4

2 0 1 3 -1 2 0 0 -2
c 0 0 2 -2 -1
A0 0 0 2 -2 -1
AT 2 0 -2 0 1
A2 4 2 0 0 7
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Ockinbkn 6asncHa matpuusa B(0) € OANHUYHOK, TO OOMHUYHOK € | obepHeHa 1N.
3anoBHIOEMO OCHOBHY Tabnuuto, Wwo Bignosigae 6asucy A 1, A o, (avs. Tabnuuio 1.8).

Tabnuys 1.8
Basuc 0 -1 A 0
con | A B1(0) 4| a,
A, 0 4 1 0 1 1
A, 2 0 1 -1 -1
uo 0 0

KoopauHatu Bektopa u 9 obuncneni srinHo dopmynm (1.50). Micns Lboro BekTop
u0 3aHocuTbecs B AONOMKHY Tabnuut (ctoBneub u0), Je 3 Woro Aornomorow 3a
dopmynamu (1.51) obumcneHi cumnnekc-pisHuUi, WO BignosigatTb x0=(4,2,0, 0,0)
(psimok AO). Kputepin onTMmanbHOCTI HE BUKOHYETbCA, A0 6a3ncy BBOAUTLCS BEKTOP
A 4. 3aHocumo BekTop A4 [0 OCHOBHOI Tabnuui Ta o64YMCNOEMO MOro KoopauHaTy
(BexTop a40) y 6asuci A4, Ao, BuKopucToBytoun dopmynu (1.52). Tenep 3Bn4anHUM

YMHOM BU3HAYaETLCH BEKTOP, WO NiAnsrae BuBeAeHHo 3 yncna 6asncHux (A 1).

Tabnuys 1.9
Basuc 1 1 —1 A 1
el | A B1(1) 5 | a
A 4 -2 4 1 0 -2 -2
A 2 0 6 1 1 3 1
ul -2 0

NepepaxoByemo 3a BignoBiAHUMW POPMyriaMu OCHOBHY 4YacTuHy Tabnuui 1.8
(avB. Tabnuuo 1.9). HoBwit GasucHuin poss'sasok x! = (0,6,0,4,0) Takox He €
onTumanbHUM, Ao 6a3ncy BBOAMTLCHA BEKTOP A 3, 3 6asncy BUBOAUTLCA BEKTOP A 5.

Tabnuuys 1.10

Basuc 2 2 —1
c2 | B B-(2)
A 4 -2 16 3 2
A 3 2 6
u?2 —4 -2

3anoBHIOEMO OCHOBHY Tabnuut Ona HacTynHoi iTepauil (ame. Tabnuuio 1.10).
Ockinbkn gnst 6a3ncHoro posB'aA3Ky x2 = x* = (0,0,6,16,0) BUKOHYETBCA KpUTEPIN
ONTMMAarbHOCTI, TO 00YMCNEHHS NPUNUHAKTLCS.
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3aygsaKeHHs.

1.  MoandikoBaHUM CUMNIEKC-METOL iHKOMW We Ha3uBakTb MemodoM 0b6epHEeHOI
Mampuui.

2. 3actocyBaHHs MOAUMDIKOBAHOIMO CUMMMEKC-MeToay 0cobnmBO  BUTAHO  Npw
po3B'asdyBaHHi 3/1/1, y skux 4o matpuui ymoB A 0o4al0TbCA HOBI BEKTOPU-CTOBIL.
Mpyn ubOMy [ONA 3HaXOOKEHHS PO3B'A3KYy HOBWUX 3ajay BUKOPUCTOBYETHLCSH
iHpopmaLia, Wo ogepkaHa paHille.

3. Jlerko nepeBipuUTH, L0 SKLLO POIIMSAHYTU TaK 3BaHy esieMeHmapHy mMampuuyto

S
o
10 .0 ——& 0 .0
a |k
O{S
01 .0 ——2% 9 .0
a g
O{S
00 .1 -——"% 9 o0
E(s)= j'k ,
0 0 0 - 0 .. 0
a jk
aS
0 0 0 ——% 4 0
a |k
-,
00 ..0 ——"5 0 .. 1
a g

TO
B-1(s+1) = E(s) B-1(s).

BuikopucToBytoun Lo copmyny ans matpuui B—1(s), notim B-1(s—1) i T. 4.,
MaeMO

B-1(s+1) = E(s) E(s-1) ... E(0) B-1(0).

OTtpumaHa dopmyna HOCUTb Ha3BY MyJsibMuUriikamugHo20 nodaHHS 06epHeHOI
mampuui. PeanbHi 3/I[1, gk npaBuno, po3e'a3yoTbCca 3a pgonomoroto MCM 3
BUKOPUCTaAHHAM MYNbTUNMIKATUBHOIO NpeAcTaBneHHsa obepHeHol MaTpuu,.

§ 14. [iBoicTi 3aaavi niHinHoro nporpamMyBaHHA
Hexan 3/1l1 mae ctangapTHy dpopmy
cx—>min, Ax=b, x>0. (1.53)

Mo3Haummo, gk 3aBxan, Yyepes D ii gonyctumy obnacTb i po3rnsHeEMO OONOMIXKHY
3agavy: 3HanUTM HWXKHIO OLIHKY ANS 3Ha4YeHb UinboBOT PYHKLIT € X HA MHOXWHI D.
Yepes T1e, wo b-Ax=0, 1O Ana Oyab-skoro Bektopa U=(U1,...,Um)
BUKOHYETLCS PIBHICTb U(b—AXx)=0i TOMY
cx=cx+tu(b-Ax)=ub+(c—-ul)x. (1.54)
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MoctaBumo Bumory, wob ¢ — u A > 0, abo, wo Tex came, u A < c. Togi 3 (1.54)
BUNMMBaE, Wo cx>ub.
MpupoaHo Takox cnogisaTucs, Wo

min cx= max ub.
xeD uA<c

O3HaueHHs 1.6. [Jsoicmoro do C3JII1 (1.53) Hasueaembcs 3/1I1
ub—max, uA<ec. (1.55)

Y 38'a3ky 3 yum C3JII1 (1.53) Haseemo nipsimoro (8uxidHoro) 3JII1.
Buwe Hamn goBeaeHa

Teopema 1.7. 3naveHHs uyinbosux ¢pyHKuit npsimoi (1.53) ma deoicmoi (1.55)
3J1I noes'sizaHi crie8iOHOWEHHSIM
cx > ub . (1.56)
xeD u:uA<c

Mwu 3anucanu npsiMy Ta OBOICTY W 3agadvi Yy mampuyHit ¢opmi. KoopOuHamHa
opma unx 3agad Taka:

C3/1I:
n n
chxj—>min, > a,'ijZb,', i=1,....m, XjZO, j=1,...,n;
Jj=1 J=1
0eoicma 3/1IM:
m m
Y bjuj—omax, ¥ ajjuj<cj, j=1,..n.
i=1 i=1

OsHauveHHA 1.7. 3wmiHHi U, i=1,...,m, dgoicmoi 3/I[1 Hazusarombcsi 0goicmumu
3MIHHUMU (MHOXHUKamu JlagpaHxa, CUMIIEKC-MHOXHUKaMU).

3ayBaxumo, Wo sakwo npsama 3/1MN mae ctaHaapTHY hopmy, To asoicta in 3/11 He
MICTUTb MPAMUX 0BMEXEHb Ha ABOICTI 3MiHHI (—o < Uj< oo, i=1,...,m).

o6 nobynysatu geoicty go 33/I/1, HeobxigHO nepeTBopUTM Ti O CTaHOAPTHOI
doopmMu, a NOTIM AiATH 3rigHO O3HAYEHHS.

Mpuknap 1.10. Hexan 33/11 mae Burnsag
cx—>min, Ax>b, x>0. (1.57)
3anuwemo L 3agady y ctaHaapTHIA popmi
cx—omin, (A-I)x=b, x>0,
ae c= (c1,...,cn,0,...,0), X = (X1,--»Xn:Xn+1,--:Xn+m) — (n+m)-BUMIpHI BEKTOpPM,
| — oAvHU4YHa MaTpULA PO3MIPHOCTI MxMm, Xp+1,-..,Xn+m — HBOAATKOBI 3MiHHI.
AsoicToto ao uiei C3/Il1 (a, omxe, i go 33/1I1 (1.57)) 3a 03HAYEHHSAM €
ub—>max, u(A,-1)< ¢, abo
ub—>max, uA<c, u>0. (1.58)

Jlerko nepekoHaTucs, wo pApoictoro go 3JIM (1.58) 6ype (1.57). Ui 3apaui
Ha3uBalTbCA cumempuyHumu dgoicmumu 3J1M1.
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3ayBaxmmo, LLO i B 3aranbHOMYy BUMNAAKy NOHATTA ABOICTOCTI € B3aEMHUM, TOOTO,
3a0aya, deoicma do 0soicmoi, cniernadae 3 nMpsiMoro. Y 3B'A3Ky 3 UMM BinblU FOrYHO
roBOpUTU He Npo npsamy Ta asoicty 3/11, a npo napy 0eoicmux 3JII1.

Mpuknag 1.11.  Jlerko BneBHUTUCA (3anuwaemo Le, SK Brpasy), O HACTYMHi
Aagi 3/ asnsatoTb coboto napy asoictmux 3/1M7:
X1—2X2+ X3— X4+t X5—>min,
X1—2Xxo+ XxX3+3x4—2x5=6,
2X1+3X0—-2Xx3— X4t X554,
X1 + 3 x3 -4 x528,
x120, x320, x52>0;
6 us—4up+ 8uz— max,
us—2us+ uz< 1,
-2u1—-3uy =-2,
ug+2up+3uz< 1,
3us+ up =-1,
—2uq— Up— 4uz< 1,
upo>0,u3=0.

§ 15. Teopema gBoicToCTi

Y nonepeaHboMy naparpadi MOBMNOCA NPO MPUPOLHICTb CMiBBIAHOLLIEHHSA

min cx= max ub.
xeD uA<c

[lincHo, Mmae micue Take TBEPAXKEHHS.

Teopema 1.8 (Teopema gBoicToCTi).

1. Akwo odOHa 3 0soicmux 3JI[1 mae onmumarnbHUU PO38'A30K, MO iHWa maKkox
mMae onmumarsibHUl pPo38'A30K, MpuYoOMy OrnmumMasibHi 3Ha4YeHHS Uirbosux (byHKUiIU
criignadarome.

2. SKwo uinbosa pyHKUis o0Hiei 3 0soicmux 3/ HeobmexeHa Ha dorycmumid
MHOXUHI (Onsi 3adayi MiHimMi3ayii — 3HU3y, Ons 3adayvi Makcumizauii — 38epxy), mo
iHwa 3ala4a He mae ornycmuMuXx PO38's3Kie.

[JoBeaeHHs.
1. Hexan posrnagaetbca napa gsoictux 3J11
cx—>min, Ax=b, x>0,
ub—>max, uA<c,
i nepLua 3 HAX Mae onTuMarbHUI PO3B'A30K X *, AKOMY Bignosigae 6asuc A¢,...,Am, B

— 6asncHa matpuud. BukopuctoByroun NpURHATI No3Ha4veHHs, nepengemo Big C3JIM
no K3J1II:

cx—>min, ax=4 x>0, >0,
ae

a=B-TA, p=B-1b. (1.60)
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3ayBaxumo, Lo npu uboMy X *=(£1,...,m,0,...,0)"i

m
cx*=>cif. (1.61)
i=1
3rigHO KpuTepito onTMManbHOCTI ona x *
m *
Aj=Cj—Zj= Cj—ZCI'OK,'j =Cj—c5a3 aJZO, j=1,...,n,
i=1

ae c6aa=(c1,...,cm).

*

OCTaHHI0 HEepiBHICTb 3anuwemMo Yy MaTpudHin  popmi c—c6asa20, abo,
npunmatoum go yesaru (1.60),
c—c;as B 'A>0.
Hexan
ur=c B, (1.62)

Topai octaHHe cniBBigHOWEHHSA Habupae surnagy c—u*A>0, abo u*A<c, OTXe,
BEKTOp U * € onyCTMMUM pO3B'a3koM aBoictol 3/1/1.
O6uncnmmo 3Ha4vyeHHs uinboBoi yHKuiT gBoictol 3711y Touui u*. MNpunmaroun
po yearu (1.62), (1.60) ta (1.61), maemo

m
* _1 * .
u*b=c B 'b=c B =2cijfi=cx*=min cx.
6a3 6a3 i 11 xeD
3Bigcu BUNnvBae, LWo
max ub > u*b = min cx.
u:ulA<c xeD (1.63)

3 noBeaeHol BULLE HEPIBHOCTI

cx > ub (1.64)
xeD u:uA<c

MaeMo, Lo

min ¢x > max ub.
xeD u:uA<c (1.65)
MopiBHtotoum (1.63) Ta (1.65), npMxogMmMo A0 BUCHOBKY, LLO 3@ YMOBM iCHYBaHHS
OnNTMMarnbHOro Po3B'sA3Ky X * ogHiel 3 napu aBoictux 3/11 icHye onTuManbHUIA PO3B'A30K
u * oBoICTOl I 3agadi i npyuuboMy e X *=u*b.
2. Hexan
min €x = —o .
xeD

3 (1.64) maemo
minecx > ub

xeD u:uA<c
OTxe,
—-0> ub ,
u:uA<c
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WO He Mmae ceHcy. Lle osHavae, WO ABoOiCTa 3ajada He Mae OonMyCTUMUX PO3B'A3KIB.
Teopema goBeaeHa.

Omxe, koxHin 3/I1 Bignosigae aBoicta M 3/I[1, nNpynyomy Ue MNOHATTA €
B3aEMHUM | PO3B'A3KM napu ABOICTUX 3adad TiICHO nos'dA3aHi Mix coboto. Llen dakr
Oyne, 30kpema, BUKOPUCTOBYBATUCH NPW PO3rNsidi ABOICTOrO CUMMNIIEKC-MEeTonY.

§ 16. [iBoicTun Kputepin oNnTUMarbHOCTI
PosrnaHemo C3JII1

cx—>min, Ax=b, x>0. (1.66)
Ak Bigomo, 3/
ub—>max, uA<c, (1.67)

€ Asoictoro Ao (1.66).

*

Teopema 1.9 (gBoOicTMIM KpUTEpiN onTUManbHOCTI). ba3ucHuli po38'sa30K x
* * *
3/ (1.66) € onmumansHum modi i nuwe modi, KOUu iCHye 8eKmMop U = (u1,...,u m)

makud, W0 8UKOHYOMbLCS Cr1ie8IOHOWEHHS

m
u*AjZCj ('Z;u,-a,-jzcj}, SKWO Xj>0,
|=
m ) (1.68)
u*Aj<c; Z1u,-a,-jSCj , Akwo xj=0.
1=

HosegeHHsa. HeobxigHictb. Hexan x* — ontumanbHui po3s'asok 3/17 (1.66).
[doBeoemo, WO npu LbOMY BWKOHYKOTbCA cniBBigHoOweHHs (1.68). LincHo, 3rigHo
TeopeMun [OBOICTOCTI iICHYe onTUManbHWA PO3B'A30K U * ABoicTol 3agadi (1.67) i npwu
UbOMY € X * = u * b. 3Bigcu, Bpaxosyouu, Wo A x *= b, Maemo

O=cx*—u*b=cx*—-u*b-u*(Ax*-b)=(c—-u*A)x*
abo

n * *
21(cj—u Aj)XjZO.
j:

3 OCTaHHbLOI PiBHOCTI BUNNUBAE criBBigHOLWEHHSA (1.68).
HocTtaTtHicTb. [lokaxemo, Wwo npu BMKOHaHHI ymoB (1.68) x* — onTumanbHui
po3B'a3ok 3/11 (1.66). dincHo, 3 (1.68) maemo
n * *
ci—u Aj)x. =
X (cj-u Aj)x;=0
Jj=1
abo (c—u*A)x*=0.0mxe,cx*=u*Ax*=u*b. Kpim Toro, 3 (1.68) sunnmeae, o
u* — gonycTnmMun po3B'a3ok ABoicTol 3agadi (1.67). Tomy
cx*>u*b=cx*.
xeD
Otxe, x* — onTumarnbHUn po3e'a3ok 3J111 (1.66).
[loBeeHHSs 3aBepLUEHE.
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3ayBaXumMo, LWO CUMMIEKC-MHOXHUKN U1,...,Um, Wo ddirypytotb y MCM i
BiANOBIAAIOTb ONTUMAanbHOMY pPO3B'A3KOBI npsimoi 3/1[1, € onTuManbHUM pPO3B'A3KOM
psoictoi 3/I/1.

§ 17. ABoicTn cumnnekc-meTon

PoarnsHemo meTon poss'asdyBaHHs 3/1M1, wo 6a3yeTbca Ha Teopii ABOICTOCTI, i
Ha3nBaeTbCs 08oicmum cumririekc-memoodomM. HaBenemo noro obrpyHTyBaHHS.
Hexan posrnsgaetbca C3JIM1

cx—>min, Ax=b, x>0. (1.69)
Ak Bigomo, asoicTtoto Ao Heil € 3/1f1
ub—>max, uA<c. (1.70)

Hexan Bektopn ymoB Ayq,...,A;, Yy 3agadi (1.69) € niHiHO He3anexHumu,
B=(Ajq,...,Am)— 6a3sncHa matpuus. Cnpobyemo nepentu Big C3/1I1 (1.69) no K3J1I1,
AnNs 4Oro NOMHOXMMO HenpsMi odbmexeHHs A x=b 3niBa Ha B-1. Opepxumo  ax =4,
ne a=(l,am+1,....a@pn), | — ooMHNM4YHaA MaTPUUSA PO3MIPHOCTI Mxm. AKLO NP LbOMY
=0, To ogepxaHa 3/I1 € KAHOHIYHOIO, AKLLO X AesAKi KOMMOHEeHTN BeKTopa [ BiO'€MHI,
TO, 3BUYAMNHO, Hi.

Os3HaueHHs 1.8. Maldxe kaHoHiyHoto 3JII (MKS3JIIT) HasuBaeTbca C3/IM1 (1.69),
AKWO Mampuuysi ymos A Mmicmumb 0OUHUYHY MiOMampuufo.

OsHauveHHs 1.9. Bekmop x=(X1,...,Xp) Ha3usaembcsi malbxe OOMycmMuMum
6asucHum pose'askom (MAOABP), skuio 8iH 3a0080sibHsSIE 0bMexxeHHsiM Ax=b (ane He
0608'A3Kk080 OBMEXEHHSIM X>0) | U020 HEHyrnbo8UM KOMMOHEHmam e8idrnosgidarome
JIHIUHO He3arnexHi 6eKmMopu yMos.

Hexan gns Bu3HayeHocTi X =(X1,...,Xm,0,...,0), Bektopun ymoB Aq,...,Am —
niHinHO He3anexHi, B=(A1,...,Apy). 3MiHHi X 1,..., X 6yaemo Ha3uBaTn 6a3ucHUMU,
Xm+1,---,Xn — HebasucHumu. Hapani 6yaemo posrnsgatv nuwe 1i MJBP (abo X Ti
MKS3JII, Wwo iX BU3Ha4aKTb), A5 SKUX CUMMMEKC-Pi3HMLI HEBIA'EMHI, TOBTO

m
- — -1
Aj=cj—zj=Ccj- 2 Ciajj=Cj—Cgagz @ j=Cj—Cgaz B Aj 20 (1.71)
i=1
ana Beix j=1,...,n.

Ona Takmx MOABP € o4eBnaHUM KpuTepin ontumanbHocTi: M/IGP ¢
onmumarbHUM, SKUWO 8iH € 00MyCMUMUM.

3ayBaxumo, wo ana MABP, pona «akoro BuMKOHyeTbca (1.71), BekTop
uUu=cgg3B ~1 € ponycTuMunm poss'siakom asoictoi /1M (uA<c).

Omxe, posrnaHemo MK3/Il1

n

chxj—>min,

Jj=1
n

Xji+ 2 ainj:ﬂi, i=1,....m,
j=m+1
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ana sikoi Ajz 0,j=1,...,n. BuknounBwn 3 UinboBOI YHKUiT 6Ga3NCHI 3MiHHI X 1,..., X m,

MaeMo
n
> Ajxj— min,
j=m+1
n .
Xj+ X ajjxj=pj, i=1,..,m, (1.72)
j=m+1
Xjz 0,j=1,...,n.
Asoicta go 3/11 (1.72) mae Burnag,
m
> pivi—>max,
i=1
m .
Z ajjvi SA/, j=m+1,..,n,
i=1
vi<0,i=1,...,m,
abo, BUKOHYIOUM 3aMiHy U;j=— V|, i=1,...,m,
m
- > B juj—> max,
i=1

m
-> a ijuisAag, j=m+1,...,n,
i=1

OcTaHHI0 3apayy nerko nepeTBOPOEMO A0 KAHOHIYHOrO BUMMSAY, BBOAAYM
JO0OAaTKOBI HeBiA'€MHiI  3MiHHI uj, Jj=m+1,...,n, Ta BpPaxoBYyH4M, WO MaKCuMi3aLis
LinboBOT (PYHKLUIT eKBiBaneHTHa MiHiMi3aLil L€l )X yHKLUii 3 06epHEHUM 3HaKOM :

m
> B juj—>min,
i=1
m
uj—Za,-ju,-:Aj,j=m+1,...,n, (1.73)

i=1
uj20,i=1,...,n.

Omxe, geoictoro go MK3JIM (1.72) € K3/I (1.73). 3micT OBOICTOrO CUMIMIEKC-
MeTody nonsirae y 3aCTOCYBaHHi 3BMYaWMHOrO CUMMNIIEKC-MeToAy ANA PO3B'A3yBaHHS
asoictoi 3/1M1 (1.73). Ockinbkn po3rnsgyBaHUA MeTOA LUikaBUTb HAc SK MeTo[q
po3B'A3yBaHHA 3agadi (1.72), BUACHMMO, Wwo o3HavatoTb ansa 3711 (1.72) nepeTBOpPEHHS
KOXHOI iTepaLii cMMNNekcHoro metoay, 3actocoBaHoro 4o 3agavi (1.73).

Henpsimi obmexenHsa K3J1IT (1.73) Bu3Ha4vaoTb 6a3ncHMn po3B'a30K Liel 3agadi —
n-sumipHun sBektop U =(0,...,0,A m+1,...,Ap), ANAa akoro sekrop (f,..., fm,0,...,0)
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Tiel )X BMMIPHOCTI € BEKTOPOM CUMMMEKC-pidHnUb. Akwo £;>0, i=1,....m, ToO U €
onTumanbHUM po3B'a3koMm 3apadi  (1.73), a, omxe, x=(f1,....0m,0,...,0) €

onTumanbHuUM po3ss'askom 3/17 (1.72) (kpuTepin ontumanbHocTi MEP). IHakwe 3rigHo
CUMNIIeKC-MeToay BU3HA4aTbCA Yncna / Ta k 3 yMOB:

By = min fgj, (1.74)
i:pi<0

A : Aj

K_— min L~y y, (1.75)

—a |k j:a/j<0 —ajj

TOOTO, BU3HAYaAETLCA BEOYYNA €NEMEHT & | x CUMIMIEKCHOIO NepeTBOPEHHS.

CrocoBHO 3apavi (1.72) BKasaHi Ail TakoX BM3HA4alOTb BeAy4ud eneMeHT ok
CUMIMIEKCHOro NepeTBOPEeHHS, Mpu LbOoMy 3 YMcra 6asncHUX BUBOOAUTLCA BEKTOp A/, a
BekTop A yBoaMTbCA 00 uucna 6asvcHux. BuKoHaBlM BKasaHe nNepeTBOPEHHS,
opepxumo MK3/Il1, wo Bu3Havae MEP (aHanoriyHo §7 uboro posainy)

x'=(B1-O0ka 1k, 1-1- O ke -1k, 0.8 1+1= O k& [+1ks--:B m— O k& mk,
0,...,0,6 ,0,...,0).
ne 6k = By/ajk > 0. 3 ubOro X NepeTBoPeHHs BUNMMBAE TaKOX, LLO CUMIIEKC-Pi3HNL
A‘j,j= 1,...,n, ANa x ' noB'aA3aHi 3 Aj CniBBIgHOLLIEHHAM
a|j

A=A —— Ay (1.76)
J a [k

BpaxoBytoun, o A x>0, aj, < 0, pobMo BUCHOBOK, LLIO NPy ;= 0 BUKOHYETLCS
A'j2 0. Akwo x ayj< 0, T0, 3anMcaBLL (1.75) y Burnagi
A .
Ak . 2

—a )k —ajj’

Maemo, Lo
a
Aj— s Ag=20.
@ |k
Omxe, onga HoBoro M/JBP x ' cuMnnekc-pi3HnLi TakoX HEBIO'EMHI.
Jlerko nigpaxyBaTu Takox, LLO
L(x")=L(x)+0kA g,
TO6TO, NpU Nepexoai Bif TOYKM X 00 X ' 3HAYEHHS LifboBOT OYHKLUIT 30iNbLYETHCH, AKLLO
U € HeBUPOLKEHNUM 6a3nMCHUM po3B'a3kom ABoicToi 3/1/7 i 3annwaeTbCs HE3MIHHUM Y
BUPOOXKEHOMY BUMAAKY.
3ayBaXxumMo HapeLuTi, Lo Konu ansa geskoro f; < 0y 3agadi (1.73) ajjz 0, 1O usa
3ajava po3B'A3Ky He Mae 4yepe3 HeoOMeXeHICTb LinboBOI (PyHKUiT Ha [OnyCTUMIN
MHOXMWHI, a 3aga4a (1.72) 3rigHo TeopemMu OBOICTOCTi HE Ma€E PO3B'A3KYy Yepes Te, WO €
NMOPOXKHBLO 1T AOMNYCTUMA MHOXWHA.
Bce ue nae moxnumeicTb cchopmyrnoBaTu

Anroputm aBoictoro cumnnekc-metoany (LJCM)
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1. 3Boaumo BuxigHy 3/I1 po MK3JI1 i s3Haxogumo 1i MLGP x(0), ana sikoro
CUMNNEKC-PI3HMLI HEBIA'E€MHI.

2. Hexam Ha s-n itepauii maemo MK3/I[1, wo Bu3Havae MLIBP x(s), skomy
BiQNOBIgAOTb HeBIiA'€EMHI  cumnnekc-pisHuui. be3 obmexeHHa 3aranbHOCTi Bygemo
BBaXkaTu, WO X(S) BU3HAYAETLCA CUCTEMOIO HENPSAMUX OOMEXEHDb

d s s .
Xj+ > ai,xj:ﬂl.,/=1,...,m, (1.77)
j=m+1 !
T06TO, X(S) = (ﬂf,...,ﬂn‘: ,0,...,0) i
S m s
A [=Cj- > Cja 20, j=1,...,n.

i1

3. Axwo ,BI.SZO, TO KiHeub: x(S) € onTumarnbHMM pPO3B'A3KOM BuXigHoi 3JII1.

IHaKwe

4. 5Kwo icHye NpuHanMHi ogHe ,BI.S<0, Take, WO aiizo, j=1,...,n, TO KiHeUb:

BuxigHa 3/11 po3B'a3ky He mae (il 4onyCTMa MHOXWHA € NOPOXHLOM). IHaKLLe
5. 3Haxogumo / 3 ymosu

p /S = min f I.s.
i:pi<0
BekTtop A BMBOAUTLCS 3 Yncrna 6asmcHux.

6. 3Haxogumo k 3 ymoBM
S
A , A5
kK — min /
- K j:a,7<0—a,j

Bektop Ay yBoautbcA A0 uucrna 6asncHux. BuKOHyeMO  cumnnekcHe
NepeTBOPEHHSA Hag enemeHTaMyn po3lWMpeHoi matpuui cuctemn (1.77) 3 Begyymm

erneMeHToM o ii i NnOBEpTaEMOCh [0 NMYHKTY 2 anropuTMy, 3aMiHAUN S Ha S+7.

Mpuknap 1.12. Pose'aszamu 3/l

L(x)= X3+ X4+ 2 X5 — min,

X1 —-X3+X4— X5=-2,

Xo—X3—Xq4+ X5= 1,
XjZO,j=1,...,5.

Hasenena 3/111 € MKS3/IM. Ti pos3s'sasyBaHHs BeaeTbCs B CUMMNNEKC-Tabnmusx
(aue. Tabnuuto 1.11), AKki HE3HAYHUM YMHOM BiOPI3HAKTLCSA Bif 3BUYAMHUX CUMMEKC-
Tabnuupb.

Tabnuuys 1.11

X6az | X1 X2 | X3 | X4 | X5 B
X1 1 0 -1 1 —1 -2
X2 0 1 —1 -1
A 0 0 1 1 2 0
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% 1 2
X3 -1 0 1 -1 1 2
X2 -1 0 -2 2
A 1 0 0 2 1 -2

OnTmanbHui po3B'sa30k 3agadi: x * = (0,3,2,0,0). MNMpu ubomy L(x*) = 2.

MuTaHHA npo Te, gk 6yab-aky C3JI1 3Bectn ao MKS3JIM, 3anuwmmo BigKpUTUM.
3ayBaxMmo nuule, WO Ha NpakTuLi YacTo MatoTb Micue Bunagku, konu suxigHa 3/11 €
MK3JIl1, abo enemeHTapHO 3BOAUTLCA A0 HeT (AMBUCH, Hanpuknaga, po3ain 4).

Migkpecnumo, wWwo 3actocyBaHHA [JCM ocobnveo BurigHe npw po3e'asyBaHHi 37111
i3 3pOCTalO4O0 KifbKICTIO AoAaTKoBUX OOMexeHb. [Mpy ubOMy ANa 3HaXOOKEeHHS
PO3B'A3KYy HOBMX 3aZa4y BUKOPUCTOBYETLCA iH(popMauid, WO odepxaHa paHille.

Po3pain 2. TpaHcnopTHa 3agayva

JIIHIMHOIO nporpamyBaHHﬂ
BuknageHi Buwe metoau poss'adyBaHHA 3J11 € yHiBepcanbHumu. OgHak icHye
uinun pag 3/, ana gkMx BHaAcNiAoK iX cneundiku 3acTOCyBaHHSA 3aralfbHUX MeToAiB
cnpowyetbesa. OgHO 3 TakMxX 3afay € TpaHCNopTHa 3adadva NiHIMHOro nNporpamyBaHHS
(T3/1).
Haeaodaemo, wo mamemamuyHa modesnb T3J1[1 mae suansio:

m n
L(x)= > Zc,-jx,-j—>min, (2.1)
i=1j=1

n
Zx,j_a,, i=1,....m, (2.2)
Jj=1
m
inj:bj’ j=1,...,n, (2.3)
i=1

Xjjz 0, i=1,...m, j=1,...,n, (2.4)
m n
>aj= ij ) (2.5)
i=1 =1

3ayBaxummo, Wo ymoBa (2.5) Bu3Havae 3banaHcosaHy (3akpumy) moodesns T3JIl,
AKin byae npuaineHa ronosHa yBara.

OueBnaHo, wo (2.1)—(2.4) — ue C3/I1 y koopauHaTHin copmi. [i MoxHa
3anucaTi TakoX y MaTpuyHin dpopmi. [lnga uboro BBeAeMO TaKi NO3HAYEHHS

X=(X11,.--,X1n:X21,--.X2n,--:Xm1,---»Xmn) ' — 6€KMOpP repeee3eHn,

b=(aq,...,am,b1,...,bp) — 8ekmop supobHuUyMEa-crioxusaHHs,

A,-j= (o,...,0,1,0,...,0,1,0,...,0)' — sekmop komyHikauii P; Qj (noro po3mipHicTb
AOpiBHIOE M+n, nepwa 1 CTOITb Ha i-y Micui, Apyra — Ha m+j-y),

c=(c11,----€1n,€21,---,€2n,----Cm1s---,Cmn) — 6E€KMOP MpPaHCrnopmHux sumpam,

A=(Aq11,....,.A1nA21,....,.A2n,....Am1,....,Amn) — Mampuus ymos.

43



Topi T3J1IM (2.1)—(2.4) Habupae Burnagy:
L(x)=cx—>min, Ax=b, x>0.

Cneuundika uiei 3agadi nondrae B TOMy, WO eflieMeHTaM1 MaTpuui yMoB A € nuie

Hyni Ta OAWHWLI, NPUYOMY HYNiB — BINbLUICTb.

3ayBaxumo, WO nNpu HeobXiQHOCTi BEKTOP TPAaHCMOPTHUX BUTPAT € MOXHa
po3rnagaTtv 9K MaTpuu € = ||c,-j||, i=1,..,m, j=1,..,n, a BEKTOp nepeBe3eHb X — K

MaTpuLO X = ||xij||, i=1,..m,j=1,.,n.

Mpn py4Hmx obumncneHHsx aani ansa T3/11 Ta pesynbtatn 064mcneHb, NOB'A3aHMX

3 ii po3B'A3aHHAM, 3aHOCATLCS A0 TPAHCMOPTHOI Tabnuui.

TpaHcriopmHa mabnuus

Q’] P Q_/ Qn a
C11 C1j C1n

P4 aq
Cit Cij Cin

P; aj
Cm1 Cmj Cmn

Pm am

b b4 e bj bn

Mpy LBOMY TPaHCMOPTHI BUTPATW Cj; 3aNUCYIOTbCSH Y BEPXHLOMY MPaBOMY KyTi
BiAMOBIAHOI KIITUHKM TpaHCMNOPTHOI Tabnuui. Ak npaBuMno, KOMMNOHEHTH Xjj BeKkTopa
nepeBe3eHb 3aHOCATbLCA A0 TPAHCMOPTHOI Tabnuui nuwe ToAi, Konn Xjj> 0. Y ubomy
BMMNAAKy BignNoBigHa KNiTMHKA TPaHCNOPTHOI Tabnuui Ha3MBaETLCA 3ar08HEHO0, iHaKLLIE

— BIifTbHOIO.

§ 1. BrnactuBocTi TpaHcnopTHOI 3aaadi
1. T3JIM (2.1)—(2.4) 3a8xx0u mae po38's30K.

HincHo, gonyctuma mHoxuHa D T3/1T He € NOpOXHbLOIO, 6O

ajb; m n . .
X,'jo,,D,e d=>aj= ij, i=1...m, j=1,...
=1 j=1
€ gonyctummm po3ss'askom T3/IM1:

n noajb .

Xjj = > 3 =aj, i=1,.,m,
j=1 j=1
m m a,-bj
lejz d _bj, j 11 lnl
i=1 i=1
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= e 0 =1 m, j=1

X >0, i=1,...,m, ..., N.

1 d /

KpiM Toro, D € 0OMeXeHo MHOXWUHO, 60 0 < X,'j< min(a,-, bj), i=1,...,m,j=1,...,n.

Tomy uinboBa yHKuisa L (x) gocarae cBOro MiHiMyMy Ha 0OMeXeHin MHOXWHI D.

2. PaHe mampuui ymos A OopigHioe m+n—1.

Jlerko 6aunTi, WO cyma nepLumx m psgkie maTpuui A OOPIBHIOE CyMi n peLTu i
pagkis. Tomy rang A<m+n—1. PosrnsHemo Tenep ii MiIHOP, KU YTBOPEHUA 3 NepLUnX

m+n—1 KOMMOHEHT BekTOpiB YMOB A1, Aop, ..., Amn, A11, A12, ..., A1 n-1!
7.0 .. 0 1T 1 ... 1
o 1 .. 0 o 0 .. O
0 0 .. 1 0 0 ..0
o 0 .. O 7.0 .. 0
0 0 0 o 1 0
00 .0 00 .1

Ak 6aumMmo, uen MiHOpP Mae TPUKYTHUA BUMNAL, NOro BennymHa gopisHioe 1. OTxe,
rangA=m+n—1.

Lla Bnactusicte T3/I[1 o3Havae, wo cepen it obmexeHb (2.2), (2.3) m+n-—1
NiHINHO He3anexHWx, omxke, ogHe 3 HUX (Byab-Ake) MOXHa BiOKMHYTWU. 3BUYANHO LbOro
He pobnAaATb Ans 36epeXXeHHa cMMeTpIl 3anucy 3aaadi.

3. Hkwo sci aj, i=1,...m, bj, Jj=1,...,n, — uini, mo xo4a 6 0OuUH ornmumarsibHuUl
po3se’'asok T3/ € uino4yucesibHUM.

Y cnpaBeanuBOCTi Ui€l BNacTUBOCTI MU MNEPEKOHAEMOCH, PO3rNSHYBLUN METOA
noteHuianis po3e'adyBaHHsA T3/IM].

Ax i pna 6yab-akoi 3/1M1, pna T3/1[1 BaxnuBy posnb Bigirpae NOHATTS 6a3nMCHOro
po3B'aA3Ky. HeBupomkeHuii 6asncHum poas'a3ok T3/I[1 3rigHO BRNacTUBOCTI 2 MICTUTb
m+n—1 pogatHy KOMMOHEHTY, a BUPOMKEHWA — MEHLWY KifbKiCTb OOAaTHUX
KOMMOHEHT.

Y TS3JI noHATTIO 6a3UCHOro pPo3B'A3KY MOXHa HagaTM HAOYHOrO reoMeTPUYHOro
TnyMmayeHHs. [nsa uboro BBEAEMO psg 03HaYeHb Ta COOPMYNIOEMO AEAKI TBEPOXKEHHS.

OsHauveHHs 2.1. Mapwpymowm, wo 3'€0Hye nyHKkmu P , ma Q jg Hasusaembcs

rnocsii0oeHicmb KOMyHiKauyit
PisQjs: PiyQjg PiyQjpo PigQjg 4. PigQjg

(Qus. puc. 2.1). lNMosHa4umo yel mapwpym yepe3 M.

O3HauyeHHs 2.2. Mapwpym M, 0o sKkoz2o0 O0oOaembCsi KOMYHiKauis P,-1 Q Js
Ha3ueaembCsi 3aMKHEHUM abo UUKITOM.

Mo3HaumBwm ymkn vyepes C, maemo: C =M u P,-1 st )

P P,'2 P

1 S
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AVAVERVAN

Qjy Q/z Q’s 1 Qj
Puc. 2.1

Teopema 2.1.  Cucmema eekmopie ymos Ajj, (i,j)eU, T3/l € niHiliHO

He3anexHow modi i suwe moli, Konu 3 KOMyHikauid, wo eidnogidarombs yum
8eKmopam, HEMOXXI1UBO ymeopumu YUKII.

S

HoBeneHHsi, HeobxigHicTb. MokaxemMo, WO 3 He3anexHOCTi BEKTOPIB YMOB A,-j,
(,j) € U, BnnN“Ba€e HEMOXIMBICTb YTBOPEHHS LMKIY 3 KOMYHiKauin P Qj, (i,j)e U.Big
cynpotuBHoro. Hexait 3 komyHikauin P;Qj, (i,j)e U, moxHa ytBoputn uukn C.
Bunuwemo BekTtopu A,-j, SKi BigNOBiAalTb KOMYHiKauUisiM, WO yTBOPHOWTbL umkn C,
BigMIYaoum nue oauHUL:

ST C R Bt ),
Aiyjg =(n i12 ........................... j11 ....................................... ),
Afgfz =l oo T ),
S T ORI Zs ................................. js1—1 ......... ),
O TR RO B 10
Alps = (ol 1o

Jlerko nepeBipuTH, WO
-A; +A;

Airjg = Aigjy T Aigjs ~ isis—1+Aisis ~Airjs

a Lie cynepeynTb NiHINHIA He3anexHoCTi BekTopis A jj, (i,j)eU.

RocratHicTb. KomyHikauii P;Q;, (i,j) € U, He yTBOptotoTb Lmkiy. lNokaxemo, Lo
LbOro [OOCTaTHbO ANA NiHIMHOI He3aneXHOCTi BeKTopiB YMOB A,-j, (i,j)e U. Big
CYNPOTUBHOIO: HEXaW iCHYHOTb ajj, He BCi PiBHi HYNKO OAHOYaCHO, Taki, Wo

2o jA;=0. (2.6)
(iLj)eu
Hexan « i1jq* 0. MNMpueegemo (2.6) oo Burnsaay:

207

YaijAjj=—a;i A, U=U\(j). (2.7)
(i,j)e Uq
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BekTop, WO CTOITb NpaBopy4, Mae BiAMIHHY Bif HyNsA (m+j7)-y KOMNOHEHTYy. Tomy
anisa cepef BekTopiB «jAjj, (i,j) € Uy mae 0BOB'SI3KOBO 3HAWUTVCL BEKTOP, B SKOTO €
BiAMIHHOK Bi Hyns KOMMOHEHTa 3 TakMM Xe HoMmepoM. Hexan ue BekTOp
@ iy jy A i1 (a izjs * 0).

3anuncyemo Tenep (2.7) y Burnagi:

dajjA=—aij A —a AL, Us=Up\ (i ). (2.8)
(i,j)e Uz

AHarori4yHo, OCKifnbK/ BEKTOp, WO CTOITb Crnpasa, Mae BiAMIHHY Bid Hyns io-y
KOMMOHEHTY, TO cepef, BeKTopiB ;A jj, (,j) € Uo 060B'A3k0BO 3HANOETbCH BEKTOP, io-
a KOMMOHeHTa SKoro BigMiHHa Big Hynda. Hexan ue « ,-2j2A,-2j2 (x iojo * 0). Uen
BEKTOP MEPEHOCUTLCH Yy MpaBy YacTUHY i T. 4. BuHMkae nutaHHA: o sikmx nip 6yage
nNpoAoBXyBaTuCs usa npouenypa? [o Tux nip, NOKM Ha 4YeproBoMy Kpoui Homep ix (abo
Jjk) He cniBnage 3 ogHWMM i3 nonepeaHix HomepiB /| (j/). A ue o3Ha4ae, WO 3 KOMYHiKaLin

PijQjss PigQjy Piy Qg
LLIO BigNOBIgaTb BEKTOPAM YMOB
Ajjrs Aigjyr Aigjg s
MOXXHa YTBOPUTM LMKN. A Lie CynepeynTb NPUMyLLEHHIO.

OsHaueHHs 2.3. KomyHikauii P;Q j Ha3usatombCsi OCHOBHUMU Or1s1 pO38'sI3Ky X,
AKWO X jj > 0.

YKkakeMo NpoCTUI Hacnigok 4OBEAEHOT TEOPEMM.

Teopema 2.2. [Jonycmumul pose'a3ok T3/I[1 € 6a3ucHum modi i nuwe modi,
KOJIU 3 1020 OCHOBHUX KOMYHIKauill HEMOXX/1U80 ymeopumu YUKI1.

3po3ymino, WO BCe BUWEBUKIAAEHE MOXHa TpaHCOpPMyBatM CTOCOBHO
TpaHCNOPTHOI Tabnuui. 3okpema, SKWO HEMOXSIMBO YTBOPUTM LMKM i3 3aNOBHEHUX
KNiTUHOK (x,-j> 0) pesikoro gonyctumoro po3e'asky T3/11, To uen po3B's30K € 6a3UCHNM,

iHakwe — Hi. Hanpuknag, y Tabnuui 2.1 BkazaHo gonyctumun po3s'adok T3/1M1, wo He €
6a3ncHUM, 60 IiCHYIOTb UMKNK, YTBOPEHI 3anOBHEHUMW KNiTUHKaMU (OOUH i3 HUX
306paxeHo Ha Tabnuui 3a 4ONOMOroK 3ipo4ok). Mpu TUX Xe BUXIAHUX AaHuX y Tabnuui
2.2 HaBOAUTbLCA JONYCTUMUIN BasncHUM po3B'a3ok T3/1/1, Wo € HEBUPOOKEHNM.

Tabnuuys 2.1 Tabnuys 2.2
Q1|1 Q| Q3| Qq| a Q1| Q| Q3|Qgq| a
P13 |3*|2*|2 10 P13 |5 |2 10
P> 2*(8* |5 15 Py 8 7 15
P3 7 7 P3 7 7
b |3 |5 |10 |14 ] 32 b |3 |5 |10 |14 ]| 32

Mae micue HacTynHa Teopema (6e3 goBeAEHHS).
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Teopema 2.3. T3/I[1 e HesupoOxeHow (8Ci i 6a3ucHi po3esasKu €
HesupooxeHUMU) modi i nuwe modi, Konu Ors 0osinbHUX Habopie IHOekKci8 i1,...,it

(t<m)majq,...,js (S<n) mae micye HepigHiCMb
t S
> a i, * > bjr )
r=1 r=1
Y Tabnuui 2.3 HaBegeHO Npuknag BMpoaxeHoro 6asncHoro po3s'sasky T3/IM1.

Ana HeBupomxkeHoro 6asvcHoro pose'asky (OuB. Tabnuu 2.2) 6a3nCHi 3MiHHI
BM3HA4YalOTbCHA OAHO3HAYHO: X114, X12, X13, X23, X24, X34 ; OQHO3HAYHO BU3HAYAIOTLCA |

Bi4NOBiAHI 6a3nCHi BEKTOPW :
A41=(1,0,0,1,0,0,0), A15=(1,0,0,0,1,0,0),

As3=(1,0,0,0,0,1,0Y, An3=(0,1,0,0,0,1,0),
A24 = (07 170’0;070, 1 )l, A34 = (0,0, 1,0,0,0, 1 )'.

Tabnuys 2.3

Q1 Qo Q3 Qg Q5 a
P4 10 10 20
P> 5 15 . 20
P3 8 9 17
b 10 15 15 8 9 57

Ana supomxeHoro 6asncHoro poss'asky T3/11 (ame. Tabnuuto 2.3) 6a3nCHI 3MiHHI
(BEKTOPW) BU3HAYAKOTLCA HEOAHO3HAYHO: HAaNPUKNaa: X411, X12, X22, X23, X24, X34, X35

(A11, A1, Aoo, Aoz, Aoy, A34, A35). TyT 0o BasncHux BigHeceHa 3MiHHa x24 = 0.

Y meToai noTeHuianis po3s'adyBaHHa T3/I[1, WO BUKNAOAETLCA HUXYeE, Y BUMAAKY
BMPOKEHOro 6a3ncHOro po3s'sasky A0 HeHynboBUX 6as3nMcHMX NepeBeseHb cnif Aoaatu
HeobXigHy KiNbKiCTb HYNbOBWUX MepeBe3eHb (K 6a3ncHUX) TakMMm YMHOM, Wwob y
CYKYNHOCTi ofepaHi nepeBe3eHHsi He yTBOPIoOBanu LMKIy.

O3Ha4yeHHA 2.4. KnimuHku mpaHcriopmHoi mabnuyi, wo eidnosidaroms
6a3ucHUM 3MIHHUM, Ha3uearombcs 6a3ucHUMU, pewima — Heba3ucHUMU.

§ 2. [BOICTIiCTb y TpaHCNOPTHIN 3aaadvi
Ak 3a3Havanoca suwe, T3/ e C3/IM:

cx—>min,Ax=b,x>0,

OTXe, ABOICTO0 1 3a4a4eto €
ub— max,uA<c, (2.9)

ae u — (m+n)-BAMIPHUA BEKTOP-PSAOK OBOICTUX 3MiHHMX. OCKISIbKM KOMMOHEHTU

BEKTOpA U 3@ 3HAKOM HEe 0OMEXEHi, TO BUSBHAYMMO iX TAKUM YNHOM :
u=(-uUq,...,—Um,V1,...,Vp).

OueBungHo, Wo ABoicTa 3MiHHa — U j BiAMNOBIAAE OOMEXEHH!IO

n
> Xjj=aj, i=1,....m,
j=1
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a ABoicTa 3MiHHa vj— OOMEXEHHI0

m "
ZX,']':bj, j=1,...,n,
i=1

T3JIr1.
Y koopanHaTtHin doopmi 3agava (2.9) npurimae Burnag:
n m
2 bjvj -2 ajuj > max,
j=1 i=1

Vi—uj<cjj, i=1,...m, j=1..,n.

O3HauveHHs 2.5. 3MmiHHa uj Ha3ueaembCsi romeHujiasriom MyHKmMy eupobHuymea
Pj, i=1,....m, a 3vmiHHa vj — rnomeHujiasniom ryHKmy CrioXXugaHHs1 Qj, j=1,..,n.

OBoicTMn KpuTepin onTUManbHOCTI cmocosHo T3JI[T ¢hopmyrnoembca mak:
6asucHull poss'azok x = || xill, i=1,....m, j=1,...,n, T3I[1 € onmumanbHuUM modi i nuwe
1

modi, Konu icHyrome rnomeHujanu u, i=1,....,m, Vi, Jj=1,...,n, maki, Wo
Vj —Uj=Cjj, KWO X jj — 6asncHe,
Vj —Uj<Cjj, AKWO X jj — HebasncHe. (2.10)

Llen kpuTepin nexuTb B OCHOBI MeTody noTeHuianiB po3s'adyBaHHs T3JIM1, wo
BUKIAOa€eTbCsa HUXKYeE.

A 3apa3 po3rnsHeMo 3adayy 3HaxXO0O0XEeHHS MoYamkoeoao 6a3ucHO20 POo38'a3Ky
T3/11.

§ 3. [eski meToan 3HaXO4XKEHHA NOYAaTKOBOro 6a3uCHOro po3B's3Ky

Bigomo, wo gna 3suyanHoi C3JI[T nowyk nodaTtkoBoro 6a3ncHOro po3B'aA3Ky
noB'a3aHnin 3 HeobXxigHiCTO 3actocyBaHHA M-metony. Ona T3/I1 BHacnigok i
cneundikn  MNOWwyK no4vaTtkoBoro 6asnCHOro pPo3B'A3KYy 3HAYHO  CMPOLLYETHLCS.
PoarnaHemo gBa HanbinbLw nonynspHUX MeToau.

1. MeTopa niBHiYHO-3aXxigHOro KyTa

Bubupaetbca knituHka (1,1) TpaHcnopTHol Tabnuui (i1 NiBHIYHO-3axigHUA KyT) i
3aBaHTAXYETbCA MaKCUMarnbHO MOXIMBUM nepeBe3eHHAM. [1py UbOMYy MOXMMBI Tpu
BUMNaAKW:

1) x11=min(ay, by) = ay,
2) x11 = min(ay, by) = by,
3) X771 =min(as,by) = a7 = by.

Y nepwomMy BunagKy 3 noAanblloro posrnsay BUKIIOYAETbCHA MepLuvni psgok
TpaHcnopTHoi Tabnuui, noknagaemo by=bs—Xxq14, Y APYroMy BWUNagKy BUKIOYAETLCHA
nepLwui CToBMeLb, MOKNagaemMo as=as—Xq74, Y TPETbOMy BuNagky 3 noparnbLioro
po3rnagy BUKIOYAKTLCA SK NepLUIMi CTOBMEUb, Tak i nepwun pagok. Y 3MeHLUEeHin
TakMM YMHOM TPAHCMNOPTHIA Tabnuui 3HaxoguTbCs ii BEPXHSA niBa KMiTUHKA (MiBHIYHO-
3axigHWUN KyT), 3aBaHTaXXYETbCS MaKCMMarnbHO MOXITMBMM YMHOM i T. 4.

3po3ymino, wo nobyaoBaHUW TakMM YMHOM MfiaH nepeBe3eHb € LOMyCTUMUM
po3ss'askom T3/I/1. Kpim Toro, uen nnaH € 6asncHuM.
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3ayBaxmmo, wWo npu nobygosi nodyaTkoBOro 6GasMCHOro po3B'sAI3KY METOA0M
NiBHIYHO-3axigHOMO KyTa 30BCiM He BpaxoBYKOTbCA COBIBApTOCTI NepeBe3eHb Cjj- Towmy,

SIK NPaBUIIo, TaKUW NnaH € Janekum Big onTUManbHOro.
PoarnsHemo oaumH i3 MeToaiB, Oe Npu 3HAXOMKEHHI MoYaTKoBOro ©GasnvCHOro
PO3B'A3KY NPUAMaOTbLCA 40 yBarn cobiBapToCTi NepeBeseHb Cj ji-

2. MeToa MiHiManbLHOro enemMeHTa

lpes meTtogy nondrae y ToMy, LWOO MakCMManNbHMM YMHOM 3aBaHTaXWUTH
nepeBe3eHHAMM KOMYHiKaUil 3 MiHiManbHOW cobiBapTiCTiO nepeBe3deHb. PakTUYHO XK
Len MeToq BIOPI3HAETbCA Big4 MeTody NIBHIYHO-3aXiQHOrO KyTa nuwe TUM, Lo Ha
KOXXHOMY Kpoui nobyaoBu noyaTKoOBOro ©0asvCHOro po3B'dA3Ky AS1 3aBaHTaXXEHHS
BUOMPAETLCA KMITUHKA 3 MiHIManbHUM 3HAYEHHAM Cjj-

MeToq MiHiManbHOro enemMeHTa B pesynbTaTi TakoX gae gonyctumuin 6asmcHun
po3B'sa3ok T3/II1.

Y Tabnuuax 2.2 ta 2.3 HaBefeHi novaTkosi 6a3ucHi poss'asku T3/1I1, nobynoBaHi
3a MeTOLOM NiBHIYHO-3aXigHOro KyTa (HEBUPOAKEHWI Ta BUPOIKEHUN).

Haesegemo npuknag nobyaoBu noyaTtkoBOro 6asvcHOro po3B'A3Ky METOAOM
MiHiManbHOro eniemeHTa (Tabnuua 2.4).

Tabnuuys 2.4
Q1 Qo Q3 Qg Q5 a
8 12 4 9 10
P4 30 15 15 60
7 5 15 3 6
Py 35 5 40
9 4 6 12 7
P3 80 20 100
5 3 2 6 4
Py 50 50
b 30 80 65 35 40 250

§ 4. MeTtopa noTteHuianis

Haragaemo, WO y MeToAi noTeHuianiB iCTOTHO BMKOPUCTOBYETBHCHA [BOICTUN
KpuTepin onTumansHocTi Ans T3/I1. Voro moxHa copMynioBaTh AELIO B iHLIOMY
BUrNAA4,.

Hexan uj, i=1,...,.m, Vi, j=1,...,n, — noTeHuiann NyHKTiB P; Ta Qj BiQNOBIQHO.
Bennuunny cjj — (vj - uUj)=A jj Ha3BeMO CUMIIEKC-pi3HULeto (8iOHOCHOK OUIHKOK)
3MIHHOT X ;.

ABoicTniA kpuTepiit onTumanbHocTi ana T3NM. basucHul poss’sisok x = || xjl|,

i=1,...m, j=1,..n, T3/I[1 ¢ onmumanbHum modi i siuwe moli, KO/IU ICHytOMb
nomenyjianu u;, i=1,...,m, vj,j= 1,...,n, maki, wo
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Ajj=0 05151 6a3UCHUX KITIMUHOK, (2.11)
Ajjz0 0r151 He6a3uCHUX KITIMUHOK. (2.12)

MeToa noTeHUjianiB nonarae ocb y YoMmy.

1. 3HaxoamTbcs NOYaTKOBUN HEBUPOAKEHUN Ba3ncHUIK po3B'a3ok x T3/1 ogHum
3 BiJOMUX METOAIB.
2. 3HaxopAaTbcA noTeHuiann uj, i=1,..m, Vi, j=1,...,n, TaK, Wob y KOXHin

BasunCHIN KNiITUHLI BUKOHYBariocs CniBBigHOLLIEHHS A,-j =0, abo, Lo Te X came,
Vji—uj=cjj, (i,j) — BasnCHI KNITUHKN. (2.13)

3ayBaxummo, wo cuctema (2.13) MictuTe m+n—1 piBHsAHb 3 M+nN HEBIJOMUMM.
Tomy ofHa 3 HeBIAOMWX BENWYUH (U4, HanNPWKnaz) NoKNnagaeTbCA PIBHOK OOBINbHIN

KOHCTaHTI, WO, SK NpaBuno, AOPiBHIOE HyM0. PellTa HEBIAOMMX 3HAXOAUTLCS 3 CUCTEMN
(2.13).
3. Ob6uucniooTbeA A,-j Ansa HebasncHUX KNiTMHOK. AKLLLO BCi BOHM HEBIO'€MHI, TO

6a3nCHUN PO3B'A30K X € ONTUMarnbHUM. |HaKwe MOoro MoXKHa NOMIMNLWUTU, SKLO BBECTU
A0 yYncna 6asncHUX ogHy 3 KNiTUHOK, e A,-j< 0 (sk npaBuno, Ty KNITUHKY (ig,jp), ANs
KOl
A =min A;
ij
Po3rnaHemMo nuTaHHA Npo Te, ska KNiTMHKa BMBOAUTBLCSA 3 4yucna 6asmcHux. 3
KNiTUHOK TPaHCMOPTHOI Tabnuui yTBOPIOEMO LMKIT TakUM YMHOM, LWOO OAHIE 3 Moro

KMITUHOK (BepLunH) Byna knituHka (ip,jp), a pewTta KniTMHoK 6ynun 6asmcHumun. MoxHa

AOBECTHU, LLO Y HEBUPOMKEHOMY BUNALKY AN 3a4aHOT HE0a3MCHOT KITITUHKN LUKIT, WO i
Bignoeigae, 6yayeTbca 0QHO3HAYHO.

3ayBaxmMmo, WO UMK ans BubpaHoi HeGasnCHOI KNITUHKM B 3aranbHOMY BUNALKy
OyayeTbCcs 3a 4ONOMOrol0 Memody 8UKPECITHO8AHHSI.

CyTb 1oro B Tomy, Wo Byayetbea "Macka" iCHy04Oro po3B'a3Ky, Ae BPaxOBYETbLCS,
Lo BubpaHa knitTnHka € 6asncHot. [na npuknagy B tabnuui 2.5 npmBoguTtbca "mMacka"
GasncHoro pos3s'a3ky 3 Tabnuuyi 2.4 ana  HebasucHol KniTuHkn (4,4). [loTim
BMKPECIIOITBCA PSAKM Ta cToBNui (Y 6yab-akoMy NOpPsiAKY), WO MICTATb egMHe goaaTHe
nepeBe3eHHda. Y poarnsgyBaHOMYy BUMNAAKy MOXHA BUKPECNUTM NepLunn, apyrnn
cToBrneub Ta TpeTin pagok. YacTuHa macku, WO 3anuuaeTbCd, YTBOPKE UMK, WO
BianoBigae BnbpaHin HebasuncHin kniTuHui. No3Ha4ynmo noro yepes C.

fojo j*

Tabnuuys 2.5
6] ¢} 6
6 ¢}
6 9]
¢} )

[Mo3Ha4YMMO BEPLUMHW UUKIY Tak: BUbpaHy HebasncHy — 3Hakom "+", a pewty —
3Hakamu "+" Ta "-", ane Tak, wWob ABi cycigHi (No paaKy abo CTOBNYMKY) BEPLUMHU LIMKY

Manu pisHi 3Hakn. Hexan C* ta C= — MHOXVHW BepLUMH umkny C, WO nosHayeHi
3HakoMm "+" Ta "-" BignosigHo. 3po3ymino, o C=C* U C~.

36inblMMO nepeseseHHs y KnituHkax (i,j)eC¥ Ha @, a y knituHkax (i,j)eC-
3MEHLINMO iX Ha 4. LLlo6 HoBUIM BeKkTOp nepeseseHb ByB 4onyCTUMUM, HEOOXIAHO, o6
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0<6< min Xjj-

i,j:(i,j)eC”
Axwio x Bubpatn
0 = min Xjjs
i,j:(i,j)eC”

TO NPpUHANMHI ogHa 3 Ba3NCHUX KNITUHOK CTaHe BiflbHOK. 3aMicTb Hel 6a3ncHo cTae
KMiTUHKa (/p,fp). 3ayBaXumo, LWO SAKLO minx;; peanisyeTbCs Ha ABOX i GinbLue

KNiTUHKax, TO nuwe ogHy 3 Hux (Oyab-gKy) BapTO BMBECTM 3 4ucna 6HasncHuX,
3anMWwmMBLLM B pewTi HynboBi 6a3ncHi nepeBe3eHHs Ans 36epexeHHA Ga3ncHOCTI
HOBOrO PO3B'A3KY.

Otxe, 6yayemo HOBUIN Ga3ncHMIM PO3B'A30K X * 3rigHO CMiBBIAHOLIEHD
Xjj, akwo (i,j) ¢C
x',-j: Xjj+6, sKWO (i,j)ecC™,
x,-j—H, akwo (i,j)eC .
Mpuubomy L(x*)=L(x)+ ¢9A,-0j0.

HincHo, Hexan umkn C MicTUTb, KpiM (ig,jo), KNITUHKK (ig,j1), (I1,/1 )5 (ig,fg)s
(is,jo) (AmB. puc. 2.2).

+ —
X, .=0 1. ____ X -
loJo loJ1
X + ,,,,,,,,,,,,,,,
I1]1
X - X +
Isfo | Is/s
Puc. 2.2

MNMo3Haunmo yepes L g Ty YacTuHy uinboBoi dyHKUii T3/IM1, Wwo He 3MIHI0ETLCA npu
nepexogi Big x go x". Toai

Lix)=Lo+Cjpj XigjstCiqj1Xiqj1TTCigjsXisjsTCisjoXisio-

L(X ):L0+Ci0j09 +C,-0j1(X,-0j1—6’ )+C,-1j1(X,-1j1+¢9 )+...+
TCij (Xigjt0 )i, (X o= 0 )=
=L(Xx)+0 (Cigjo=CigjytCirjy=++Cigj = Cigjo)-

B octaHHbOMY Bupasi 4oAaHKM B AyXKKaX, KpiM nepLioro, BignosigatoTb 6a3ncHmMm
KMiTUHKaM, ae ¢;j=v;—u;. Tomy
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L(x")=L(x)+86 (c,-OjO—(vj1 —u,-0)+(vj1 —u,-1)—...+
+(Vjg —Ui )= (Vjiy —Uj))=Lx)+0 (Cijyj,—(Vjy —Uip))=
:L(X)+6’A,'0j0 ,

Lo 1 noTpibHO Byno gosecTu.

3ayBaxnmo, Lo Y HeBMpomKeHOMY Bunagky >0 i L(x")<L(x). Y BupogxeHoMy
Bunagky 0=0 i L(x")=L(x), To6TO nepexig Big X 4O X ' NOB'A3aHUN nuLle i3 3MiHOO
HYIbOBOro 6a3nMcHOro nepeBe3eHHs.

4. 3 gonomoror onucaHoi BULLE Npoueaypu Nepepos3noqiny nepese3eHb B3LOBX
uvkny C knituHka (ip,jg) (3MiHHa Xiofo) BBOAUTBCA OO0 4mucna 06asmcHUX, KIiTUHKa
(k, 1), ona akol

Xk|1=0 = min
i,j:(i,j)eC™
(3MiHHa X ) BMBOANTLCA 3 Ymcna 6asucHux. lNepexoamMmo A0 N.2 anropuTmy.

X,'j,

Mpuknag 2.1. MeTtogom noteHuianis po3s'sokemo T3/, aaHi Ans KO HaBEAEHi
B Tabnuui 2.4. 3Biacu X Bi3bMeMO i noyaTKoBU BasvCHUKM PO3B'A30K, NOByaoBaHWIA
METOAOM MiHIManbHOro enemMeHTa. Yci Ui gaHi nepeHeceHi B Tabnuuto 2.6.

Tabnuys 2.6
Q1 Qo Q3 Qg Q5 a u
0 8|15 1210 4 910 10
P4 30 15 + 15 - 60 0
3 712 5|15 15 310 6
P- 35 5 40 4
4 910 415 6 12 |0 7
P3 80 20 100 3
-1 5|-2 3|0 2 6 |4 4
Py 50 - + 50 2
b 30 80 65 35 40 250
v 8 7 4 7 10

Kpim uboro go Ttabnuui 2.6 3aHeceHi noTeHuiann u;, i=1,...,4, (OCTaHHIn
cToBneub), vj,j= 1,...,5, (OCTaHHIn paAQoK), WO € PO3B'A3KOM CUCTEMM Vj—uj=cjj, (i,§):
Xjj — 6a3ncHe, ge noknageHo u4=0. Y BEepXHiX NiBUX KyTax KOXHOI 3 KNiTUHOK
3anucaHi BenvyuMHu Ajj. Baummo, wo posrnagyBaHun 6asnCHUN PO3B'A30K He €

ONTUManbHUM.

[na BBeAeHHA A0 4yucrna 6asvcHUX BUOMpaeTbCs KNiTUHKa (4,5) 3 MiHiManbHO
cuMmnnekc-pisHuueto, € =15. Hoeun 6GasmcHuii po3B'A30K | BigNoOBigHI 0B4YMCNEHHS
HaBedeHi y Tabnuui 2.7.
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3ayBaxuMo, O Mpu po3B'A3yBaHHI CUCTEMW ANA 3HAXOMKEHHS noTeHuianis uj,
i=1,..,4, 1a vj,j= 1,...,5, noknageHo vs = 0.

Tabnuus 2.7
Q1 Q2 Q3 Qg Q5 a u
0 8|19 1210 4|6 9 |4 10
P4 30 - + 30 60 -6
-1 7|2 5111 15 |0 310 6
P> 35 5 40 -6
0 910 4 |1 6|8 12 |0 7
P3 80 20 100 -7
-1 512 310 2|5 6 |0 4
P4 + - 35 15 50 —4
b 30 80 65 35 40 250
v 2 -3 -2 -3 0
Tabnuys 2.8
Q1 Q2 Q3 Q4 Qs a u
1 8 |9 12 |0 4 |6 9 |4 10
P4 60 60 -2
0 7 |2 5111 15 |0 310 6
P> 35 5 40 -2
1 9 |0 4 |1 6 |8 12 |0 7
P3 80 20 100 -3
0 5 |2 310 2 |5 6 |0 4
Py 30 5 15 50 0
b 30 80 65 35 40 250
v 5 1 2 1 4

Y tabnuui 2.8 HaBegeHi pesynbTatv obuMcneHb AN HACTYNHOI iTepadii. Y ubomy
BUMaAKy Npv po3B'A3yBaHHi CUCTEMU ANSA 3HAXOMKEHHA NoTeHuianis noknageHo u4=0.
Jlerko 3po3yMiTh, WO NpU PYYHUX OBYMCIIEHHSX 3PYYHO MOKMACTU PIBHUM HYIO
noTeHujian Toro NyHKTY BMPOOHMUTBA (CMOXMBAHHSA), ANA AKOro Yy BiaAnoBiOHOMY psaKy
(cToBnui) TpaHCNOPTHOI TabnKMLi MICTUTLCA HaNBINbLUA KiNbKICTb 6a3NCHMX NepeEBE3EHD.

Ak 6a4mMmo, KpUTEpIi ONTUMAanbHOCTI BUKOHYETBLCS, OTXE,
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0 0 60 0 O
0 0 0 35 b
0 80 0 0 20
30 0 &5 0 15

€ onTumanbHMM po3as'askom T3/, L(x*) = 1055.

3aysaKeHHS.
1. Metoa noTteHuianis poss'adyBaHHA T3/I[T — ue, no cyTi, moaudikoBaHWi

cvMnnekc-meTos, 3actocoBaHun oo T3JIM1. |ICHyOTb iHLWI MeToau 1T pO3B'A3yBaHHSA.

2. 3ragaHa Buwe TpeTa Bnactueictb T3/I[1 BunnuBae 3 TOro, WO nNpw
3HaXOMKEHHI NoYaTkoBOro 6as3MCHOro po3B'A3Ky Ta Mpu nepexoni 40 HOBMX ©asnCHMX
PO3B'A3KIB 3@ MeTOAOM MOTeHuianiB Haj BenuuMHamu aj, bj, Xjj, i=1,...m, j=1,....n,
BUKOHYIOTbCS onepalLlil, Lo He BUBOAATbL 3a paMKM Linunx yicen.

§ 5. HesbanaHcoBaHi TpaHCNOPTHI 3apayi

Y nonepegHix naparpadax posrnsganacsa 36anaHcoBaHa mogenb T3JIM1, ska
XapakTepuayBarnacsi BAKOHaHHSIM YMOBW

m n
2aj=2bj. (2.14)
i=1 j=1
Axkwo ymoBa (2.14) nopyLlyeTbcs, TO roBOpATb Npo He3banaHcosaHy (8i0kpumy )
modenb T3/I. 3po3ymino, Wwo nNpu LbOMY 3MIHIETLCSA | MaTeMaTn4He OOPMyOBaAHHSA
3agavi. Hanpuknag, skuwo

m n
2aj<2bj,
i=1 j=1

TO T3/I[1 Habwvpae Burnsay:

m n

L(x)=2> 2 cjjxjj—>min,
i=1j=1

Xjj= 0, i=1,....m, j=1,...,n.
AHanoriyHo 3anucyeTbca MatemaTtuyHa mogene T3/11 ona gpyroro BUNaaky.
3p0O3yMino, Lo y nepwomMy BUNagaKy He Y BCiX MYHKTaxX CMOXWUBaHHSA Qj, Jj=1,...,n,
Oyne 3agoBoneHa notpeba y npoaykuii. 3aranbHui 06'eM He3agoOBOMEHOro MOMUTY
AOPIBHIOE

n m
2Xbj-2aj.
j=1 i=1

Y gopyromy BUNagky y Aeskux nyHkTax BupobHuutsa Pj, i=1,...,m, 3anuwaeTbca

He peani3oBaHa NpoayKLuis 3aranbHoro o6'emy
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m n
aj-2bj.
i=1 j=1
[MpoTe y KOXHOMY 3 UMX BUMNAAKIB NnaH nepeBes3eHb, WO BignoBigae MiHiMymy
TPaHCNOPTHUX BUTpAT, nobyayBaTn MOXHa. [1ns uboro y nepLiomy BUnNaaky BBOAUTLCA
ikmusHul nyHKm eupobHuuymea Pm4+1 3 06'eMOM BUPOBOHULTBA
n m
ams1 = 2bj—2aj
j=1 i=1
OAMHULbL NPOAYKLil, coBiBapTOCTI nepeBe3eHb 3 KOTPOro piBHi Hymn, TO6TO Cm+1,j= 0,
j=1,...,n. Y gpyromy Bunagky Aoaaetbcs hikmusHul crioxusad Qp+1 3 BEITMYMHOO
nonuTy

m n
bpyr=2ai—2bj
i=1 j=1
oAvHUUB NpoAykuil, cobiBapTOCTi NepeBe3eHb A0 SKOTO PiBHI HYIMO, TOBTO € p+1=0,
i=1,...,m.

Jlerko 6aunTi, WO 3anponOHOBAHI PO3LIMPEHHA BUXIOHMX He3banaHCoBaHUX
3agay aBnATb coboto 36anaHcoBaHi T3/IM1, aki MOXyTb ByTN po3B'A3aHi, Hanpuknag,
MeTo4OM noTeHuianiB. Hexan X * 1x onTumManbHUKA pPoO3B'A30K. Toai onTumanbHuin
PO3B'A30K X * BUXIOHOI 3agadvi y neplioMy BUNAOKy OAEPXYETbCA BigKMOAHHAM
OCTaHHbOrO psgKka PO3B'A3KY X *, WO BianoBigae (PiKTUBHOMY MYHKTOBIi BUPOOHULUTBA.
[logaTHi enemMeHTN UbOro psiaka BU3Ha4yawTb O0'eéMM HeOonocTayaHHs BiANOBIAHUM
crnoxumeadam. AHanoriyHo, Ana Apyroro BUNagKy: ONTUManbHUM pPO3B'A30K X *
OAEPXKYETLCA BiAKMAAHHAM OCTaHHbLOrO CTOBMUS PO3B'A3KY X *, AogaTHi enemMeHTu
SIKOro BM3Ha4aoTb 06'eMN HepeanisoBaHOI NPOAYKLT Y BiANOBIAHNX BUPOBHUKIB.

3aysaxeHHs. [lpn 3HAXO4KEHHI NOYATKOBOro 6a3ncHOro po3B'a3Ky pPO3LLMPEHNX
T3/ meTogoM MiHiManbHOro enemeHta (abo iHWUM MeToOOM, O BpPaxoOBYE
cobiBapToCTi nepeBe3eHb) Yy nepwy 4epry nOTpibHO BMOMpaTU KAITUHKKM ANS
3aBaHTaXeHHs ceped peanbHUX BUPOOHMKIB Ta CNoXuBadiB, a KNITUHKN (DIKTUBHOMO
CTOBMYMKa (psiaka) — B OCTaHHIO yepry. Lle go3sonuTb ogepkatu nnaH 6nvkyumin oo
onTuMarbHOro. Lliei »x MeTu MoXxHa AOCArHyTH, NOKNasLUn

Cm+1,j >MaxcCjj,  Cjpy1 >Maxcy,
1,] 1,]
BiQNOBIOHO.
Npuknap 2.2. Poss'asamu T3/1: a=(30,40, 70, 60), b=(35, 80, 25, 70),

1.9 7 2
3 156 5

C=
6 8 3 4
2 3 1 3

Ak Gauumo, aq+as+az+ayg=200, by+bo+bz+by=210. OTxe, BBOAUMO
diktuBHOrO BMpOBHUYHUKA Ps5, a5=10, c5j=0, j=1,2,3,4 (tabnuusa 2.9). OgepxaHy

3banaHcoBsaHy T3/I[1 po3B'A3yeMO MeTogoM noTeHuianis. Ha ocTaHHin iTepauii
TpaHcnopTHa Tabnuusa Habysae Burnsay

56



Tabnuus 2.9

Q1 Qo Q3 Qg a

Pi| 30 7 9 7 2 [ 30
Py 3] 40 1 5 5 |40
Ps3 6 8 3] 704 |70

Ps| 52| 303| 257 | 03|60

Ps5 0] 10 0 0 0 [10

b 35 80 25 70

3BiAcKM MaemMo onTumarnbHUn PO3B'A30K BUXigHOT T3/IM1:

30 0 0 0
0 40 0 0
X*= , L(x*)=475 .
0 0 0 70
5 30 25 0

MNpu ubomMy cnoxusadesi Qo HegonocTasnAeTbe 710 OOUHNULL NPOAYKLT.
Mpuknap 2.3. Possg’azamu T3JI1: a=(30,70,50), b= (10,40, 20, 60),
2 7 3 6
c=|9 4 5 7
5 7 6 2
Ockinbkn aq+as+az=150, by+bo+bz+by=130, TO BBOOUTLCA (IKTUBHUI
cnoxmsady Qs, b= 20, cji5=0, i=1,2,3 (Tabnuusa 2.10). 3banaHcosaHa T3/I1

PO3B'A3yETbCA METOAOM MOTEHUianiB. Ha ocCTaHHii iTepauii TpaHcnopTHa Tabnuus
HabyBae Burnagy

Tabnuuys 2.10

Q1 Qo Q3 Qg Q5 a
P1l 10 2 7| 20 3 6 0| 30
P2 91 404 05| 107 200170
P3 5 7 6| 50 2 0] 50
b 10 40 20 60 20

OnTtumanbHun po3B'a3ok BuxigHoi T3/11 mae surnsag
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10 0 20 0
x*=| 0 40 0 10|, L(x*)=410.
0 0 5 0

Mpw ubomy y BUpobHUKa Po 3anuwaetbca 20 oanHULL Hepeani3oBaHOi NPOAYKLT.

§ 6. TpaHcnopTHa 3agaya 3 OOMeXXeHMMU MPONYCKHUMMU
cnpomoxHocTaAMU. MeToa noTeHuianis

T3/ 3 obmexeHuMu rporyckHumu crpomoxHocmsamu (T3/110) 6ydemo
Hasusamu 3/ suansAdy :

m n
L(x)=> Zc,'jx,-j—>min, (2.15)
i=1j=1
> Xjj=aj, i=1..m, (2.16)
j=1
m
injzbj, j=1,...,n, (2.17)
i=1
OSX,'jS rijs i=1,....m, j=1,...,n, (2.18)
m n
>Yaj= ij (2.19)
i1 j=1

Ak 6aummo, us 3agaya Biapi3HSAETbCS Big 3BMYanHOl T3/1T HasiBHICTIO OOMEXEHHS
XjjSrjj Ha NpOMyCKHY CMPOMOXHICTb KoMyHikauii P;Qj, i=1,..m, j=1..n. Le
npu3BOaUTb OO0 HEeOOXiAHOCTI BHECTW HanexHi 3MiHWM y BIiAMOBIOHI O3HA4YeHHA Ta
TBEPLKEHHS.

O3HauveHHs 2.6. [onycmumul po38'a30K x=||x,-j||, i=1,...m, j=1,..n, T3/IMNO
Ha3ueaembcs 6a3uCHUM, SKWO U020 Mepe8e3eHHSIM Xjj, Mmakum, wo 0<x,-j< rij,
gidrosidae cucmema JiHIUHO He3anexHuUx eekmopie ymos Ajj. fKujo 4ucro
nepese3eHb Xjj: 0<Xjj<rjj, OopigHoe m+n—1, mo 6a3ucHuli pPO36'A30K X
Ha3ueaembCs HEBUPOOXKEHUM, SKWO X YUCI0 MaKuX KOMIMOHEHM MEHWE HXXK m+n—1,
mo — 8UPOOXKEHUM.

Teopema 2.4 (pBoicTMM KpuTepin ontumanbHocTi ana T3JIM10). ba3ucHul
p038'930K x=||x,-j||, i=1,..m, j=1,..n, onmumanbHul modi i nuwe mooi, Kosu
icHytomb nomexyijanu uj, i=1,...m, v i Jj=1,...n, maki, wo 05151 CUMIEeKC-PIi3HUUb

Ajj=cjj=(vj=-uj)
BUKOHYOMbCS Cr1i88IOHOWEHHS

Ajj =0, sKwo X jj — basucHe, (2.20)
Ajj 2 0, AKwo X jj — He6a3ucHe ma xj = 0, (2.21)
Ajj <0, AKWO X jj — HeGa3ucHe ma Xjj = rj;. (2.22)

B octaHHbOMY MOHATTS Ta TBepaxeHHa ans T3/IM10 Taki X, 9K i ona 3BUYanHol
T3JIr.
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Ha ocHoBi cdopmynboBaHOro kputepito OyayeTbca MeTod NOTeHuianis
po3B'adyBaHHA T3/I[10. BiH nonsirae ocb y 4omy.
1. Hexan e Bigomum novyatkoBumn 6asncHuin poss'sa3ok T3/170. 3ayBaxumo, Wo
Ha BiAMIHY Big 3Bu4YanHol T3JI1 uen po3B'A30K MOXe i He iCHyBaTu, Hanpuknag, sKWwo
ANs 0esiKoro i BUKOHYETLCSA HEPIBHICTb
n
Z I’,'j <aj.
Jj=1
Kpim TOro, y Bunagky Moro iCHyBaHHsS npouenypa Moro 3HaxOPKEHHA € OOCUTb
cknagHoto. [po ue nTume MoBa TPOXU HMXKYeE.

2. 3Haxogumo noTeHuianu u; Ta Vj SK PO3B'A30K CUCTEMMU
Vi—uj=cjj, (1,): Xjj — basncHe nepeBe3eHHs,

WO MICTUTb m+n—1 piBHAHb Ta M+n HeBigomux. [Moknagatyn oguH i3 NoTeHuianis
piBHUM, Hanpuknag, 0, 3Haxo4AnMO peLuTy HEBIAOMUX.

3po3ymino, Wwo Npu LbOMY CUMMMEKC-Pi3HML A,-j ans 6a3ncHMX 3MiHHMX piBHI 0,
TOOTO BUMKOHYeTbCA ymoBa (2.20). AKwo npu LbOMYy BUKOHYKOTbCA ymoBu (2.21) Ta
(2.22), TO Ba3nCHUI PO3B'A30K X = ||x,-j||, i=1,..m, j=1,...n, € ONTUMANbHUM PO3B'A3KOM
T3J/1M10. IHakwe 6a3ncHUM po3B'A30K X MOXHAa NONINWMUTX HA HACTYMHOMY KpPOLi.

3.1. Hexau icHye knituHka (ip,jp) Taka, Lo Xiojo = 0, Aiofo <0.

Ak iy 3suyanHin T3J1M, 6yayemo umkn C, wo signosigae knituHui (ip,jo),

po36usaemo noro Ha aopgatHuin C ¥ ta Big'emunin C - niBumknu.

3Haxoanmo
o' = min Xij,
i,j:(i,j)eC™
0 "= min (r,-j—x,-j),
i,j:(i,j)eCc”
€ =min {6',6"} .

3po3yMmino, Wo y HeBUpookeHOMY Bunagky 6>0. byayemo HOBUMA pPO3B'A30K
x'= ||x',-j||, i=1,..m,j=1,...n, 3rigHO CcniBBiAHOLIEHb
Xjj, akwo (i,j) ¢C
x',-j: Xjj+6, sKWO (i,j)eC+, (2.23)
Xjj—0, sKkwo (ij)eC .
Jlerko 6aunTu, Wo x"'— gonycTtnmMmii po3s'a3ok. MoxHa OOBECTU TakoX, WO X " —
6a3sncHu poss'a3ok. [pu UboMy L(x’)=L(x)+¢9A,-0j0, TO6TO L(X')<L(X) VY

HEBUPOXKEHOMY BMNAKY.
3.2. Hexan icHye knituHka (ig,jo) Taka, Wwo Xioio =Tigio Digjo >0. Ak i

paHiwe 6yayemo uukn C, wo Bignosigae knituHui (ig,jp), po3dbuBaemo wnoro Ha
popatHuii C* Ta Big'emHuii C - miBUMKNK, BKMOYAKOYM Ha Lei pas KiTuHKY (ip,jo) A0

C-. B3Haxogumo
0 ' = min Xjj,
i,j:(i,j)eC™
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9 "= min (r,-j—x,-j),
i,j:(i,j)eCc”
€ =min {6',6"} .
3po3ymino, Wwo y HeBUpogKeHoMYy Bunagky &> 0. 3rigHo cniBeBigHoWeHb (2.23)
OyayeTbCs HOBUIM AONYyCTUMMIA POo3B's30K x ' T3/110, npu ubomy
L(x") =L(x)- QA,'OjO,
TOOTO Yy HEBUPOIKEHOMY BUNagKy 3HOBY 3abe3neyvyyeTbCA 3MEHLUEHHS LinboBOl
dOYHKU,T.
Micnsa uboro NOBEPTAaEMOCH A0 BUKOHAHHS NYHKTY 2.

3ayBaxumo, WO Yy BUMNAAKy BUPOAXKEHOro 6a3nCHOro po3B'A3Ky 00 4ucna
0a3nCHUX BKITHOYATbLCS KIITUHKKU, e Xjj= 0 abo Xjj=rijj, ane Tak, LWo6 y CYKYMHOCTI BCi

Ba3nCcHi KNITUHKN He YyTBOPIOBaIu LMKIY.

Tenep 3ynuHumocsa Ha nobyaosi nodaTkoBoro 6asncHoro po3s'sasky T3J/1M10.
Mowyk noyaTkoBoro 6asncHoro po3s'asky T3/110 (AKWO BiH iCHY€e) po3buBaeTbCA
Ha ABa eTanu.

| eTan.

1) 3Haxogumo MiHIManbHWiA enemeHT c;, i, Matpudi c=||c;ll, i=1,..m,
j=1,...n.

2) OO6uucnoemo Xigjq1= min {a,-1,bj1,r,-1j1}. Mpy UBbOMY MOXNUBI TPY BUMNAAKN :

a) Xjgj,=ais- lNoknagemo Xijyj =0, j#Jj1, PAOOK i1 MaTpuui ¢ 3 nofarnbLIOro

pO3rnagy BUy4aeTbCs;

6) Xigjqe= bj1. lNoknapemo x,-j1=0, i#i4, CTOBNEUb j4 MATPULi € Haaani He

pO3rnagaeTbCs;

8) Xjj=risjq (Figj4<@iprigj,<bj,). Y UbOMY BUNAAKY 3 nopaanbLIOro

pO3rnsiAly BUNYYaETLCA NNLLIE eNTeMEHT C . ., mMaTpui c.

3) [loknapemo aj =a; —Xj,j., bj=bj,—Xj/j,.

Moganbli KPpOKM UbOro etany nonsrawTb Yy BUKOHAHHI A 1, 2, 3 CTOCOBHO
HEBUKPECIIEHNX efIeMEHTIB MaTpuLi € i NPOOOBXYIOTLCA OO OCTAaTOYHOrO 3anoOBHEHHS
TpaHCNOpPTHOI Tabnuui.

Tabnuys 2.11
al | a2 | a3 | a4 | ad| ab | a7
3 3 3 3 3 1 1

a
6

Pols02 411|404 |21 33|22 |0]0|0]0
3

P3lo13 1412|4171 |403 3|1 3|2 | 2|1 1710
b 4 2 4 2 12

b1 1 2 4 2

b2 1 1 4 2

b3 1 1 3 2

b4 1 1 3 0
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b5 1 0 3 0
b6 1 0 1 0
b7 0 0 1 0

Mpuknap 2.4. [lepwunin eTan 3HaAXOMKEHHS MOYATKOBOro 6a3nMCHOro po3B'dA3Ky
T3J1M10O intocTpyetbea Tabnuueto 2.11 (y HWKHbOMY JiBOMY KyTOBi KIITUHOK
TPAHCNOPTHOI Tabnuui 3anuMcyrTbCA  BENUYMHM r,-j). Ha nepwmnx TpboX Kpokax

BMKPECHIOITLCA BiAMOBIAHO €MeMeHTU Cqq, Coo Ta €33 Matpuli ¢, Ha 4YeTBepToMy —

OPYrMn paaokK Ta YeTBepTUA CTOBMNELb, Ha N'ATOMY — APYrMin CTOBMNELb, HA LLOCTOMY —
efieMeHT €13, Ha CbOMOMY — NepLUniA CTOBMEeLb Ta TpeTin pagok. OTxe, M1 oaepxanu

MaTpuLIO X = ||x,-j||, i=1,...m,j=1,.,n. 3a nobygoBO MaAaEMO:

n m

ZX,‘] Sa,-, ZXU’ Sbj, OSXU' < r,'j, i=1,...,m, j=1,...,n.

j=1 i=1

Hexan

n m

Xjins1=aj- Z1X,'j,i=1,...,m, Xm+1,j:bj__z1xijf j=1,...,n.
= I=

Axwo Xin+1 = Xm+1j = 0, i=1,..m, j=1,...n, TO, OMEBUAOHO, X € OOMNYCTUMUM
poss'askom T3/II10. |Hakwe

m n
2 Xintt =2 Xmy1,j=0>0
i=1 j=1

i ANs ofgepXXaHHA NoYaTKOBOro 4oMyCTUMOro po3B'saA3Ky Cnifj NpOBECTM Ha Apyromy eTani
Aekinbka itepaudii meToay noTeHuianis a4ns 4onomixxHol poswmpeHoi T3JIMO0.

Il eTan.
Poswwnpena T3/110 HaBegeHa B Tabnumui 2.12.
Tabnuys 2.12

Q1 Qj Qp Qn+1 a
c11 Cc1j C1n M
P1 X11 X1j X1n X1.n+1 af
r11 rj 'n *
Cj1 Cjj Cin M
Pj Xj1 Xjj Xin Xj n+1 aj
i1 Tij ‘i >
Cm1 Cmj Cmn M
'm1 'mj 'mn 0
M M M 0
Pm+1 | Xm+1,1 Xm+1,j Xm+1,n | Xm+1,n+1=0 | am+1=0
o0 o0 o0 o0
b b4 bj bp bp+1=0
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Tyt M — wunucno, 6Ginbwe Oyab-akOi iKCOBAHOI BENUYUHW, 3 HAKOK WNOro
NpuiineTbCs NOpiBHIOBATM NpU PO3B'A3yBaHHi 3apadi. Matpuus X = || x|, i=1,...m+1,

J=1,...,n*1, ne Xjj — nepeBe3eHHs, 3HanAeHi Ha neplioMy etani, Xm+1 p+1=0,
04YeBUOHO, € 4OMYCTUMUM PO3B'A3KOM poawmnpeHol T3/1710. dincHo,

n+1 m+1

inj:ai,/=1,...,m, ‘ Xij:bj’J=1,---,n,

Jj=1 i=1

n+1 m+1

2 Xmi1,j=0, 2 Xjipy=0,

j=1 i=1

0< Xjj <rij, i=1,....m+1,j=1,...,n+1.

3acTocoByruMN OO0 L€l 3af4avdi BMKNageHun BuWe MeTon NoTeHuianie, 3HaXoanmMo
i po3B'A30K X *. [pU UbOMY X, 1 p.y =@ @00 Xy, ¢ 4,1 <@ . MOXHA NOKa3aTtH, WO Y
nepwioMy BWUMaAKy TMepeBe3eHHA MK nyHkTamn P; Ta Qj, i=1,...m, j=1,..,n,

O[EpPXKaHOro pO3B'A3KY X * YTBOPKKWTb MNOYATKOBUMA 0Oa3MCHUN pPO3B SA30K BUXIQHOI
T3/IM10, a y ppyromy Bunagky BuxigHa T3/110 He mae XogHOro AonyCcTUMOro

PO3B'A3KY. 3ayBaXXMMO, LLIO APYrMIA eTarn MOXHa 3aKiHYUTU NPU X, 1 pq = O .

Mpuknap 2.5. [1pogoBXUMO 3HAXOLKEHHA MOYaTKOBOro 6asnMCHOro po3B'dA3Ky
T3JIM0O, paHi gona skol HaBegeHi B Tabnuui 2.11. Poarnsgaemo poswwupeny T3/110
(aus. Tabnuuio 2.13).

Tabnuus 2.13
Q1 Q2 Q3 Q4 Q5 a u
P1331 104,22 (405 | ,1M]| 6 0
P- 10 2 11 1 10 4 2 2 1 o OAJ 3 4
P3lo13 (412|711 |703|,oM|3 |2M-3

Psgl oM | oM |  1M| oM|_00]1 M

b 4 2 4 2 1 13
v 2M 2M—-1 2M 5 M

Ak Gaunmmo, nuwe TpU nepeBe3eHHs Xq5, X371, X43 3a00BOMbHAOTL YMOBY
O<Xjj<rjj, T06T0 € 6asncHNMM. [IONOBHIOEMO iX HEOOXIAHOW KiMbKICTIO NepeBeseHb
Xjj=0 Ta Xjj=rjj, K po3rnsaaemMo sk 0GasucHi (3aranbHa KinbKicTb 6asnCHNX

3MiHHMX — 8). 3ayBaxumo, WO [0 4ucna 6asncHux cnig BBOAUTU B MepLly 4yepry
KNITUHKN, $Ki noB'd3aHi 3 IKTMBHUMM NyHKTamun. Y Tabnuui 2.13 6as3ncHi 3MiHHI
BMAOiNEHo.

3HaxoAMMO MNoTeHuianu u; 1a Vj TaKk, Wwob ana 6a3mMcHUX KMiTMHOK BUKOHYBaracb
ymoBa vj—U;=Cjj, i 3aHOCUMO iX y Tabnumuto 2.13.
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OBUNCTIIOEMO CUMMNEKC-PI3HNL A= Cjj—Vj+ U AN HEBA3UCHNX 3MIHHUX X |

3anncyemMo X 3apagu 3py4HOCTi B OKpeMy MaTtpuuio (3BMYaMHO BOHW 3aHOCATLCH Yy
BEPXHi NiBi KyTU KNITUHOK TPaHCNOPTHOI Tabnuui):

1-2M 5-2M 2-2M O 0
6-2M 6-2M 8-2M O 4
0 0 -2 2M-5 2M-3
0 1 0 2M-5 0

AHanisytoun ofepxxaHi A,-j, NPUXOANMO A0 BWCHOBKY, WO Ans HebasucHux
r-knituHok (X jj=rij) (1,1), (1,3), (2,2), (3,3) kputepin ontumanbHocTi (A;i<0)
BUKOHYETbCA, AKWO M — gocutb Benuke Yncno. [ns HebasmcHnx 0-kniTMHOK ()?,-j =0)
(1,2), (2,1), (2,3) KpuTepih ONTUMANBHOCTI (A,-jz 0) He BuKOHYyeTbCcA. OgHy 3 HUX cnig
yBeCcTn Ao uucna 6asmcHux. Ak i B 3BuvanHin T3/11 go ymucna 6asncHuMx yBoauTbCA
Heba3ncHa 3MiHHA 3 MiHIManbHOK CUMMNEKC-pi3HMLIED. YBeaeMO A0 Yucna 6asncHmx

3MiHHY Xo3. [na ubOro MeTtoAoM BUMKpecnioBaHHs Oyadyemo uukn, WO Bignosigae
KNiTuHUi (2, 3) (aus. puc. 2.3).

5] ] M|

p o 00 1 | 1-i papok
4 2 1 .

1 0 + 2 _ 2-1 psaaokK
Mo — 0]

00 1 _ 00 0 + | 4-Y psgok

3-1 cToBMNeLUb 4-1 cToBMneLb 5-1n cToBnNeub
Puc. 2.3

OueBungHo, Wo Mae Micue BMNagok 3.1 onucaHoro BULLLE aniropuTMmy.

[Mo3HavatouM KNITUHKKM UMKy 3Hakamu "+" Ta "-", 9K nokasaHO Ha PUCYHKY,
3Haxogumo @'=min(1,1,2)=1, 8"=min(1-0,1-0, «=0)=1, &=min(1,1)=1.

Tenep nepepaxoByeMo X B X' 3rigHO cbopmyn (2.23). [lonyCTMMUn po3B'a30K X'
6yae maTtu Burnag

3 0 2
1
1

O OO

1
o 1 1
1 1 0
0 O 0

S

Ockinbkn X45= 1 = o, TO noyaTkosuin GasmcHU po3s'a3ok BuxigHoi T3/1M1O mae

BUrNALA
3 0 2 1
x=|0 1 1 1 :
0
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Hani BuxigHa T3JIMNO po3B'A3yeTbCA METOAOM noTeHuianis. [lponyckatoun
BiAMOBIAHI 0BGYMCNEHHS, BKaXXEMO, WO 1I ONTUManbHUN PO3B'A30K 3a0a€TbCA MaTPULLEHD

3 1 2 0
x*=|0 0 1 2
1 1 7 0

[Mpy yboMy TpaHCMNOPTHI BUTpATKU cknagatoTb L(x *) = 23.

Po3ain 3. [NoTokn Ha mepexi

§ 1. lNocrtaHoBKa 3apaui

3apgadi npo NoTik Ha Mepexi € Binbl 3aranbHUMK, HiX PO3rNAHyTI Buwe T3JIM1.
Mepw HiXX cchopmyntoBaTh Taki 3agadi, HaBeeMO esKi O3HaYEHHS.

pacbom HasmBaeTbCcA BnopsgkoBaHa napa g ={/,U}, pe [={ij,...} —
HENoOpPoOXXHA MHOXWHa eepwuH, U = {(i,j): i,j € I} — MHOXMHa BNopsgKOBaHUX nap, Wo
HasuBalTbCca Oy2amu. Npn UbOMy BepLuMHa i gyrv (i,j) Ha3nBaeTbCA 1i moYyamkom, a j
— 1l KIHUem.

feomeTpnyHO rpad 306paxyeTbCs TOYKaMM (MHOXMHA BepwunH ) Ta niHiamMu 3i
cTpinkamn (MHOXMHa ayr U), wo 3'egHyoTb geski napy umx Toyok. Ha puc. 3.1

300paxeHo rpady, Ans siKoro
1={1,2,3,4,5}, U={(1,2),(1,3),(2,1),(2,4),(4,3),(4,5),(5,2)}.

1 2

b

3 4
Puc. 3.1

Buuie HaBeeHe 03HayYeHHS OpieHMoB8aHo20 2pagha, KONn CyTTEBOK € OpieHTauis
3B'A3Ky MK BeplMHaMn. AKWO X OpieHTauis 3B'A3Ky € HeCyTTEBOW, TO Big MOHATb
"gyra" Ta "opieHTOBaHUN rpad" nepexogsaTb OO0 MOHATbL "pebpo” Ta "HeopieHTOBaHUN
rpad”. TouHiwe, HeopieHMosaHUM epahoM Ha3MBAETbCA BMNOPsSAKOBaHa napa
g ={l,U}, ne | — MHOXnHa BepLwmnH, a U — MHOXWHa HeBnopsaakoBaHux nap [/,j], ae
i,jel, wo HasmBatTbCca pebpamu. eomeTpuyHo pebpa 306paxyoTbCa MiHIAMU, WO
3'eQHyl0Tb BigNOBIAHI BEPLUNHM.

'pad g Ha3MBaETLCA CKIHYEHHUM, SKLLO CKIHYEHHUMW € MHOXWHK | Ta U.

Unsxom Ha rpadpi g HasMBaeTbCA MNOCNIAOBHICTL AYr U1,...,.Um (Us=(ig,js),

S=1,...,m), NoYaTOK KOXHOI 3 S$KWX, MOYMHAKYM 3 Apyroi, cniBnagae 3 KiHUeM
nonepegHbol, TO0TO igy1 = Jjg, S=17,...m—1. 3po3ymino, wWo WNAX, AKMN 3'eaHYyeE
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BEPLUMHK i Ta iy MOXHa 3adaTu NOCNiAOBHICTIO BEPLUWH, Yepes sKi BiH npoxoanTb. Ha
puc. 3.1 nocnigosHicTb ayr (1,2), (2,4), (4,5) dbopmye wnsax, wo 3'eaHye BepwnHu 1 Ta
5. Llen xe wnax MoxHa 3agat NnocnigoBHICTIO BepwuH (1,2,4,5).

JlaHyroeom Ha rpadi g Ha3MBaETLCA NOCMIAOBHICTL pebep uq,...,.Um (Us=[ig,js]

S$=1,...,m), B SIKi y KOXXHOro pebpa, nounHatoumn 3 Apyroro, ogHa 3 BEPLUNH cniBnagae 3
OAHIE 3 BEPLUMH MonepeaHboro, a gpyra — 3 SKO-Hebyab BEPLUMHOK HACTYMHOro
pebpa. Ha puc. 3.1 pebpa [1,3], [3,4], [4,5] yTBOPIOIOTL NaHLIOr, SKUN MOXHa 3agaTtw i
NocnigoBHICTIO BepwuH [71, 3,4, 5].

Akwio noyaTkoBa BepLUMHA LWNAXY (NaHutora) cniBnagae 3 KiHUEBOK, TO MaeMo
KoHmyp (Yuki).

3ayBaxummo, wo B T3/ yxe 3ycTpiyanncsa geski 3 po3rnsiHyTUX NOHATL. Tam ayra
3Banacs KOMyHikauieto, naHuor — MapLpyToMm, a LMK — 3aMKHEHMM MapLUPYTOM.

Mepexero HasmBaeTbCa rpad, enemMeHTam $SKoro nocTaBfieHi Yy BiAMNOBIAHICTb
Aeski napameTpu. EnemeHmamu epagha BBaXXatoTbCA MOro BepLUUHKU, Ayru, abo BinbLu
CKNafHi KOHCTPYKUIT, yTBOPEHI 3 BKa3aHUX eNleMeHTapHuUX.

Mobyayemo mepexy TakKMm YNHOM:

1) KOXHi BepwuHi i € | nocTaBMMO Y Bi4NOBIAHICTb YMCHO dj, WO Ha3nBaETLCA 1l
iHmeHcusHicmio. BeplumHa i HasuBaeTbca OxepesioMm, AKWO dj>0, CMOKOM, SKLLO
d;j <0, i HeumparsHoto, Ko d; = 0;

2) koxHi pysi (/,j) € U noctaBumo y BignoBigHiCTb uucna rjj Ta Cjj, WO
Ha3nBalTbCS, BIAMNOBIOHO, (bYHKUIEK [POIYCKHOI  CrIPOMOXHOCMI Ta  (OYHKUiero

gapmocmi.
Ha npaktvui BenuuuMHu d; 4YacTto iHTepnpeTtylTbca sK 06'eMn BMPOBHWULTBA

(dj>0) abo cnoxmBaHHA (d;j<0) [esAKkoro oAHOPIAHOrO NPOAYKTY B NMYHKTI (BEPLUMHI) i.
BennuuHa r;; BU3Ha4a€e nponyckHy CNpOMOXHICTb Ayru (komyHikauii) (/,j), a BenuunHa
Cjj, Hanpuknag, cobiBapTiCTb TPAHCMOPTHUX NepeBe3eHb No aysi (i, ).

[Tomokom (OOQHOPIOHUM) B OAEpPXKaHii Mepexi Ha3MBaETbCA CYKYMHICTb BENUYMH
Xjj, (i,j) € U, wo 3ag0oBONbHAOTL YMOBAM :

X Xjj— X Xgi=dj, iel, (3.1)
jiij)eU ki(k,i)eU

OSX,'er,'j,(i,j)e U. (3.2)

CnissigHowweHHs (3.1) Ha3MBaKOTbLCA PIBHSHHAMU 36epexxeHHs, abo pieHAHHAMU
HernepepsHocmi. ®i3M4HO BOHM O3HAYalOTb, LLO Pi3HMUSA MK BENMYMHOK MOTOKY, LLO
BUXOAUTb 3 BEPLUMHM | Ta BENIMYUHOK MOTOKY, LLUO BXOAUTb OO Hel, OOpiBHIOE i
iHTeHCcMBHOCTI (puc. 3.2).

> -
2 Xki oy di > 2 Xjj
k:(k,i)eU N N j:(i.j)eU
Puc. 3.2
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Hexan Vcl. MHoxuHa U(V) pyr (i,j) Takux, wo i€V, jg¢V, HasmBaeTbcA
po3pizom mepexi, To61o U(V) ={(i,j) eU:ieV,je V}.
BenuuuHa

r(V)= ) rij
(i,j)e UiieV,jeV
Ha3UBAETLCS MPOINYCKHOK CrIPOMOXHICMI0 po3pizy U( V).
3ararnbHi yMOBU iCHYBaHHS NMOTOKY Ha MepeXi BCTAHOBIIOKTHCS TaKol TEOPEMOIO,
AKY MU npuBoanmo 6e3 foBeaeHHs.

Teopema 3.1. Ana mozo, wob Ha mepexi icHysag rnomik, HeOobXxiOHO i
docmamHbo, wob d(1)=0 i dna dosinbHOI MHOXUHU V — | eukoHyganack ymoea d (V)<
r(v), de

d(V)= > d;.
ieV
I[Hwumu cnosamu, nomik Ha mepexi icHye modi i nuwe modi, Kofu cymapHa
IHMeHcuBHICMb 8CiX 8epWUH Mepexi OOPIBHIOE HYIM0, a CyMapHa iHmeHcusHicmpe 6y0b-
SKOI MIOMHOXUHU 8€PWUH HE repesulyye rnporiyckKHOI CripOMOXHOCMI pPOo3pi3y Mepexi,
W0 rnopoodxyemsbcsi Ujieto niOMHOXUHOI.

KoxHomy notoky x = {x;;, (i,j) € U} noctaBumo y BiANOBIAHICTb Uirlb08Y PyHKUItO
L(x)= 2 cjjXjj-
(i.j)eU
JliHiliHa 3adaya Ha mepexi (abo 3adaya rpo onmumasibHUl MoMmMiKk Ha Mepexi)
ronsi2ae y rowyky 0ornycmumo20 MOMmMoOKY X Ha Mepexi, Wo MiHIMI3ye uirbosy yHKUir0
L(x), mobmo
L(x)= D, CijXjj— min,
(i.j)eU

> Xjj— > Xki=dj,iel, (3.3)
ji(i,j)eU k:(k,i)eU

OSX,'jSI’,'j, (i,j)eU.

JdonyctumMuin  NOTIK X Ha3MBAETbCA ONMMUMaribHUM, $IKWO BiH [OOCTaBrise
MiHiManbHe 3Ha4YeHHs pyHKUiT L (X).

OueBunaHo, WO 3aga4ya NPo oNTUMarbHUA NOTIK HA MepPeXi € YaCTUHHUM BMNaLKOM
3/1i, omxe, moxe ByTn po3B's3aHa 3araribHUMM METO4aMM NiHIMHOIO NpPorpamyBaHHS.
3po3yMino, wo cneyundika uiel 3agadi Moxe CyTTEBO BUKOPUCTOBYBATUCS NpU po3pobLi
YaCTMHHUX, BiNbLlU ePEeKTUBHNX METOAIB i PO3B'A3yBaHHS.

§ 2. 3apaua npo HaukopoTwun wnax. Metoa MiHTi

PoarnsHemo mepexy, LWo BM3HAYaeTbCa rpacpom g, 3 o3HayeHor Ha U dyHKUie
BapTOCTi Cjj- PosrnaHemo Takox ABi diKCOBaHi BEPLUMHK i1, ig rpada g Ta [0BiNbHUN

LNAX, Wo 3'eaHye /7 Ta ig:
I=1(i1,is)=((i1,i2), (12,i3),-, (is-1,05))=(i1,i2,i3,....is-1,is), (3.4)
peire l, t={1,..,s}.
PosrnaHemo qoyHKUit0
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s-1
C()=X Citipoq s (3.5)
t=1
sKa iHTepnpeTyeTbCcs abo Ak cobiBapTiCTb NepeBe3eHHs BaHTaxy no wnsxy /, abo sk
AOBXMHa LWNsxy /. B octaHHbOMY BUNaaKy ¢ ;i — AoBXWHA Aayru (i,j) € U.

3adayva npo Haukopomuwul wrsx (npo eubip Haubirbw eKOHOMHO20 WIISXY)
ronseae 8 rnowyky wnsaxy (3.4), wo miHimisye uinboey yHkuito (3.5). LLykaHul winisx
I* = arg min C(/) Hazugsaembcsi HaliIkopomuwium (onmumMasibHUM).

3 popmanbHOI TOYKM 30py CGOPMyrbOBaHa 3agada € YacTMHHMM BUMNAgKOM
3agadi npo onTuMarnbHU NOTIK. [4nA LbOro po3rnsaaacTbCa Mepexa, BepLumHa iq Kol €
[AXeperioM OAWHWYHOT iIHTEHCUBHOCTI, BEpLUMHA ig — CTOKOM OAWUHWYHOI iIHTEHCMBHOCTI,

pelTa BEPLUNH — HEeUTparnbHi.

[yram npunucyoTbCsl HeoBMeXeHi MNpPOMyCKHi CMPOMOXHOCTI, a cobiBapTiCTb
nepeBe3eHHA MO Ay3i OOpPIBHIOE 11 OOBXMHI. [na noToky x = {x,-j, (i,j)e U} vy
nobyaoBaHin Mmepexi

1, =iy,
' z Xjj— Z Xkji=1-1, i=ig,
jij)el  kiki)eU 0, i=if, t=2,...,5-1.

3afava 3B0OMTbCS A0 3HAXOAKEHHS NOTOKY, LLO MiHIMI3y€E LiNboBY qOYHKLHO
L(x) = > CjjXjj-
(i.j)eU

Jlerko 3po3ymiTi, WO ANs oNTUMAnbHOro NoToky x *={x*;;, (i,j) € U} BenninHmn
x*,-j OyayTb piBHuMn 1 abo 0 B 3anexHOCTi Big TOro, BXoauTb v Hi ayra (i,j) £o
HaMkopoTworo wnaxy. Tomy L(x*) AOPIBHIOE OOBXWHI HAMKOPOTLUOrO LUMAXY, LO
3'eQHye BEPLUMHK i1 Ta ig.

[na po3B'A3aHHA 3agadvi NpPoO HaAWKOPOTWMK LWNASX po3pobneHi meTtoau, LWO
BpaxoByoTb i cneuyndiky. OgHUM 3 HUX € memod MiHmi (Mmemod no3Ha4yok). 3rigHo
LbOro MeTody MnpoLec po3B'A3yBaHHA 3ajadi CKagaeTbCs i3 CKIHYEeHHOro 4ucna
efleMeHTapHMUX KPOKiB, Ha KOXHOMY 3 SKMX MO3HAYalTbCA BEPLUMHM Mepexi Ta
BUAOINATLCA AesKi 1T ayru.

Meton MiHTi

Kpok 1. To3HavyaeTbCs BeplnHa i1 (KOpeHeBa BepLuMHa) MO3HA4Ko h,-1=0,

I(1) = {i1} — MHOXMHa NO3HAYEHNX BEPLLMH.

Hexait nicns BukoHaHHaA r kpokis € MHoxuHa [ (1) = {i4,...,i;,...} No3HaueHNx BepLIMH
i3, KOXHIN 3 AKMX MOCTaBreHa y BiANoOBiAHICTb NO3HA4Ka h,-ﬂ.

Kpok (r+1).  PO3rAsiHEMO MHOXMWHY J(f)={...,iﬂ,...} HEeNO3HaYeHNX BEpPLIMH i

(igiy) e U, igel(r),i,e Jr), [(r)nJ(r)=@. [ina koxHoi 3 Takux ayr (iz,i,) 3Haxoanmo
Cymy

hj,+cij, iy
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BUOINSAEMO Ti QyrK, AN 9kMx us cyma MiHiManbHa. [lpy uboMy 3 AeKinbkox ayr, Lo
nianaratoTbe BUAINEHHIO | 3aKiHYYOTbCA B OAHIM i TiN Xe BepLUnHi, BUAINSETbCA Nulle
ogHa (pwc. 3.3).

i2(3)
i5(5)
/(r) J ()
is(4) / \ > iets)
* 3 gl
is(4) I7

Puc. 3.3

[Mo3HayaeMoO KiHUi BUAOINEHUX OYr YACAOM, LLO AOPIBHIOE MiHIMArbHOMY 3HAYEHHIO
h,-/1+c,-/1 i - 3a paxyHOK MO3Ha4YeHUX BEPLUNH MHOXMHA G, PO3LUMPIOETBCA 00

MHOXMHK [ (r+7).
BkasaHuii MpoLec MPOAOBXYETbCA A0 TWUX Nip, MOKM ceped MNO3HAYEHUX He
3'ABUTLCA BEpLUMHA ig, a60 noaanbLue No3HauYeHHs HEMOXITUBE.

3a nobyaoBoK B KOXHIM 3 MO3HAYEHUX BEPLUMH (KPiM KOPEHEBOi) 3aKiHYyeTbCS
ofHa BuaineHa gyra. Tomy pyx Bif BepLUMHU ig B3AOBX BUAINEHUX OYr Y HanpsiMKy,

NPOTUNEXHOMY iX OpiEeHTaUii, peanidyeTbCcs 0gHO3Ha4YHO. Kpim Toro, moyatok BuaineHol
Ayrv no3HavaeTbCcs paniwe i KiHug. OTXe, NOCNiAOBHICTL BUAINEHUX Oyr, YTBOPEHa B
npoueci pyxy Bif BEPLUNHU ig, YTBOPIOE Aedkun wnax /*(iq,ig) 3 novaTkoM B iq Ta

KIHLIEM B /g .

Teopema 3.2. [lobydosaHuti memodom MiHmi winsx 1*(iq,ig) € HalKopomMuwum,
wo 3'e0Hye sepwiuHU i1 ma ig, npudomy C(1*(iq,ig)) = h,-S.

JdoBeneHHa. CkopucTtaeMocb METOAOM MateMaTUyHOl iHAYKUiT 3@ HOMEePOM KPOKY
t, Ha AKOMY Mo3Ha4veHa BeplunHa ig. [pu t =1 maemo ig =iy i Teopema crnpaseanuaa.
Hexan TBepO)XeHHA Teopemu BUKOHYETbCA npu t=r. Lle 3HauuMTb, O € MHOXMHA
/(r) = {i1,-..,i3,...} BEPLIMH, NO3HAYEHUX HE BinbLue, HidK 3a r KPOKiB i wnax [*=1(iq1,iy),
iy € 1(r), — waiikopoTiwnii 3 iy B iz, C(I*) = h;, . [loBEAEMO, IO TBEPMKEHHS TeopeMM
BUMKOHYETbLCA Mpu t = r+1. Hexan BeplumHa ig no3HaveHa Ha (r+7)-y kpoui. [lokaxemo,
LLIO LINSAX

(I*(iq,is7), (isig)=1*(i1,is), (3.6)

neig el ige 1)\ (N, npuuomy

h,'s,+C,'S,,'SS hia+cia (3.7)

iﬁ ,
ne iy, ig:iq e 1), ige 101, € naitkopoTwmm 3 iy B is.
Kpim wnsaxy /*(iq,ig), BU3HA4YEHOro CniBBiAHOLWEHHAM (3.6), pO3rnsHEMo Lnsx

I(i1,ig), O NPOXOAUTb Yepes3 BEPLUNHU i, Ta iﬂ(a;t §'), g€ 1(r) (amB. puc. 3.4).
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/ “ o
;' 10 Y/
;i1\‘ C
i g
Puc.34

[N JOBXWH po3rnagyBaHMX LUMSXIB MAEMO TakKi OLHKN
CI(igis))=C(Iligig))+Ci, ip +C(igis))2

2hi, +Ci, ig 2Nig+Cigig=C"(I1is)),

Ae neplua 3 HEpPIBHOCTEN BMMAMBAE 3 NPUNYLLEHHS iHOYKUIT Ta C(l(iﬂ, is))=0, a ppyra

— 3 cniBBigHOLWWEHHS (3.7).

3aysaxeHHsl.
1. CdopmynboBaHun Buwe anroputm Metogy MiHTi po3paxoBaHUn Ha

3HaxXOMKEeHHA €OMHOro HaMKOPOTLLOrO LWNAXY, WO 3'€QHYE BepluvHW iy Ta ig. o6

3HaNUTU BCIO MHOXMHY HaNKOPOTLUMX LUSIAXIB, HA KOXXHOMY KpoLi cnif BUAINSATY BCi Ayrn
(ig,0y) 3 MiHIMaNLHUM nokasHukom hj, +cj, iy HaBiTb AKWO [AekKinbka 3 HUX

3aKiH4YylOTbCA B OAHIN i TiK XXe BepLUMHi. A npyu 3BOPOTHOMY PYCi 3 BEPLUMHU ig B3OOBX

BUOINEHNX AYr Y KOXHIiM 3 BEPLUMH Cig po3rnagaTu BCi MOXIUBI MPOAOBXKEHHS.

2. Hacnpaegi metoq MiHTi po3B'asdye Ginbll 3aranbHy 3agadvy: BiH 3HAaX0OUTb
HaNKOPOTLUWNI LINAX 3 KOPEHEBOI B KOXHY 3 NO3HAYEHNX BEPLUNH.

3. AKwo npouec no3HavYeHHs BepwnH metogom MiHTI npogoBxXyBaTn 40 TUX Nip,
MOKN HEe MPUMUHUTBCA PO3LUMPEHHA MHOXUHM NO3HAYeHUX BEpPLUNH, TO Byade po3s'a3aHa
3afava 3HaxXO[KEHHA HaWMKOPOTLUOro LWNAXY 3 MOYaTKOBOI BEPLUMHU i1 Y KOXHY

nosHa4veHy. AKWO npu UbOMY [Aesika BeplMHa iy Mepexi He nonana [o uucna
NMO3Ha4YeHNX, TO HeMae LNAXyY 3 i1 B iy .

Mpuknag 3.1. 3Halmu Hatkopomuwul wisx 3 eepwuHu 1 00 pewmu 8epLWUH
Ha mepexi, 306paxeHil Ha puc. 3.5.

Kpok1. hy=0,1(1)={1}.
Kpok 2. Posrnspatotecs gy (71,2), (1,3), wo Buxoaste 3 MHoxuHu [(7),
O6uuncnoemo BenuunHmn hy + cqo Ta hy + c43, T06TO
hy+cqp=0+3=3,
hy+ci3=0+2=2.
MiHimanbHa 3 uux BenuumH Bignosigae Aaysi (7,3). Oyra (71,3) BuainseTbcs,
BepluMHa 3 noaHavaeTbes uncrniom 2 (hg = 2). 1(2) = {1,3}.
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Puc. 3.5

Kpok 3. Posrnsggaiotbca gyru
(1,2) > hy+cqyp=3,
(3,2) > hg+c32=3,
(3,5) > hg+c35=05.

MiHimanbHa 3 nigpaxoBaHux BenuuuH Bignosigae ayram (1, 2), (3, 2). Buginumo
oyry (1,2), ho=3,13) ={1,2, 3).

Kpok 4. PosrmnsggaioTeca gyru

(2,5) > ho+co5=4,

(2,8) > ho + cog =4,

(3,5) > hz+c35=05.
Buginsemo ayrm (2,5), (2,8), hs=4,hg=4,1(49 ={1,2,3,5, 8}.
Kpok 5. PosrnggatoTtbcs ayru

(6,6) > hs+cs56=15,

(8,7) > hg+cg7=>5.

Buginsemo aymm (5, 6), (8,7), hg=5,h7=5,1(9={1,2,3,5,6,7,8}.

Mopanblie no3HayeHHa BepwuH metoaoM MiHTi Hemoxnuee. [MoBHa MHOXWHaA
nosHaveHnx BepwuH | *={1,2,3,5,6,7,8}. Cepen no3Ha4yeHUX BiOCYyTHA BepLUnHa 4,
TOBTO HEMaE WNAXY 3 BEPLUMHN Ty BEPLUUHY 4.

Ak npuknag ykaxemo HanvkopoTLWKMK Wnsx 3 BepwnHu 1y BepwmnHy 6. Lle wnax
1*(1,6)=(1,2,5,6). 3HaxoauTbCsa BiH NepernsgaomM BUAiNeHux ayr Big BepwuHu 6 0o
BepwuHKn 1. Mpun ubomy C(/*(1,6)) = hg=5.

§ 3. 3apauya npo makcumanbHuM noTik. Metoa ®opaa-PankepcoHa

Lla 3apgava, sk i 3agada npo HaNKOPOTLUMI LWNSX, € YaCTUHHUM BUNAOKOM 3agadi
npo onTumanbHUM NOTIK. I3 3agayeto NpPo MakcumarnbHUI NOTIK TICHO NoB'A3aHa 3ajadva
npo MiHiManbLHUN po3pi3 Mepexi. HaBegemo oopmynoBaHHA LUX 3a4au.
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PosrnaHemo mepexy, Lo BM3HAYaeTbCAa rpahom g, ska Mae eguHe axeperno s,
E€OVHUN CTIK t Ta 0O3HA4YeHY Ha MHOXWHI U (pyHKLit0 NPONYCKHOT CNPOMOXHOCTI rij. Hexan

IHTEHCUBHICTL [xepena dg=d. 3a Teopemolo ICHYBaHHs TMOTOKY Ha Mepexi
IHTEHCUBHICTb CTOKY Mae ByTu piBHOW d; = —d. [JonycTMUI NOTIK ANA po3rnsaysaHol
MepeXi BU3HaA4YaeTbCs CriBBIAHOLLIEHHSMM

)y Xsj=d,
ji(s,j)eU
> Xjj— > Xki=0,i#s8,i#t,
ji(i])eu K:(Ki)eU (3.8)
- 2 xk=-d,
Kk:(kt)eU
O<xjj<rijj, (i,j)eU.

3adaya npo MmakcumarnbHUlU rOMiK rosisicae y 3HaxXO00XEHHI MakcuMasibHO20
3Ha4YeHHs1 IHmeHcusHocmi d, rpu sskomy 8 poserisdysaHil mepexi iCHye nomik. Nomik
x*={x%;j, (i,j) € U}, wo eidrnosidac mMakcumasnbHOMy 3Ha4yeHHto d* iHmeHcusHOCMi,

Ha3ueaembCs MakCuMalsilbHUM rMOMOoKoM, a d * — 8esluU4UHOK Ub020 rIOMOKY.

PoarnsHemo onuncaHy BuLle mepexy. Po3pidom mepexi, uwo 8idokpemsoe s 8id t,
HasnBaeTbcsd MHOXuHa ayr U(C)={(i,j)e U: ieC, j¢ C}, pe C — pedAka MHOXVHa
BepwuH (Ccl) mepexi, Taka, wo seC, t¢ C.

Haragaemo, WO nponyckHa CNPOMOXHICTb LbOro po3pidy BU3HAYa€ETbCH
3BMYANHUM YNHOM :

r(C) = 2 rij-
(i,j)eU(C)

Mpuknap 3.2. Po3rnsgHeMo Mepexy, 300paxeHy Ha puc. 3.6, ge BepwuHa 1 €
mpkepenom, a BepwumHa 6 — cTtokom. Hexam C={1,2,3}, T1omi U(C)=
{(2,4),(2,5),(3,5)} — pospi3, akun Bigokpemnoe BepwnHy 71 Big BepwmHM 6, WO
BignoBigae BMbpaHin MHOXMHI C. NMponyckHa CNPOMOXHICTb LIbOro po3piay

r(C)=rog+ro5+r3sg=5+2+1=8.

2 5 4
3 6
1 4 2 3 6
2 2
C 1
3 5
Puc. 3.6

3po3yMino, WO ANnA KOXHOI KOHKPETHOI Mepexi Bubip MHOXMHM C MNOBHICTHO
BU3HA4Ya€ MNPOMYCKHY CMPOMOXHICTb po3pidy. Po3pi3, wo mae HaluMeHWwy rporycKHy
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CMIPOMOXHICMb, Ha3ugaembCs MiHiManbHUM. 3adavya MowyKy makoao po3pi3y
Ha3ugaemabcs 3adayqero rpo MiHiManbHUU po3pis.

BusaBnsetbca, Wwo cgopmynboBaHi 3agadi € OBOICTMMM i, AK cnig dekatn, ix
PO3B'A3KM TICHO MOB'sA3aHi Mi>k COBO010.

Teopema 3.3 (Popaa-PankepcoHa). Benu4yuHa MakcumasibHO20 OMOoKy i3 S 8
t QOpi8HIOE NMPOMYCKHIU CrIPOMOXHOCMI MiHIMaribHO20 Po3pi3y, W0 8I00KpeMsitoe S 8id t.

3ayBaxmMmo, LLIO Teopema TpuBialnbHa, SKWO Mepexa CKnagaeTbCa 3 BEpPLUNH Ta
Ayr, Wo yTBOPIOKTb €ANHUN WNaX Big s oo t (ave. puc. 3.7).

L 1=s 3 5=t

Puc. 3.7
Y HaBedeHOMY npuKnazi MiHiMansHuiA po3pi3 3aincHioe ayra (2, 3). Ii nponyckHa
CNPOMOXHICTb rp3=2 BMU3HA4Yae MaKkcumarbHYy iHTEHCUBHICTb d *=2 fonycTUMOro Ans
MepeXxi MOTOKY.

OoBeneHHa. Hexanm x* = {x*,-j, (i,j) € U} — makcumanbHWUin NOTIK HA Mepexi,

LLIO BM3HaYaeTbCA rpadooM g, d * — BenmynHa MakcmmarnbHoro notoky. Hexan U(C) —
AOBINbHMI poO3pi3 Mepexi, wo Bigokpemne s Big t, r(C) — Wnoro nponyckHa
CMPOMOXHICTb. 3a Teopemoto iCHyBaHHA NoToky d*<r(C). Ham HeobxigHO nokasaTtwu,
LLIO iCHye Taka MHOXMHa C *, wo

d* = min r(C)=r(C™).
C.Ccl,seCitgC

MHoxuHa C*, WO BM3HA4Ya€e MiHiManbHUn po3pi3, byayeTbCa Ha OCHOBI NOTOKY X *
TaknMM YUHOM :

seC*
skwo i e C*Tax%jj<rjj, 70j e C*, (3.9)
akwo i€ C*T1ax*;j>0,T0i e C™.

Cno4atky nokaxemo, wo t ¢ C*. Big cynpotuBHoro: Hexan t € C*. I3 03Ha4YeHHS
(3.9) MHOXMHM C * BunnuBae, Wo 6yab-ski ABi 11 BEPLUMHM MOXHA 3'€4HaTU NaHLOroMm.
3'eaHaemo BepwmHn s € C*T1at e C*:

C=[s=iq,ip,....im=1t]. (3.10)

Ans uboro naHutora ymosu (3.9) MOXXHa nepenucaTti Tak:

AKWo ans pebpa [ ig, ik+1] (i, ik+1) € U, TO kaik+1< Fieijerq: (3.11)

aKkwo ans pebpa [ ik, ik+1 ] (ik+1, ik ) € U, TO X .
Ik+11k

> 0. (3.12)
Hexan

Ctr={[ix,ix+71€C: (ix, ix+1) € U, Xikik+1< r,'k,-k+1},
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*

C={lik: ik+11 € C: (ka1 i) X, > O}
Noknapemo
* . +
Figipss ~Xigigss [kik+1]€CT,
Oigiger = * ;o -
PIPE [ikiki1] €C .
Hexan
0 = min 0, i )
k=1,.,m—1 @ K'k+1

3po3ymino, wo € > 0. 3MiHMMO NOTIK B3A0BX NnaHutra C, 36inbwyto4yn noro Ha 6

y3a0Bx pebep MHOXMHM C¥ i ameHwyoun noro Ha @ y3nosx pebep MHOXMHM C=. Y
pesynbTati o4epXUMO AOONYCTUMUMA MOTIK BenuunHn d*+ ¢, Wo cynepeynTb
NPUNYLLEHHIO MPO MaKcMMarbHICTb MOTOKY X *. OTxe t ¢ C*.

Mokaxemo, wo d*=r(C*). I3 o3Ha4yeHHs (3.9) MHOXUHK C* BUNNMBae, WO

skwo i e C* je C* (i,j) e U ToX%i=rjj,
akwo i€ C*, k¢ C*, (k,i)e U, 1o x*%;=0. (3.13)
3anuwemo cnisBigHoweHHA (3.8) npu x=x*gnaie C*
> x, =d,
e sj
ji(s,j)eU
Z X, = z x  =0,i#s.
j:(i,j)eU k:(k,i)yeU
MigcymoByroun ocTaHHi piBHoCTi Mo i € C*, Maemo
X, - z X, = d*.
i,j:ie C*, (i,f)eU ik:ie C* (ki)eU

Poarnsagatoum Bunagkm j,k € C* taj, k ¢ C*, 3 OCTaHHbOI PiBHOCTi MAEMO:

*

% X+ > X -
i,jrieC* jeC* (i,j)eU " i j:ieC* jeC* (i,j)eu !
- Y X - > x =d~
ik:icC* keC* (kji)eU K ik:ieCc* keC* (kji)eU K
Apyrui Ta TpeTin o4aHKM Y Ui PIBHOCTI B3AEMHO 3HULLYIOTBLCA i, NpUnMaroym go
yBaru (3.13), ogepxxyemo
)y r;=d",

i,jiie C*, jg C* (i,j)eU

abor(C*)=d".

Hacnidok. SAkwo dyea (i,j) exo0umb 00 MIHIMaribHO20 PO3pIi3y, MO 8esluyuHa
MakcumarsibHo20 MOMOoKy 1o Yit Oy3i OOPIBHIOE ii MPOMYCKHIU CrIPOMOXHOCMI I j- lpu

UbOMY Kaxymb, W0 rnomik Hacudye oyey.

[na posB'adyBaHHA 3agadvi Npo MakcumManbHWin NoTik @opdom Ta DarikepCoHOM
OyB po3pobneHnin METOA, L0 HOCUTb iX iM'A.
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3rigHO Teopemu NpPo MakCUMarnbHWUA NOTIK Ta MiHIManbHUA PO3pi3 3a BiAOMUM
MakCUMarnbHMM NOTOKOM X * = {x *,-j, (i,j) € U} nerko nobygyBatn MiHiManbHUin po3api3
U(C™) (agus. cniBeigHoweHHA (3.9)). KpiMm TOro, siKWwo noTik HE € MakCUManbHUM, TO
MOXMBE NOro 36iMbLUEHHS LWASXOM 3MiHM NOTOKY B340BX NEBHOro naHutora. Lli dhaktn
nexatb B OCHOBIi Memody @opda-®ParikepcoHa, WO SBMSE COOOK pPEKYPEHTHY
npoueaypy, Ha KOXHOMY KpOUi sIKOi No3Ha4valTbCa BeplmHu abo OyayeTtbcs MoTiK
BiNbLUOT BEMNYMHN.

Anroputm ®oppa-PankepcoHa posnoynmHae poboTy 3 Oyab-SKoro 4OMyCTUMOro
notoky x0 (sokpema Hynwosoro) senmumHn d0. 3rigHo (3.9) ANA ULOrO MOTOKY
BuU3HavyaeTbc MHoxuHa CO. HAxwo t ¢ CO, 1o notik x0 € mMakcumanbHUM, B iHLWIOMY
BUNagKy MoxHa 3Haitn 60>0 Ta woeuin notik x'={xT;;, (i,j)e U} Benmunnn

d 1= d09+00. ins HoBOro NOTOKY LieN LMK onepaLiit NOBTOPIOETLCS i T. f.
[Mpouecn BU3HAYEHHSA Ck ta ok 00'eqHYIOTLCA B OAWMH Mpouec "po3cTaBreHHs
no3Ha4vok" BeplnH. MNo3Hayka (i) AOBINbHOI BEPLUMHK | cknagaeTbes 3 ABoX vucen N

Ta 6. i yncna o3HavaloTb, WO B3[OBX AEAKOro naHuiora, ocTaHHiM pebpom siKoro €
[IN{],i], MOXHa foaaTkoBO AOCTaBUTU 6 OAMHULL MOTOKY 3 BEPLUMHWN S 4O BEPLUMHM |.

[amo geTtanbHUM BUKNag anroputMy, BBaXkatouu, WO BiAOMUIA AONYCTUMMUIA NOTIK X
(30Kpema HynbLoBUN).

Anroputm ®opaa-PankepcoHa

Kpok 1 (npouec po3cmaerieHHsi Mo3Ha4yoK). Ha ubOMy Kpoui KOXHa 3 BepLUMH
HanNeXuTb 40 OOHOro 3 TPbOX TUNIB:

e HernosHa4veHa,

e o3Ha4yeHa i HenporngaHyTa,

e [o3Ha4veHa i npornsHyTa.

Cno4aTtky BCi BEpPLUMHM HEMO3HAYEHI.

Mo3HaunmMo BepLlUMHY S MO3Ha4Kow u(S)=(+S,0g=c0), WO O3HA4Yae: MOXHa
nocnaTtu NoTik 3 BEPLUUHN S y caMy cebe HeoBMexXeHOT BENUYMHM.

Tenep BeplKnHA S NO3HAYeHa i HeNporngaHyTa.

B3arani, Hexan j — nosHayeHa i HenpornsHyta BepwwuHa, u(j)=(+1, Hj) abo
u(j)=(=i,0j) — il nosHayka. Po3rnsaaemo Lie HenosHadeHi BepwuHn k: (j,k)eU i
Xjk <Trjk. KOXHi 3 Takux BEpLUMH NPUNACYEMO MO3HAYKY u(k)=(+j,0k), ne 9y =
=min{6;, rjx — Xjk}. Po3rnsgaemo Lie HenosHaueHi BeplumHn K: (k,j)e U, i xkj > 0.
KoxHa 3 Takux BepLUnH ofepxye nosHadky u(k)=(-j,0k), ne Ok = min{dj, xy;}.

Bci BepwinHn k, ki ogepanm NO3HaYKkW, Tenep MO3HayeHi i HenpornsaHyTi, a
BepLUMHA j — MO3Ha4veHa i nporngaHyTa.

MpoaoBXyeMO NpunMcyBaTh NO3HAYKM HEMO3HAYEHMM BEPLUMHAM A0 TUX Nip, MNOKK
abo BepwuHa t BUABUTBCA MO3HA4YeHOK, abo He MOXHa Oyae MNO3HAYUTU XKOLHOI
BEPLUNHMN | BEPLUMHA  BUSBUTLCA HEMO3HAYEHOLO.

Y apyromy BUnNagky iCHYHUMM MOTIK X — MakKCUMarnbHU, @ MHOXMWHA NO3HaYeHUX
BepwuH C * BU3Ha4ae MiHiManbHU po3pi3 Mepexi.

Y nepwomMy BUNagKy iCHyHOUMIN NOTIK X HA KPOLi 2 MOXHa 36inbwnTu.

Kpok 2 (36inbweHHsi nomoky). Hexan u(t)=(+k,0¢), abo wu(t)=(—k,0¢) —
nosHayka BepwuHu t. Lle o3Ha4vae, Wwo iCHyouMii NoTiK 3 S B t MOXHa 30inbwnTK Ha

74



BENWYMHY O¢. [ANs LUbOro B NepLioMy BUNaaKy 3aMiHIOEMO X k¢ Ha X k¢ +0¢, Y Opyromy —
X t kx 3aMIHIOEMO Ha X ¢ —b¢.

Mepexoanmo [0 BepLWMHM K | BMKOHYEMO aHarnoriyHi onepawii, 3MiHIOH4YN
BEMUYMHY MOTOKY Ha Ty X BenuuuHy 6. [NpoaosBXyemo ui Aii, MoK He OOoCArHemMo
BEPLUMHMK S. [icna Lboro nikBigOBYEMO NO3HAYKN BCiX BEPLUMH | NEPEXOANMO O KPOKY 1.

Mpuknap 3.3. 3Halimu makcumarnbHul rnomik 3 eepwuHu 1 y eepwuHy 8 Ha
mepexi, 30bpaxeHil Ha puc. 3.8.

Mpouec po3B'A3yBaHHA 3adadi NPoOAOBXYyeTbCA Ha pucyHkax 3.9-3.10. bins
KOXHOT 3 Ayr BKasaHi BeNUunHu X ; (rjj), TO6TO NOTIK, LLO NPOXOAUTL Yepes Lo ayry Ta
1T NpONyCKHa CNPOMOXHICTb.

MHoxuHa C ¥, Wo BM3Ha4Yae MiHimanbHUKM po3pi3, mae surnag C*={1,2, 3,4, 5}.
BennymMHa makcmmarnbHOro notoky d * = 2.

7(2, 1) 0(1) =8(6,1)

0(1)

0(2)

t=8(7,1)

Pwuc. 3.9
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4
Puc. 3.10

Po3ain 4. luckpeTHe nporpamyBaHHSA

§ 1. lNocTaHoBKM 3apauy

Ha npaktuui 4acto BUHUKaOTb 3adadvi BUOOPY ONTMManbHUX PillEHb OANCKPETHOIO
xapaktepy. [1py LbOMYy pO3pPi3HAOTL 3agadi KOMBIHATOPHOro TUMNy, AONYCTUMAa MHOXMHA
SKMX MA€ CKiIHYEHHY KifbKICTb TOYOK, 3aJaui LifioumMcenbHOro nporpaMmyBaHHs, Ae 3MiHHI
NPUUMaloTb LinodncenbHi 3Ha4YeHHs, Ta 3agadvi YacTKOBO OUCKPETHOro NporpamyBaHHS,
B AKMX NULLE YaCTUHA 3MIHHUX NPUMAMAaE ONCKPETHI 3HAYEHHS.

PosrnaHemo gekinbka npuknagis.

1) 3apayva npo onTuUManbHi NPU3HaAYEeHHA

€ n Bugis pobiT Ta n KaHaMAaaTiB (BUKOHABLIB) ANs1 X BUKOHAHHA. BBaxkaeTbcs, Wo
KOXEH 3 KaHamaaTiB i=1,...,n MOXe BUKOHyBaTU Byab-sKy poboTy j=1,...,n, Npu UboMy
Cjj — BUTpaTy, noB'A3aHi 3 NpU3HA4YeHHs M i-r0 KaHaugata Ha j-n Bug poboTw.
HeobxigHO po3noginuty KaHanaaTtiB Ha BMKOHAHHS POODIT TakMM YMHOM, WOO KOXEH 3
KaHOuOaTiB oAepXaB €auMHe MpU3HaYeHHsl, KOXHa 3 pobiT ogepxana €anHOro
BMKOHABLS i CyMapHi BUTpaTK, NOB'A3aHi 3 NpU3Ha4YeHHSIMU, Oy MiHiMansHUMA.

Lle Tvnosa komb6iHaTopHa 3agaya. [i po3B'A3KOM € Aeske nepecTaBneHHs Yncen
1,...,n. Yncno nepecraBneHb AOPIBHIOE n!, TOMY NpU BENMKMX N pO3B'A3aTi Lo 3agady
LWMASXOM MPAMOro nepedupaHHsa YCix MOXNMBUX NepecTaBneHb Hemoxnueo. OgHak
po3rnsayBaHy 3agadvy MoxHa 3anucatu y surnagi 37111 3 uinoymcenbHUMN 3MiHHUMA.
AincHo, Hexal X ;= 1, SIKLLO /-1 BUKOHABELb NPU3HA4aeTbCS Ha j-y poboTy, Ta Xji=0'y
npoTuBHOMY pasi. ToAdi maTemaTudyHa Mofernb 3afadi Npo OonTUMaribHI NPU3HAYeHHSA
npumMmace Taky popmy:

3HanTn matpuuto X = ||x,-j||, i,j=1,...,n, WO MiHIMI3y€e LiNboBY OYHKLIiO

n n
L(X)= ZZCU Xjj
i=1 j=1
npwv BUKOHAHHI 0OMexeHb
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Xjj= Oabo 1,i,j=1,...,n.

2) 3apauva npo paHeub

MangpiBHUMK, 30Mpatoymch y NoXid, Mae ynakyBaTn y paHeub AedKi 3 n npegMeTis,
WO MOXYTb B6yTM oMy NoTpibHUMK. [Mpy LbOMY BBaXaeTbCH, LLO BigOMa KOPUCHICTb Cj
OAHOro NpeaMeTa j-ro HaMMEHYBaHHS, a TaKoX, WO Yy Noxodi MOXyTb B6yTn noTpibHUMMK
Aekinbka ogHakoBuMx npeameTiB. PaHeub Mae m  oOMexeHb 3a  CBOIMM
Xapaktepuctukamu (o6'em, niHidHI po3mipu, Bara i T.M.). Hexan ajj — i-a
Xxapaktepuctuka (i=17,...,m) npegmeTta j-ro HaWmeHyBaHHa (j=1,...,n), b; —
MakCMMarnbHe 3HA4YeHHA i-i XapakTepucTukm paHus. HeobxigHO BWM3HAuYMTK, SKi
npegMeTn Ta B SKiM KiNbKOCTI Crig, 3aBaHTaXUTU y paHeupb, Wwob X cymapHa KOPUCHICTb
BGyna makcMmanbHol0.

Akuo  4vepes Xj NO3HAYNTK KiNbKICTb  NpegMeTiB  j-r0  HaWMeHyBaHHSA, WO
NNaHyeTbCA ANA 3aBaHTaXXEHHA y paHelb, TO MaTemMaTudHe (oopMyItOBaHHS Liel 3agadi

Habupae Burnagy:
n
L(x) = > c¢jxj—> max,
j=1
n
> ajjxjs bj, i=1,...,m,
J=1
Xj= 0, Xj— uine, j=1,...,n.
PoarnsHyTa 3agaya siBnsie coboro NOBHICTHO WinoyncenbHy 3/171.
3) 3apaua BMOGOpy 3acobiB AOCTaBKM
Hexan gna nepeBe3eHHs p BUAIB BaHTaXiB MOXHa BUKOPUCTOBYBATW CydHa n
TUMIB, NPUYOMY ay — KiNbKiCTb BaHTaxy K-ro BuAY, gj — KinbKiCTb cyAeH Tuny j,

j=1,...,n, Cj — BUTpaTH, NnoB'aA3aHi 3 BUKOPUCTAHHAM OAHOro cyaHa j-ro tuny. KoxHe
CyQHO Mae m eMHocTen (nanyowu, Tpiomu i T.n.), djj — BaHTaXOMANOMHICTb EMHOCTI

(i=1,...,m) Ha cygHi Tuny j. HeobxigHo BubBpaTM HanWbinbwl E€KOHOMHUI KOMMIIEKC
3acobiB 4OCTaBKN BaHTaXiB Ta NnaH 3aBaHTaXXeHHSI CyAEH.
MosHaunmo yepes X, J=1,...,n, KINbKICTb CyA€EH j-r0 TNy, WO NMaHyeTbCa ANs

nepeBe3eHb, Yk — KINbKICTb BaHTaxy K-ro Buay, WO Mignsrae 3aBaHTaXEHHIO Y
EMHICTb i. Topgi, o4eBMaHO, 3agaya opmarnbHO 3BOAMTbLCSA A0 BUOOPY 3MiHHMUX Xj,
j=1,...n, Yik,i=1,....m, k=1,...,p, WO MiHIMi3yl0Tb

n
L(x)=> CjXj,
=1
3a10BOSLHSIOYN YMOBM
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n p
2 dijxj= X Yik=z0,i=1,..,m,

m
> Vik=ak k=1,...,p,
i=1

0< Xj<gj, Xj— uine, j=1,...,n,
Yik=20,i=1,....om, k=1,...,p.
Y uin 3agadi Ha 3MiHHI Y, YMOBa LiNOYMCENbHOCTI HE HaKnagaeTbca, TOMy Le
4YaCTKOBO UinovncernbHa 3agada.
HaBepgemo Tenep popmarnbHi NOCTaHOBKKU 3a4av.
LlinoyucenbHoro 3JII (y cmaHOapmHit ¢opmi) b6ydemo Hasusamu 3adady
3Haxo00XeHHs1 sekmopa X = (X 1,...,Xpn) € EN, Wo MiHimMi3ye Uinbosy gyHKUi0

n

L(X)ZZCij, 4.1)
Jj=1

3a0080/1bHSYHU YMO8U

n

Za,-jxj:b,-, i=1,....m, (4.2)

Jj=1

Xjz0,j=1,..,n, (4.3)

xj—uine,j=1,...,k(k£n). (4.4)

Akwo k=n, 10 (4.1)—(4.4) HasuBaeTbCA MosHicMKO yinoyucesnsHow 3J1I1
(Fr14371r), iHakwe — yacmkoeso yinoyucesnsHoro ST (YLU3IJI).

LuckpemHoro 3/ (y cmaHOapmHilt ¢hopmi) Hazueaembcs maka 3adava:
n

L(x) =2 cjxj—min, (4.5)
j=1

n

Y ajjxj=bj, i=1..m, (4.6)
j=1

Xj20,j=1,.,n, (4.7)
xie {1, %2, X"y, j=1,.. k (k<n). (4.8)
S ety e

Axkwo k=n, 1O 3agadvy (4.5)—(4.8) HasuBawTb rMosHicmw OuckpemHow 3JII1
(r1gsasir), inakwe — yacmkoego ouckpemHoro /1M (YL43/1I).

Ak 6aummo, copmynboBaHi 3agavi (4.1)—(4.4) ta (4.5)—(4.8) Bigpi3HAOTLCA Bia
3BuyanHoi 3/I[1 HasiBHicTiO ymoB (4.4) T1a (4.8). Lle npussBogutb A0 HeoOXigHOCTI
3aCTOCyBaHHA crielianbHUX MeToLIB X PO3B'A3yBaHHS.

3BMYarHO, Yy [Jeskux BuNagkax 3 MNPakTUYHOI TOYKWM 30pYy MPUUAHATHUMU €
PO3B'A3KN, OAepXaHi TUM 4M iHWKUM HabnwxkeHMMm MeTogoMm. Hanpuknag, sKkuwo B
ry3sirn (4.1)—(4.4) Xj, j=1,...n, BigoOpaxkae 3annaHoBaHM BUMYCK MacOBOI
NpoAaykKuii, TO MOXXHa po3B'asaTu BignosigHy 3/1/7 (4.1)—(4.3) i 3a0KpyrNMTK ogepxaHni
po3B'a3ok. MpoTe cnig matu Ha yBasi, wWo 6e3nocepenHe 3acToCyBaHHSA UiEl igel ao
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po3B'adyBaHHA [1L3/1T moxe [atv po3B'A30K Aanekun Big ONTUManbHOro, Wo Mae
Micue, Hanpuknag, y Takin 3agadi:

L(x)=x1—3x2+ 3 x3—> max,
2X1+ Xo— x354,
4x1—-3 X2 <2,

-3x1+2x2+ x3<3,
Xj > 0, xj—u,ine,j= 1,2,3.

PosB'askom uiei [143JIM € x*=(2,2,5). Axwo x poss'asatu signosigHy 3/I1
O4HMM 3 BigOMMX MeToAiB, To ogepxumo x*=(0.5,0,4.5). 3ayBaxumo, WO HisiKi
BapiaHTM 3aO0KPYrNeHHs OoOepXaHoro po3B'A3Ky He [alTb HaBiTb [OOMYyCTUMOro
po3B'a3ky 1L3/I[1, He Kaxkyuu BXe Npo ONTUManbHUN.

Hani 6yoyTe po3rnsaHyTi Aeski MeToau po3B'A3yBaHHA CHOPMYNbOBAHUX BULLE
3agau.

§ 2. MeToau BigTMHaHHA. lepwun metoa Nomopi

KopoTko BUKNagemMo OCHOBHY ifeto umMx metoais Ha npvknagi MNy3JIr.

Hexamn D = {x ¢ EN: A x = b, x > 0}. Y ctaHgapTHuUX nosHauveHHsix 13/
3BOOUTBLCA 0 MOLUYKY

*

xX*= arg min cX. (4.9)
Xe D, x—uinodyncenbHumn

Puc. 4.1

Mo3Haummo 4vepes DU onykny RiHiMHY 0BOMOHKY LinodncenbHMx To4ok obnacti D
(ame. puc. 4.1) i poarnsHemo gonomixHy 3/11, wo nondarae y noLuyky

x*=argmin cx . (4.10)
xe DY

lNlerko nokasaTu, Wo BCi BepwuHU obnacti DY e uinouncenbHumn (To6TO, BCI
6asucHi poss'askn 3/ (4.10) € uinoyncenoHumun). OTxe, ONTUManbHUN PO3B'A30K
U371 (4.9) cniBnagae 3 ontumanbHum po3B'siskom 3/11 (4.10). TobTto, icHye
MOXINUBICTb ofepaTtu po3s'asok M3/ wnsaxomMm po3B'a3yBaHHS OesKOI crneuianbHuMm
YnHoM nobyaosaHoi 3/1I1, BUKOPUCTOBYHOUN NPU LbOMY, 3p03yMino, Aobpe po3pobneHi
MeTOAM MiHIMHOro NporpamyBaHHS.
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Ha >xanb, nobygoBa MHOXuHM DU, a, oTxe, i 6esnocepenHin nepexig no 3/
(4.10), € pocnTb cknagHot 3agadeto. [NpoTe iCHYe MOXNMBICTb PO3B'sA3aTh L0 3adady y
NeBHOMY PO3YMiHHI YaCTKOBO, MOCMIQOBHO BiATMHAKOYM Big MHOXUHWU D AedkKi 1T YaCTUHN
3a [JONOMOro Tak 3BaHUX 8I0MUHaKYUX MIOUUH.

laes memoodie sidmuHaHHs1 nondarae ocb y Yomy. PosB'asyeTtbeca 3/1/1, ogepxaHa 3
U311 BigkKMOaHHAM  YMOBM  LIiNIOYUCENBbHOCTI  3MIHHMX. AKWO 1 pO3B'A30K €
yinovmncenbHUM, TO BiH Xe € i po3s'askom [ML3JIM1. Axkwo x 3/11 po3B'a3Kky He Mae, TO i
[U3J1T po3B'a3ky He Mae. Akwo po3s'a3ok 3/I[T He € uinoyucenbHum, TO Big
posB'asaHol 3/I[1 nepexogaTb A0 HOBOI AonomixHol 3/I[1T wnaxom npuegHaHHA
NiHINHOTO 0OMEXEHHS, sike 3a40BOSNbHAITL YCi LinodncensHi po3s'askn M1L3/11, ane He
3a40BOJIbHAE OAEPXKaHNIN HeLinoYmcenbHNn po3s'a3ok nodaTtkosol 3/11. Lle npoaaTtkose
NiHiNHEe 0OMeXeHHs1 BU3HaYae Oesiky 8i0muHarody niaowuHy i Ha3MBA€ETbCA MpasusibHUM
gidmuHom. TpuegHaHHA HOBUX NMpPaBUNbHUX BIOTMHIB OO NOYaTKOBOI AonoMixxHoT 3/1/1
30INCHIOETLCS OO0TWU, MOKM Ha AEAKOMY Kpoui He Oyae ogepaHun uinodmcenbHuin
PO3B'A30K [OOMOMDKHOI 3agadi, KU, o4YeBMAHO, Oyae onTMMaribHUM pPO3B'A3KOM
BuxigHoi ML3JIl1.

lMepwut memod [omopi HanexuTb [AO PO3rMAHYTOro Knacy i nonsrae y
HacTynHomy. Poas'asyetbca M1L3/11

L(x)=cx—>min, Ax=b, x>0, x — UiNOYNCENBHNNA. (4.11)
Poarnsgaemo gonomixHy 3/111
L(x)=cx—>min, Ax=b,x>0, (4.12)

LLIO oaepXyeTbea 3 (4.11) BiogknaaHHSAM yMOBU LiNOYNCENbHOCTI 3MiHHUX.
Hexan ponomixHa 3J1I1 (4.12) po3B'A3yeTbCA CUMMNIIEKC-METOLOM | HA OCTaHHIN
iTepauii HenpsIMi 0OMeXeHHs Uiei 3agadi Habynu Burnsaay:

n
X; + Za,-jszﬁ,-, i=1,...,m, (413)

j=m+1
i, TAKUM YNHOM, PO3B'A3KOM JONOMIKHOI 3/1I1 € n-BUMIpHWIA BEKTOP
x=(p1,---, Bm,0,...,0).

Hexan icHye Homep /| Takun, Wo f — ApobosBe 4ucno (iHakwe UuinoyncensHun
BEKTOp X € po3B'a3kom LI3JII1 (4.11)) i, Ak 3aBxau, [z] Ta {z} — BignosigHo uina Ta
ApoboBa YacTUHKU Yucna z.

3rigHo 3aranbHOi igei MeToAdiB BiATUHAHHS MOTPIOHO nNepenTn OO PO3B'A3aHHS

ponomixkHol 3J1M1, y sakin nopsag 3 obmexeHHsaMmn (4.13) posrnggaeTtbCa goaaTKoBe
0OMeXeHHs, sike peanidye npaBuUibHUI BIATUH.

Teopema 4.1. JliHitiHe 06MeEXEHHS

n

B} - 2daydx; <0 (4.14)

J=m+1
€ rnpasurnbHUM siomuHom 0ns [NLU3JINT (4.11).

OoBeneHHsa. [MokaxemMo crnoyaTky, Wo obmexeHHs (4.14) € BiaTMHOM, TOBTO, LWO
ONTUManbHUA HewuinoYncensHUn po3e'a3ok X = (fS1,...,8m,0,...,0) ue obmexeHHs He
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3apoBorbHse. [liicHo, ockinekn { £} > 0, To, NiACTaBMBLUN KOOPAMHATWN BEKTOPA X Yy MiBY
yacTuHy (4.14), maemo

n
B}- D{ay}x;={B/}>0,
J=m+1
TOOTO TOYKa X 0OMexeHHs (4.14) He 3a00BONbHSE.
Hosenemo Tenep, wo (4.14) € NnpaBUNbHUM BiATUHOM, iIHLUMMK crnioBamu, Wwo Oyab-
AKNMA gonyctumui po3se'asok N3/ (4.11) 3apoBonbHAE obmexeHHs (4.14). dincHo, 3
(4.13) maemo

n n
xi+ Dlolx—[B1={B;}- D {a;}x;.
j=m+1 j=m+1
Hexan x=(x1,...,Xn) — uUinoyncenbHui gonyctumun poss'asok L3/ (4.11).

Togi niBa 4YacTMHa OCTaHHbLOI PIBHOCTI € LiNOYMCENbHOK, TOOTO, UINOYMCENBLHOW € i
BeNn4nHa

Bir- Dfaitx;.
j=m+1

PewTy [poBegeHHs npoBedeMO Bi4 CYNPOTMBHOMO: Hexau LinoYncenbHum
PO3B'A30K 3a40BOJIbHAE HEPIBHICTb

B;}— Dfo3x;>0, (4.15)

j=m+1

sika € npoTunexHoto (4.14). Ockinbkn 0 < {f} < 1,0 < {a/j} <1, Xj=2 0,710

B} - D{aydx;<t,

J=m+1

Lo pa3oM 3 (4.15) cynepeynTb LinoYncenbHOCTI

n

B3 - 2{as}x

j=m+1
i 3aBepLUyE OOBEOEHHA TEOPEMM.

Omxe, akwo go obmexeHb 3/I1 (4.13) abo, WO PIBHOCUNBLHO, A0 HeNpAMUX
obmexeHb 3JI1 (4.12), popatn obOmexeHHa (4.14), dke MOXHa 3anucatu B
eKkBiBafieHTHOMY BUASA;

n
Xpot — 2 {ay3x;=—{Bs}, Xpu120, (4.16)
j=m+1
Ae Xp+1 — pAopaTtkoBa 3MiHHa, i poss'asatn 3/IM1 (4,12), (4.16), TO ogepxumo
PO3B'A30K, BiAMiHHWA BiA (f1,..., Bm,0,...,0). HoBMI pO3B'A30K TakoX Moxe OyTu

HeujinovncenbHUM, WO NpuBege A0 HeobxigHOCTI 4oAaBaHHSA HOBOro OOMeXeHHsT Buay
(4.16) i T1.40. 3ayBaxumo, wWo AKkwo |/ B obmexeHHi (4.16) € iHaekc nepwoi
HeuinovncenbHOI 3MiHHOI, TO MOXHa rapaHTyBaTuM CKIHYEHHICTb anroputMmy nepLioro
mMeTogy [foMopi, Wo HaBOOUTBLCA HUXYE.

Anroputm nepworo metoay Nomopi
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1. Poss'asayemo ponomixHy 3711 (4.12). Hexam x(0) — 1 onTumanbHWi
PO3B'A30K. AKLLO ONTMManbHUN PO3B'A30K He iCHye, To BuxiaHa MNL3/I1 (4.11) Takox He
Ma€ OMTMMasnbHOro PO3B'A3KY.

2. Hexan Ha s-1 iTepauii po3s'ssdaHa gonomikHa 3/1/1, wo mae M obmexeHb Ta N
3MiHHMX, X(S) — T1i onTMMmanbHUMM poO3B'A30K. byaemMo BBaxaTu, WO KaHOHIYHI
0BMeXeHHs1 OCTaHHbOT iTepalii, WO BU3Ha4YaTb X(S), MaTb BUMMAA :

N
X; + Zoc,jxj =B;, i=1....M.
j=M+1

3siacu N-BumipHun sektop x(S) = (f31,..-, fm,0,...,0).

3. Axwo g, i=1,...,M, — uini, To KiHeub: x(S) € onTUManbLHUM PO3B'A3KOM
3apaui (4.11). Axwo icHye xo4a 6 oaHe i Take, WO fj — Apid, To nepexoanmo A0 MyHKTY 4.

4. 3naxogumo | = min {i}, Ae MiHiMyM 0BYMCMIOETLCA NO BCIX | TakuXx, WO £ —
Aapib, i byayemo gopaTtkoBe 0bMeXeHHS

N
Xnag — 2o dx;=—1{B}, Xn120,
j=M+1

Ae XN+1 — AoAaTKoBa 3MiHHA.

5. Poswwnproemo cumnnekc-tabnuuo 3a paxyHok (M+7)-ro pagka (gogaTtkose
obmexeHHs ) Ta (N+17)-ro ctoenus, WO BiANOBiAAE AOAATKOBIN 3MiHHIA X+ 1.

6. Po3B'a3yemo po3wmpeHy Takum umHom 3/11 ABOICTMM CUMMNIIEKC-METOLOM i
nepexoanMo A0 MyHKTY 2, 3aMiHAYM S Ha S+7. AKWOo npu uboMy Ha siKin-Hebyab
iTepauii ABOICTOro CMMMneKc-MeToay ogHa 3 Ao4aTKOBMX 3MiHHMX 3agadi (TobTo, TuX,
Wwo 3'aBunmca npu nobyaosi npaBurbHUX BIiATWMHIB) MOBTOPHO cTae 6asucHow, TO
BUKITOYAKOTLCS 3 NO4anbLUIOro po3rnaay BignoBigHi 1M psSAoK Ta CToBNeLb.

Mpuknap 4.1. Poses'szamu LU3/II1
L(x)=-2x1+ Xx2— min,

—-X1t+ Xo< 3,
6x7+7x2<8,
2x1—3x2<6,
Xj= 0, Xj— uine, j=1,2.

YBOAAUYM [OAATKOBI 3MiHHI X3, X4, X5 > 0, 3Boaumo BignosigHy 3/1M1 no K3JIMT i

PO3B'A3yEMO i 3BMYaNHUM CUMMSIEKC-MeToA0M (AamB. Tabnuuto 4.1).

Tabnuusi 4.1
X6a3 X1 X2 X3 X4 X5 B
X3 —1 1 1 0 0 3
X 6 7 0 1 0 8
X5 2 -3 0 0 1 6
A -2 1 0 0 0 0
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X3 0 13/6 1 1/6 0 26/6
X4 1 7/6 0 1/6 0 8/6
X5 0 -32/6 0 -2/6 1 20/6
A 0 20/6 0 2/6 0 16/6
Ak 6aummo, 1i onTumanbHMA  po3B'a3ok  x=(8/6,0,26/6,0,20/6) He €

ginoyncensHum. Tomy 3rigHO M.2 anroputMmy 3a OpYrum HenpsiMuMm OBMeXeHHAM
ponomixHoi 37171
X1+ (7/6) xo + (1/6) x4 = 8/6,

ByayemMo npaBunNbHUIA BIATWH, WO BU3HAYa€ETLCA chiBBigHOWEHHAMN (4.16):
—(1/6) xo0—(1/6) x4 + xg = — 2/6, x> 0.
e Xg — p[opaTkoBa 3MiHHa. Po3LMPHOEMO  OCTaHHIO CUMMMEKc-Tabnuul Ha oauH

PSAOOK, WO BianoBigae AoaaTKOBOMY OOMEXEHHIO Ta Ha OAMH CTOBMeLb, WO BignoBigae
aonatkoBin 3MmiHHIM. OpepxaHny 3/17 po3B'a3yeMo L4BOICTUM CUMMNEKC-MeToa0oM (AMB.
Tabnuuio 4.2).

Tabnuuys 4.2
X6a3 X1 X2 X3 X4 X5 X6 B
X3 0 13/6 1 1/6 0 0 26/6
X4 1 7/6 0 1/6 0 0 8/6
X5 0 —32/6 0 -2/6 1 0 20/6
Xg 0 -1/6 0 -1/6 0 1 -2/6
A 0 20/6 0 2/6 0 0 16/6
X3 0 2 1 0 0 1 4
X4 1 1 0 0 0 1 1
X5 0 -5 0 0 1 -2 4
Xy 0 1 0 1 0 6 2
A 0 3 0 0 0 2 2

Ha nepwomy > Kpoui OBOICTOrO CUMNIIEKC-MeToAy OOEPXYEMO ONTUManbHU
uinouncenbHMn po3B'a30k gonomikHol 3J/1M1. Omxe, x*=(1,0) € onTUManbHUM
po3B'a3kom BuxigHoi MNL3/II1. Mpu ubomy L (x*) = -2.

§ 3. YacTtkoBo WinouyncenbHi 3agadi NiHIKHOro NporpamMyBaHHS.
Opyrun metoa Nomopi

Opyrin meton omopi npusHadaeTbCca ONA PO3B'A3yBaHHA 4aCTKOBO (30Kpema,
MOBHICTIO) UinoyncensHux 31N (YL3JIT):
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L(x) :icjx-—>min (4.17)

Yax;=b;, i=1,..m, (4.18)
j=1

Xj20,j=1,..n, (4.19)
Xj— uine, j=1,....,p (p<n). (4.20)

MeTton posB'asdyBaHHA 3apgadi (4.17)—(4.20) rpyHTyeTbCA Ha Tin Xe igel, Wo i
mMeToa po3as'asdyBaHHsA [1L3/11. A came: po3B'sa3yeTbes gonomikHa 3711 (4.17)—(4.19),
LLIO OAEPXYETbCA 3 BUXIOHOI BiAKMAAHHAM YMOBW UinodncernsHocTi (4.20). Akwo us
3agava po3B'si3Ky He Mae€, TO, O4eBMAHO, i BuxigHa YLI3JIT He mae po3B'sA3Ky. AKLLO X
3/ (4.17)—(4.19) mae po3B'A30K, TO BiH aHani3yeTbCA Ha AOMyCTUMICTb ANA 3agadi
(4.17)—(4.20). Axkwo 3HaMgeHUn OoNTUManbHUA PO3B'A30K € LuinodncenbHUMm (y
po3yMiHHi ymoB (4.20)), TO BiH 04HOYACHO € onTuManbHUM i ansa 3agadi (4.17)—(4.20).
IHakwe Big posB'a3aHoi 3/I[1 nepexoaatb A0 HoBoi gonomixHoi 3J1M gogaBaHHAM
NiHINHOTO OBMEXEHHS, sIKe 3a40BOJSIbHAOTL LiNIOMMCENbHI Po3B'sA3kM BuUxigHoi YLI3JII,
ane He 3a00BOSfIbHAE OAEpXaHun HeuinoyncenbHUin po3s'a3ok BuxigHoi 3JI1. Le
aonatkoBe OOMEXEHHA BM3HAYae [OEsiKy BiATUHAKOYY MMOWMWHY | Ha3MBaeTbCA
npaBunNbHUM BIiATUHOM. [JogaBaHHSA HOBUX MpaBWUSIbHUX BIOTMHIB BiabyBaeTbCa O0TH,
MOKN Ha [OesKOoMy Kpoui He Oyge ogepXaHO LiNoYnmcenbHU po3B'A30K AO0MOMIKHOT
3ajaui, Wo €, 04eBMAHO, ONTUManbHUM po3B'sakom YLI3/IN.

Hexanm Ha oOCTaHHIN iTepauil cumnnekc-meTony npu pPo3B'A3yBaHHI JOMOMIKHOI
3/ 1T Henpsami obmexeHHA Habynu Burnagy:

n
Xi+ Ya;x;=PB;, i=1..m, (4.21)
j=m+1
i, OTXe, il PO3B'A3KOM € N-BUMipHWUI BeKkTop X = ( B1,...,5m,0,...,0).
Hexaw icHye Homep r (r<p) Takun, wo S, — gpobose yncno. Todi npaBunbHUM
BiOTMH Yy pgpyromy metoai omopi OyayeTbcs 3rigHO HACTYMHOI TEOPEMU, AKY MW
HaBoaMMO 6e3 JOBEeaAEeHHS.

Teopema 4.2. JIiHilHe ObMEXEeHHS

n
ZYI’ijZ{Br}a
j=m+1
abo, wWo pieHocuribHO,
n
Xne1 — ZYrij=—{l3r}, Xps120, (4.22)
j=m+1
oe
{arj}’ AKWO jﬁp, {arj}S{Br},
B Aa DA ={B D, Axkwo  j<p {o,}>{B}, 4.23)
Trj= o aKwo  j>p, o,;>0, '

B-a ) (1-{B),  skwo j>p, o,<0,
a X p+1 — 0o0amkoea 3MiHHa, € rnpasuribHuUM eiomuHom 0ns YLI3/1 (4.17)—(4.20).
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3ayBaxmMmo, WO SKWO r B OOMeXeHHi (4.22) € iHAeKC nepLloi HeuinovncenbHoi
3MiHHOI cepe nepwmx p 3MiHHUX, TO anropuTMm Apyroro Mmetogy [omopi, wo
POPMYIIHOETLCA HUXYE, € CKIHYEHHUM.

Anroputm gpyroro metoany Nomopi

1. PosB'asyemo gonomixny 3/11 (4.17)—(4.19). Hexan x(0) — i onTumanbHui
PO3B'A30K. AKLWO ONTUManbHOro po3B'saA3Ky He icHye, To BuxigHa YL3JI1 (4.17)—(4.20)
TaKOX He Ma€e PO3B'A3KY.

2. Hexan Ha s-1 iTepauii po3s'sdaHa gonomikHa 3/1/1, wo mae M obmexeHb Ta N
3MiHHUMX, X(S) — T1i onTMmanbHMMA poO3B'A30K. byaemMo BBaxaTu, WO KaHOHIYHI
0BMeXeHHs1 OCTaHHbOI iTepalii, WO BU3Ha4YaTb X(S), MaTb BUMMA4 :

N
X,'+ ZOC,'ijZBi, i:1,...,M.
j=M+1
3siacu N-BuMipHumn Bektop x(S) = (f1,-.-.6m.,0,...,0).

3. Axwo gj, i=1,...,p, — uini, To KiHeub: X (S) € oNTUManbHUM PO3B'A3KOM
BuxigHol YL3JI1. Axwo icHye xoya 6 opHe i Take, wo pF; — Api6 (i=1,...,p), TO
nepexoanMo A0 NYHKTY 4.

4. 3naxogumo r=min{i}, oe MiHimym 6epeTbcs no BCiX i (/=17,...,p) Takux, Wo £ —
Aapi6, i 6yayemo gonaTtkoe obmexeHHs 3a oopmynamu (4.22), (4.23) npu m =M, n= N.

5. Poswuproemo cumnnekc-tabnuuio 3a paxyHok (M+17)-ro psagka (gopatkose
obmexeHHs1) Ta (N+17)-ro cTosnus, WO BiANOBIAAE AOAATKOBIN 3MiHHIN Xpj+1.

6. Po3B'asyemo poswmpeHy Takum umHom 3JI1 ABOICTUM CUMMIIEKC-METOLOM i
nepexoanMMo OO0 MYHKTY 2, 3aMiHA4YM S Ha s+71. FAKWO nNpu UbOMY Ha Aeskin iTepauil
ABOICTOr0 CUMMNIIeKC-MeToAy oAHa 3 AOAAaTKOBUX 3MiHHUX NMOBTOPHO cTae 6a3ncHoto, To
3 NoAanbLUIOro po3rnagy BUKNHYaTLCSA BiANOBIAHI 11 pAooK Ta CTOBMELb.

Mpuknapn 4.2. Pose'szamu L3JIT1
L(x)=—x7—8x2— min,
3x1+ x9<09,
0.16 x4+ x2<1.9,
Xj > 0, Xj — uine, j=1,2.
YBoasaun [oOaTkoBi 3MiHHI X3 Ta X4, 3Boaumo BignosigHy 3J/I[1 0o KaHOHIYHOI
dopMu i po3B'A3yeMO ii cuMmnniekc-meToaom (ams. Tabnuuio 4.3).

Tabnuys 4.3

X6as3 X1 X2 X3 X4 B
X3 3.00 1.00 1.00 | 0.00 | 9.00
X, 0.16 1.00 | 0.00 1.00 1.90

A —-1.00 | -8.00 | 0.00 0.00 0.00
X3 2.84 0.00 1.00 | -1.00 | 7.10

X 0.16 1.00 0.00 1.00 1.90
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A 0.28 0.00 0.00 8.00 | 15.20

Tabnuusa 4.3 MicTUTL onTMManbHUM Po3B'A30K BuxigHot 3J1MM: x(0)=(0,1.9,7.1,0).

Ockinbkn yMOBY LiNIOYUCENBHOCTI LEen po3B'A30K HE 3aJ0BOJSIbHSAE, TO Byayemo
npaBUNbHUA BITUH 3@ ApYyrMM Henpamum obmexeHHam 3/ 3rigHO cniBBigHOLWEHb
(4.22), (4.23). ObMmeXeEHHs

0.16 x1+ x42 0.9,
abo
-0.16x1—x4+x5=—-0.9, x50
€ npaBuUIbHUM BIOTUHOM, A€ X5 gopaTtkoBa 3MiHHA.  Cumnnekc-tabnuus

PO3LUMPIOETBCA 3a PaxyHOK A0OAaTKOBOro OOMEXEHHs Ta [O04aTKOBOI 3MiHHOI (AuB.
Tabnuuo 4.4). Tabnuua 4.5 aense cobol pesynbTaTu BUKOHAHHA ABOX iTepauin
ABOICTOro CUMNNEKC-MeToay.

Tabnuys 4.4
X6az X1 X2 X3 X4 X5 B
X3 2.84 0.00 1.00 | -1.00 0.00 7.10
X 0.16 1.00 0.00 1.00 0.00 1.90
X5 -0.16 0.00 0.00 | -1.00 1.00 | -0.90
A 0.28 0.00 0.00 8.00 0.00 156.20
Tabnuys 4.5
X6a3 X1 X2 X3 X4 X5 B
X3 0.00 0.00 1.00 | -18.75| 17.75 | -8.88
X 0.00 1.00 0.00 0.00 1.00 1.00
X4 1.00 0.00 0.00 6.25 | -6.25 5.63
A 0.00 0.00 0.00 6.25 1.75 13.63
Xy 0.00 0.00 | —-0.06 1.00 | -0.95 0.47
X 0.00 1.00 0.00 0.00 1.00 1.00
X4 1.00 0.00 0.33 0.00 | -0.33 2.67
A 0.00 0.00 0.33 0.00 7.67 10.67

OntnmanbHuin poss'asok x(7) = (2.67,1.00,0.00,0.47,0.00) po3swwmpeHoi 3JII1
YMOBY LiNIOMUCENBHOCTI He 3a[0BOSIbHAE, TOMY 3a TpeTiM HenpsiMuM OBMEXEeHHSM
OyayeTbCca NpaBUNbHUA BiOTUH:

—0.33x3—-0.67 x5+ xg=—-0.67,x=0,
e Xg — AopaTtkoBa 3MiHHa. PoswmpeHa cumnnekc-tabnuus HasegeHa y Tabnuui 4.6.
BukoHaBWIN OOMH KPOK [OBOICTOMO CUMMJSIEKC-METOAY, OAEPXYEMO ONTUMarbHUN
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po3B'A30k gonomixHoi 3/17 x(2)=(2.00,1.00,2.01,0.58,0.00,0.00), Ak 3a40BOSNbHSE
YMOBY LjirniouncensHocTi. ToMy x*=(2, 1) € onTuMarnbHUM PO3B'A3KOM BUXIQHOT 3aadi.
Mpn ubomy L (x*) =-10.

Tabnuusi 4.6

X6a3 X1 X2 X3 X4 X5 X6 B
X4 0.00 0.00 | -0.05 1.00 | -0.95 | 0.00 0.47
X 0.00 1.00 0.00 0.00 1.00 0.00 1.00
X 1.00 | 0.00 | 033 | 000 | -0.33 | 0.00 | 2.67
Xg 0.00 | 000 | -0.33 | 0.00 | -0.67 | 1.00 | -0.67

A 0.00 0.00 0.33 0.00 7.67 0.00 | 10.67
Xy 0.00 0.00 0.00 1.00 | -0.84 | -0.16 | 0.58

X 0.00 1.00 0.00 0.00 1.00 0.00 1.00
X4 1.00 0.00 0.00 0.00 | -1.00 | 1.00 2.00
X3 0.00 0.00 1.00 0.00 2.00 | -3.00 | 2.01

A 0.00 0.00 0.00 0.00 7.00 1.00 | 10.00

§ 4. TpeTin meton Nomopi
Posrnspaemo l1L3JIIT:

L(x) =Y. ¢;x; —>min, (4.24)
j=1

Ya;x;=b;, i=1..m, (4.25)

j=1

Xj20,j=1,..n, (4.26)

Xj— uine, j=1,...,n. (4.27)

Hexan Henpsmi obmexeHHs 3/1I1 (4.24)—(4.26), Hanpuknag, y 6asuci A+,...,Am
npuBeaeHi 40 MamXke KaHOHIYHOro BUrMaay

n
X+ Daixj=PB;, i=1..m, (4.28)
J=m+1
pe ajj, Pi, i=1,...m, j=m+1,...n, —uini i cumnnekc-pisHuUi A;>0, j=1,...,n. Akwo
pi=0,i=1,.,m, TO oBMExXeHHs BM3HA4YalOTb ONTUManNbHUN PO3B'A30K 3adadi (4.24)—

(4.27), iHakwe BM3Ha4yaeTbCcA Aedkun uinodncensHun MBP suxigHoi 3JIM1. MoxHa
6yno 6, 3BnyanHo, BuOpaTn OAMH 3 iHAEKCIB i, ANns Akoro F;<0, i BUKOHaTK iTepauito

ABOICTOro cumnnekc-metoay. lNpote y uboMy BUNagky UinoYMcenbHICTb napameTpis
HOBOI cumnnekc-Tabnuui 6yna 6, B3arani Kaxydnm, nopylieHa 4vepe3 HeoOXiaHICTb
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AOiNEHHA Ha BeOyyuMnh enemMeHT NepeTBOpPeHHs. LlinouncenvHicTb HOBOI Tabnwuui
rapaHTyeTbCs NnvLLe TOAi, KON Beay4umn enemMeHT AopisHioe —1.

Buaesnsetbcs, wWo MoxHa nobyayeatM goAaTkoBe  OOMEXEHHs, KoMy
3a10BOSIbHAIOTL BCi UiflouncerbHi po3B'a3kn 3agadi (4.24)—(4.27) i Aske pa3oMm 3 TUM
BU3HA4Ya€e BedyuYnn PSAOK NEPETBOPEHHS, WO Mae Beayyuun enemeHT —1. byayetbcs
BOHO 3a I-M 0BbMexeHHAM cuctemu (4.28), ans skoro f;<0:

n
X, + Z(X,/j jZB/' (429)

j=m+1

Axkwio cepen obmexeHb (4.28) € Aekinbka 3 Bi4'€MHOK MPaBoK YacTUHOW, TO /
BMOMpaETbCA, Ik NpaBusio, 3 yMOBHU

p = min f;.

iipi<0

Moaginumo o6uasi 4vactuHn (4.29) Ha pfosinbHe uucno «>0 | 3anuwemo
oflepXXaHun pesynbTaT y BUrnagi:

o B [B] & [ay
8 oy U o o 0 e LR

IliBa yacTtuHa (4.30) npwm xj20, J=1,...,n, aBnsie cobOI0 Pi3HULO ABOX BEMNYMH

o
ﬁ+2{”} >0, {&}<1,
o jemer @ a

TOo6TO cTporo Ginbwa —7. OTxke, npaBa Y4acTuHa, Oydy4n UMM  4YMCNOM npwm
LINIOYNCENbHIX X j, 3a[J0BOIbHSE YMOBY

[&} i {a”}x >0, (4.31)

& jemsl @

sika € BipHOI Ans 6yab-aKoro 4ONyCcTUMOro po3B'asky 3agadi (4.24)—(4.27).
YBOAsYM JoAaTKOBY 3MiHHY X p + 1, nepenuwemo (4.31) y surnaai

Xpos + an {a”} {%} X020, (4.32)

j=m+1

OyeBnaHo, WO 3 Big'€eMHOCTI a|j BUNNuBae BiO'€MHICTb [a/j/a] i HaBnakn. Tomy
[B1/a] < 01 cepen uncen [a/j/a] € Bif'eMHi, TOOTO pAgoK Tabnuui, WO BU3HAYAETLCS

HOBMM oOOMexeHHaM (4.32), mMoxe OyTW NPUAHATMIA 3a Bedyuud O HacTyrnHOro
CMMNNIIEKCHOrO NepeTBOpPeHHA. Pasom 3 Tum npu

a = max (-a)
Jj=m+1,...,n
KOXXHOMY Big'€MHOMY ajj, j=m+1,...,n, Bignosigae [a/j/a] = —1, T06TO BEay4Mi

€NEMEHT LIbOro NepEeTBOPEHHA SIBHO JOPIBHIOE —1.
OTxe, po3WMPIOEMO HasiBHY CUMMMMEKC-Tabnuuto 3a paxyHok (m+17)-ro psgka 3
enemeHTamu [a;/a] (enemeHTN, WO BignoBigaTb 6a3VCHNUM 3MiIHHUM, PIBHI HYNO) Ta
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OAMHWYHOrO cToBNUA Ap+4, WO BIAMOBIAAE [AOAATKOBIA 3MiHHIN X p41. [lOTIM
BUKOHYETbCA CUMMIEKC-NEPETBOPEHHA 3 (mM+7)-M BegyyYuMm psiakoM | Begyydmum
CTOBMUEM, WO BUOMpAETbLCA 3a npasunamu OBOICTOrO cUMNIekc-meTody. Todi HoBa
cumnnekc-tabnuus 6yae nOBHICTIO uinodncenbHow. OnucaHa nNOCNIAOBHICTE Ain
CKrnagae okpemy iTepauito anroputmy TpeTboro metoay fomopi. ITepauii BUKOHYHOTLCS
AO0TK, NOKM He Byae oTpMmaHa cuMnnekc-Tabnuus, B siki yCi npaBi YaCTUHW HEBIQ'EMHI,
abo € psagoK 3 BiA'€EMHOK MPaBOK YACTUHOK | HEBIA'EMHUMM PELUTO enemMeHTiB. Y
nepwowmy Bunaaky l1L3/Il1 po3s'a3aHa, y opyromy — ii OOMEXEHHS € CynepeynMBMMu.
Axkwo Ha Byab-akin iTepauil ogHa 3 4o04aTKOBUX 3MiIHHUX nepexoanTb 3 HebasncHuX y
Ga3uncHi, TO BIgNOBIAHI 1M PSAOK i CTOBMEUb CUMMNEKC-Tabnuui BUKPECHOTbLCA 3
noganbLloro po3rnsaay.

Anroputm TpeTboro metoay N'omopi

1. 3Bogumo 3JIf1 (4.24)—(4.26) no MK3/I1 3 uinodyncensHUmMun koedilieHTamu,
Lo BM3Ha4ae uinouncensHun MABP x(0), ons sikoro AjZO,j= 1,...,n.

2. Hexanm Ha s-n iTepadil ogepxaHa noBHICTIO uinouncenosHa MK3/I1 3
HenpsMMMN obMeXeHHAMU BUaY

N
X+ ZOC,'ijZBi, i:1,...,M.
j=M+1

Lo Bu3Ha4ae uinouncensHun N-sumipHni MABP x(s) = (/1,---.m,0....,0), ana akoro
AjZO,j=1,...,N.
3. Axkwo Fi>0,i=1,...,M, To KiHeub: x(S) € onTUMansHUM po3B'askom [1L3JIf].
4. Hkwo ans gesikoro J, Takoro, wo S < 0, ojj 2 0,j=1,...,N, 1O KiHeub: 1L3JIl1

(4.24)—(4.27) He mae gonyCTUMMX PO3B'A3KIB. AKLIO TakuX i HeMae, TO
5. 3Haxogumo iHAoekc [ 3 ymoBM: Fy=minS;, Ae MiHIMyM BU3HA4Ya€eTbCA Ha

MHOXWHI TiNbkn TUX i, ANa akux £ < 0. 3Haxogumo o = max(—a/j), e Makcumym

BU3HA4Ya€ETbCA Ha MHOXWHI j=M+1,....N, i 6yayemo gogatkoBe obmexeHHa (4.32) npwu
m=MTtan=N.

6. Poswuproemo cumnnekc-tabnuuo 3a paxyHok (M+17)-ro psgka (gogatkose
obmexeHHs1) Ta (N +17)-ro ctoBnug, WO BignoBigae 4OAATKOBIN 3MIHHINA Xp+1-

7. 3HaxoguMo iHOEeKC k 3 ymoBMU: Ak=minAj, Ae MiHIMyM BU3HA4aeTbCa Ha
MHOXWHI TiNbKW TUX j, NS SKUX AM+1,j < 0. lNMepexogMmo OO0 HOBOrO LiNIOMMCESIBHOIO

MAOBP x(s+17), BUKOHYHOUYM CUMMIMEKC-NMEPETBOPEHHA 3 BedyuYuMmun psgkom (M+7) i
cTtoBnuem k. AkWwo k — iHOEKC ogHIel 3 40OaTKOBUX 3MIHHMX, TO NEPEXOAMMO L0 MYHKTY
8, iHaKwe — 00 NyHKTY 3, 3aMiHauM SHa s+71, MHa M+1, N Ha N+1.

8. Buknioyaemo 3 noganbLlioro pos3rnagy (BUKPecreMo) k- ctoBrneub Ta
(M+1)-n (ocTaHHIN) paaoK cumnnekc-tabnuui, nepeHyMmepoByeEMO peLuTy 00OaTKOBUX
3MiHHMX ANna 36epexeHHs HenepepBHOI Hymepalii BCiX 3MiHHMX 3afadi i nepexoanmo
A0 NYHKTY 3, 3aMiHAYM S Ha S +1.

3BepTatoum yBary Ha MyHKT 1 anropuTmy, 3ayBaXumo, WO iHKonu nobyposa
LinovncenbHOi CUMMMEKCc-Tabnumui 3 HEBIA'EMHUMN 3HAYEHHSMU CUMMIIEKC-PI3HULb He
BMMarae obuymncneHb. Y 3aranbHOMY X BMMAAKy Len eTtan 3BOAUTLCA 40 3aCTOCYBaHHSA
LbOro XX MeToay A0 OesKOol AOMOMIXKHOI 3afadi, NpU4oMy Ha OHIN 3 MOro iTepauin Moxe
BUABUTUCA HEMOXIMBICTb NobyaoBum NOTPiOHOI BuxigHOI Tabnuui. Bpaxosytoun ue,
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HaBps4 YW BapTO 3aCTOCOBYBATM LEeW MeTod OO0 pO3B'A3yBaHHA 3adad, Yy SKUX 3MICT
BUXiAHOI Tabnuui He € O4EeBUOHUM.

Mpuknap 4.3. Pose'szamu L3/l
L(x)=6xq+4x2— min,
2Xx1+ X923,
X1—2Xx92< 2,
3x1+2x021,
Xj 2 0, Xj — uine, j=1,2.
Lia 3apava BBeOeHHAM [0OaTKOBUX 3MIHHMX X3, X4, X5 Ferko 3BoauTbCA A0
Mawxe KaHOHIYHOro Buay (ame. Tabn. 4.7), wo smsHayvae MIBP x(0)=(0,0,-3,2,—1).

Tabnuuysi 4.7
X6az | X1 | X2 | X3 | X4 | X5 | B
Xg | =2 | -1 ] 1 o| o | -3
X 17| -2 0 1 0| 2
xs | -3 |-2] 0] 0 1 | -1
A 6 | 4| 0] 0] o0]oO

Ockinbkn cepen KOMNOHEHT BekTopa x(0) € Bia'eMHi, TO 3a NepwnM 0bMEXEHHAM
(/I=1) 6yayemo npaBunbHWUM BIOTUH Npu o = 2:
[-3/2]-[-2/2] x1—-[-1/2] x2> 0,
abo
-2+ Xx1+x220.
YBOAMMO A0AaTKOBY 3MiHHY Xg = 0 | 3anMCyeEMO OCTaHHIO HEPIBHICTb Y BUIMAL:
- X1—=Xo+xg=-2,x620.

Tabnuys 4.8
X6az | X1 | X2 | X3 | X4 | X5 | X6 | B
xg |2 -1 1] 0| 0] 0]f-3
X4 171 -2| 0 1 o| o| 2
xs | -3 -2 0| 0 1 o | -1
x¢ | -1 |-1| 0| 0] 0 17| -2
A 6 4 0 0 0 0 0

Posawunptoemo cumnnekc-tabnuuto Ha oanH pAanok (aogaTtkoBe OOMEXeHHs) i OanH
cToBneub (Aodartkosa 3MiHHA Xg) (AMB. Tabnuuto 4.8) i 3rigHO ABOICTOrO CUMIIEKC-

MEeToAy BMKOHYEMO CUMMIIEKC-NEPETBOPEHHS 3 BeayYMMn YeTBepTUM psLoKoM Ta
apyrim ctoBnuem (aue. Tabnuuto 4.9).
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Tabnuus 4.9

X6az | X1 | X2 | X3 | X4 | X5 | Xg | B
Xg | =1 0| 1| 0| 0|-1]-1
X 3| oo | 1] 01]|-2]68
xs | -1 0] 0] 0| 1 ]-2]3
Xy 1 1 o| o | o0 |-1] 2
A 21 0| 0| 0/| 0| 4]|-8

Hoesun MABP x(1)=(0,2,-1,6,3,0) He € onTumanbHUM. TOMY BUKOHYETLCS LUe
ogHa iTepauia metogy Nomopi-3 (aus. Tabnuuto 4.10, e HaBedeHi po3wmpeHa 3agada
Ta HacTynHa itepauis).

Tabnuysi 4.10

X6az | X1 | X2 | X3 | X4 | X5 | X6 | X7 | B
xg | -1 ] 0 1 o| o |-1]0]|-1
X 3| 0| o0 1 0| -2| 0] 6
xs | -1 0| 0| O 17 (-2 01| 3
Xy 1 1 ol o0 | o0 |-1]| 0] 2
x, -1 0| 0| 0| 0 |-1|1]-1
A 20| 0| 01| O o | -8
X5 0| 0 1 0| 0 -11 0
Xy o| o] o0 1 o|-5| 31| 3
X5 o| o] o] o0 17 | -1 |-1] 4
Xy 0 1 o| 0| 0 |-2|1 1
X4 1 o o01] 0] o0 17 | =11 1
A o|lo|o|o0o]| o] 2] 2]-10

Ak 6a4nmMo, OCTaHHA CUMMMEKC-Tabnmua BM3HA4Yae ONTMMarbHUN PO3B'A30K
3agadvi x*=(1,1). MNMpn ubomy L(x*)=10. 3ayBaxumo, WO nobyaoBa OCTaAHHbLOrO
A00aTKOBOro 0bmexeHHs Byna 3arBoto, AKLWO NPUIRHATU OO0 yBaru, WO NPU BUKOHAHHI
CUMNIIeKC-nepeTBopeHHs y Tabnuui 4.9 y BiANOBIAHOCTI 3 ABOICTUM CUMIMIEKC-METOAOM
Beay4mn enemeHT 6yB 6u piBHUM —17.
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§ 5. AuckpetHi 3J1IN. Metoa NanbToHa-JIneBeniHa

Opyrni anropntm Fomopi moxe 6yTn BUAO3MIHEHU AN PO3B'si3yBaHHA YaCTKOBO
(30Kpema, NOBHICTHO) ,D,I/ICerTHI/IX 3JIr1:

L(x Z ¢; x; — min, (4.33)
Jj=1
n
Ya;jxj=b;, i=1,..m, (4.34)
j=1
Xj20,j=1,..n, (4.35)
g 1 2 Ny o
xje{xj,xj,...,xj Y j=1,...,p(p<n). (4.36)

n-
Hexait 0= x'< x2 <..< x 1.
] ] ]

o ymoB (4.34), aKkwo ue HeobXigHO, MPUEOHYIOTLCA HEPIBHOCTI XJSXJJ,

j=1,...,p, Tak wo posinbHmM nnaH x 3JIM (4.33)—(4.35) 9BHO 3a40BOSIbLHAE yMOBaMm

OSXISXJ JJ=1,...,p.

Cnigywoun igei MeTo,u,iB BiATMHaHHSA, po3B'a3yeTbea gonomikHa 3117 (4.33)—(4.35).
Hexan Ha ocTaHHin iTepauii cumnnekc-meTtoay ii Henpsami obmexeHHss HabupatloTb
BUrNSay

n
Xi+ 2aiixj=p, i=1..m, (4.37)
J=m+1
TO6TO 1 pO3B'A3KOM € n-BUMipHMN BekTtop x=(/f1,....,m,0,...,0), Ae Oona pesikoro
Homepa r (r<p)
x'<p,<x'"" net1<v<n, . (4.38)

Togi npaBunbHW BigTMH Yy MeToadi [anbToHa-llneeseniHa OyayeTbcs  3rigHO
HaCTYMNHOI TeopeMu.

Teopema 4.3.  JliHiliIHE OBMEXEHHS
n
D XpZv (4.39)
j=m+1

abo, wo pieHocuribHO,

Xn+1 — 27/ rj Xi==Vrs»  Xni1 20, (4.40)
J=m+1
Oe
y =B -x, (4.41)
A, AKWo  a,;=0,
R 4.42
Vorj ":1—ﬂ (—ay), AKwo a,;<0, ( )
,
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a Xp+1 — 0oGamkosa 3MiHHa, € rnpasunibHUM eidomuHom 051 duckpemHoi /11 (4.33)—
(4.36).

[oBeaeHHs. Mo3HauMmo 4yepe3 NB MHOXWHY iHAOEKCIB Heba3UCHUX 3MiHHMX,
10670 NB = {m+1,...,n}. Nokaxemo, Lo obMexeHHs (4.39) € BiATUHOM.
[incHo, 3 BpaxyBaHHAM (4.38) maemo

n
2y Xj= 2reX=0 <y =px],
j=m+1 je NB
TO6TO, TOUKa X obMexeHHs (4.39) He 3a00BOMbHSE.
Hosepoemo Tenep, wo (4.39) € npaBunbHUM BIiATMHOM. Byab-akun gonyctumMmim
po3B'A30K 3aaaui (4.33)—(4.36) 3a40BONbHSE O4HY 3 ABOX HEPIBHOCTEN:

v+1
1) xrzx, (4.43)
2) xp<x,. (4.44)
3anuwemo r-e obmexeHHsa cuctemu (4.37) y Burnagi
X =B+ 2(-ap)X;. (4.45)
jeNB

YBIiBLUM NO3HAYEHHSA
NB* ={j.j e NB, o < 0},
NB— = {j:j € NB, aopj = 0},
S+: Z(—OC rj)Xj’
jeNB*
S = Z(—a rj)Xj’
jeNB~

nepenuLiemMo cniBeigHOLWeEHHS (4.45) y Burnsaai:

Xr=pB+S*t+S-. (4.46)
3a o3HayeHHsaMm NB* i NB— T1a 3 HeBIiA'€eMHOCTI Xj, Maemo

S*>0, (4.47)

S—<0. (4.48)

PoarnsHemo nepwun sunagok. MNMpunmatoum o yearu (4.43) ta (4.46), nocnigoBHO
MaeMO:

/3,+S++S_2x;/+1,

St =(x)-p )-S5,
3Biaku B cuny (4.48) ogepxyemo
1
St > x;/+ ~Br,

abo, WO PiBHOCKIIBHO,
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Br-x;

r + 14
TS Zﬂ,——xr.
X, =Pr

O6'eaHytoum L0 HepiBHICTb 3 (4.48), maemo:

_ Br-xYt
-S +#s+2ﬂ,—x% (4.49)
Xr —Br

[nsa sunagky (4.44) 3 ypaxyBaHHsaM (4.46) maemo:
Br+ST+S” Sx;/,
-S"2(pr-x))+S",

abo, npunmatoum go yearu (4.47),
-S 2 pr-x/.

O6'eaHY04M OCTaHHIO HEPIBHICTb 3 O4EBUOHOK HEPIBHICTIO

Br-x;
e ST =20,

X, =PBr
OAEPKYEMO CNiBBIAHOLLIEHHS

_ Brx/
s+ LT stsp,oxY,
v+1 r
X, =PBr
sike cniBnagae 3 (4.49). Omxe, 6yab-9kMn JOoNycTMMUMI PO3B'A30K 3agaui (4.33)—(4.36)
3a0BOSbHAE HEPIBHICTb (4.49), 9Ky, BpaxoBYyloun yBeAEHI NO3HAYEHHS, NEPENUCYEMO Y

BUrNAA;
ﬂr_x;/
Z — g (Ca)x; + Zarjszﬂr_x;/-

Jlerko GauynTn, WO opepXaHa HepiBHICTb cniBnagae 3 HepiBHICTO (4.39), AKWO
yBECTU NO3HaYeHHs (4.41), (4.42). OTxe, HepiBHICTb (4.39) € NpaBUNbHUM BIATUHOM.
[loBeeHHs 3aBepLLEHO.

Anroputm [anbTtoHa-JlneBeniHa
1. PosB'asyemo gonomixHy 3/1/1 (4.33)—(4.35). Hexan x(0) — 1i onTumarnbHUn
po3B'a3ok. Akwo 3/117 (4.33)—(4.35) po3B'asky He mae, To Y/3JIIM (4.33)—(4.36) Takox
He Mae pO3B'A3KY.
Hexan Ha s-n iTepauii po3s'azana gonomixHa 3/11, wo mictute M obmexeHb Ta N
3MiHHUKX, X(S) — 1I oNTMMarnbHUM PO3B'A30K. Hexan KaHOHIYHI OOMeXeHHs OCTaHHbOI
iTepadii, WO BM3Ha4yalTb X (S), MalOTb BUIMISA:

N
XI'+ Za,-jxj=ﬂ,-, i:1,...,M,
j=M+1

T06TO0 X(S) = (fS1,---.8M,0,...,0).
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2. Axwo pj, i=1,...,p, 3ap0BONbHAIOTL yMoBam (4.36), TO KiHeub: X(S) €
onTUManbHUM po3B'sA3koM BuxigHol Y/3/IM1. IHakwe

3. 3Haxogumo r=min{i}, ge miHimym GepeTtbcs no BCiX i (i=1,...,p) Takux, WO

Ans nesHoro v, 1<v<nj—1, xiV< Bi <xiv+1, i Byayemo gopatkoBe obMeXeHHs 3a

dopmynamu (4.40), (4.41), (4.42) npuy m=M, n=N.

4. Poswunptoemo cumnnekc-tabnuuio 3a paxyHok (M+7)-ro psgka (goaaTkoBe
obmexeHHs1) Ta (N +17)-ro ctoBnug, WO BignoBigae OAATKOBIN 3MIHHINA XN+ 1-

5. Po3B'a3yemMo pos3wmpeHy Takum umHom 3JI1 ABOICTUM CUMMIIEKC-METOLOM i
nepexoammMo A0 MNyHKTY 2, 3aMiHAKYM S Ha S+7. AKWO npy LUbOMY Ha AesKin iTepauil
ABOICTOro CMMMMeKc-MeToay ogHa 3 A04aTKOBUX 3MiHHMX NOBTOPHO CTae BasnCHOM, TO
3 No4anbLUOro po3rnaay BUKAOYaKThCA BIANOBIAHI 1 pALOK Ta CTOBMNELb.

3ayBaXuMmo, WO, O4EBUAHO, PO3MMAHYTUI anropuTM MOXHa 3aCTOCOBYBATU TaKoX
i ONa po3B'si3yBaHHSA MOBHICTIO Ta 4acTKoBO UinouucenoHux 3/If1, ane, mabyTtb, 3
MEHLLOK e(PeKTMBHICTHIO, HiXX BigNOBIgHI anroputMun floMopi.

Mpuknap 4.4. Poses'szamu Y43/l
L(x)= x7+ Xx2— max,
—-X1+4x2<12,
4x1— x0<12,
X120, x220,
x1 €{0,1,4},
xo € {0,1,3,5}.

BionosigHa 3/171 BBeAeHHAM HEBIA'EMHUX AOAATKOBUX 3MIHHUX X 3, X 4 3BOAUTLCS

[0 KaHOHIYHOro BUrMsay
L(x)=—-x71— X2—>min,

—X1+4 X0+ X3 =12,
4x1— X2 +x4=12,
Xjz0,j=1,...,4,

sika pO3B'A3YETLCSA CUMNIIEKC-MeToaoM (auB. Tabnuuto 4.11).
Tabnuysi 4.11

X6a3 X1 X2 X3 X4 B
Xg —1 4 1 0 12
X 4 —1 0 1 12
A ~1 ~1 0 0 0
Xg 0 15/4 1 1/4 | 15
X4 1 —1/4 0 1/4 3
A 0 ~5/4 0 1/4
X5 0 1 4/15 | 1/15
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X4 1 0 1/15 4/15 4

A 0 0 1/3 1/3 8

OcTaHHA cumnnekc-Tabnuua Bu3Havae onTuManbHU po3B'a3ok 3/ x=(4,4).
Ockinbkn 3MiHHa X2 He 3a[0BOSIbHAE YMOBY AWCKPETHOCTI, TO 3a NepLiMM Hernpsamum

obMexeHHsIM, [ie 3MiHHa Xo € basucHoi, byayemo goaaTtkoBe OBMEeXeHHs 3rigHo
dopmyn (4.40)—(4.42):
—(4/15) x3—(1/15) x4 + x5 =—1,x5> 0.

3rigHO anropuTMy pO3LUMPIOEMO CUMMMEKC-TabnNuuUIo 3a paxyHOK MpaBUSIbHOro
BiATMHY i po3B'adyemMo ogepxaHy 3/I[1 gBoicTMM cumnnekc-meTogom (ame. Tabnuuto

4.12).

Tabnuys 4.12

X6as X1 X2 X3 X4 X5 B
Xy 0 1 415 | 1/15 0 4
X 1 0 1/15 | 4/15 0 4
X5 0 0 -4/15 | -1/15 1 ~1
A 0 0 1/3 1/3 0 8
Xy 0 1 0 0 3
X 1 0 0 1/4 1/4 15/4
X3 0 0 1 1/4 | —15/4 | 15/4
A 0 0 0 1/4 5/4 27/4

B ontumansbHoMy po3B'asky uiei 3apadvi x=(15/4,3,15/4,0,0) 3miHHa x4 ymMOBYy
AVCKPETHOCTI He 3a[l0BOSIbHAE, TOMY 3a APYrMM HenpsiMMM OOMEXeHHAM, Oe Xq1 €
6a3ncHoto, Byayemo npaBunbHWUA BiATUH 3rigHO bopmyn (4.40)—(4.42):

—(1/4) x4 — (1/4) x5 + xg = —11/4, x5 > 0.
Poswwnpena gonomixxHa 3/I[1 po3B'a3yeTbCca OBOICTUM CUMIMNEKC-MeToaoM (OuB.

Tabnuuto 4.13).

Tabnuys 4.13

X6a3 X1 X2 X3 X4 X5 X6 B
X, 0 1 0 0 1 0 3
X4 1 0 0 1/4 1/4 0 15/4
X3 0 0 1 1/4 | —15/4 0 15/4
Xg 0 0 0 —-1/4 | —1/4 1 —11/4
A 0 0 0 1/4 5/4 0 27/4
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X, 0 1 0 0 1 0 3
X4 1 0 0 0 0 1 1
X3 0 0 1 0 4 1 1
X, 0 0 0 1 1 -4 | 11
A 0 0 0 0 1 1 4

Ii onTumanbHuiAi po3B'a3oK x = (1,3,1,11,0,0) ymoBYy OUCKPETHOCTI 3a40BOJSIbHSE.
Otxe, x*=(1,3) € onTMmanbHUM pO3B'A3KOM BUXigHOI 3agadi. Mpu ubomy L (x*) = 4.

§ 6. MeTopa BiTOK Ta rpaHuub. Anroputm JleHa-Oowur

[na po3B's3aHHA 3agad OMCKPETHOro (3okpema LinoYmcenbHOro) niHinHOro
nporpaMmyBaHHA LUMPOKO BUKOPUCTOBYETBCA MeTO BITOK Ta rpaHuub. Llen meton
HaneXxmnTb OO Knacy KOMOIHAaTOpHMX METOAIB i 3BOAMTLCS 0 HanpasreHoro nepedopy
BapiaHTIiB PO3B'A3KIB ONTMMI3aLiNHOI 3a4adi, KON po3rnsgaroTbCa nuwe Ti 3 HUX, SKi
BUABSIAOTLCA 3a NEBHMMM O3HAKaMW MEPCNEKTUBHUMW, | BigKMOAOTbLCA Bigpasy uini
MHOXMHW BapiaHTiB, WO € 6e3nepcnekTMBHUMN.

PoarnsHemo 3aranbHy cxemy MeToay Ha Npukniagi onTumisauinHol 3agadi

f(x) > min, x € D, (4.50)
pe D — ckiHYeHHa MHOXWHa, a X € EN.

OcHoBy meTOay CcKknagalTb Taki npoueaypw.

1. O64ucneHHs1 HUXHBLOI OUiHKU (2paHuyi) Ansa 3Ha4YeHb LinboBoi yHKLUIT f(X)
Ha OONYCTUMIN MHOXWHI D = DO (abo Ha gesikin i NiGMHOXMWHI), TOBTO, 3HAXOOKEHHS
uncna &(DO), Ttakoro, wo f(x)>&(D9 ana scix x e DO. MutaHHa npo Te, K
3HaxoauTbes & (D 0), BUpiLLYETLCS OKpeMOo Ans KOXHOI 3aaavi.

2. Po36bummsi Ha niOMHOXUHU (po32anyxeHHs1). Peanisauis wmeTony
noB'a3aHa 3 posranyXeHHsAM MHOXWHKU D (abo geskoi i MIQMHOXWHM) B OepeBo
NiAMHOXWH 3rigQHO TaKoi CXeMM.

Hynbosut (moyamkosul) kpok.  [esikmm 4YnHOM (B 3anexHoCTi Big 3agadi)
MHOXUHY DO pO30MBAEMO Ha CKiIHYEHHE YMCIIO NIAMHOXMH D1’1,...,D1’ N7, Takux, WO He
nepeTnHarTbCA Mk cobolo, |

N1
po-yph!
1=1
(auB. puc. 4.2).
DO
p ! p 12 . . . p N
Puc. 4.2
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S-U kpok (s=>1). Maemo MHOXWHK DS’1,...,DS’NS, ofepXaHi Ha nonepegHLOMY
Kpoui. 3a neBHUM npaBunom (WO opMyneETbCA HWXKYE) cepen HUX BuMOMpaeTbca
mMHoxuHa DY aka BBaxaeTbcs nepcnekTMBHOW. Ll MHOXMHA po3BuBaEcTbCA Ha

. . ) ’k
ckimueHHe umcrno  nigmuoxun DS YT pS:ul  pSURu o o we
nepeTnHarTbCa Mk cobolo, |
ku
DS,U: UDS,U,/
1=1
(ams. puc. 4.3).
Ds,1 _ _ DS’UT1 Ds,u Ds,u+1 _ _ Ds,l\(S
s,u,1 S,u,2 s,uk
Puc. 4.3
MepenosHauaemo  muoxwmum DS psSu-Tps.utl ps.Ns 5 e
) 1k .
posranykysanucs, Ta  MHoxuau DS:U.T ps.u.l S fu o nenkani

poaranyxenHsm DSV uepes DS*TT:1 DSt Nsi1,

3. 064ucreHHs1 OyiHOK. Ha KOXHOMY KpoLUi po3rany>XeHHsi 3HaxoAMMO OLjiHKM
g(DS), I1=1,...,Ng, Taki, wo f(x)>&(DS!) gna scix x e DS/ B 6yab-sikomy Bunagky,
AKLLO

ku
pS:u_ U Ds,u,l
1=1
TO, AIK nerko 6auntn, &(DSUN>e(DSY), I=1,... k.

4. 3Haxo0)XeHHsI po38'si3kie. [1na KOHKPETHWX 3aday MOXHa BKasaTu Pi3Hi
cnocobu (WO, 3BMYAWHO, BM3HAYalTbCA CNeuudikow 3afadi) 3HaAXOKEHHS
AOMYyCTUMUX PO3B'A3KIB HA MOCNIAOBHO pO3ranyXxyBaHuUX NigMHOXUHAaX.

5. Kpumepilti onmumanbHocmi. Hexan

D 0_ ,\(JS D s,/
1=1

i xSUesDSU, fAxwo npu upomy f(xSU)=g(DSU)<E(DS), I=1,...,Ng, 10 xSU €
onTumMarbHUM po3B'A3koM 3aaadi (4.50).

Bci onucani BuLwe aii 4o3BonsoTe chopmynioBaTu

Anroputm meToay BiTOK Ta rpaHulb

1. O6uncnioeTbes ouiHka &(D)=&(D0). Akwo npy LbOMY 3HAXOAUTLCS TaKUK
nnaH x* wo f(x*)=&(D0), To kiHeub: Xx* € onTuManbHUN Po3B'A30K 3agadi (4.50).

IHakwe MHoxuHa DO PO36MBAETLCA HA CKiIHYEHHE YUCNO MIOMHOXWH D1’1,...,D1’ N7,
npuyomy
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N4
p%-uypn?!,
1=1
O6uncrioemo ouinkn &(D 1)), 1=1,...,N4. Axwo ans peskoro I (I=1,...,N4) D1/ ¢

MOPOXHBLOIO MHOXMHOIO, TO noknagaemo & (D 1./) = wo.

2. Hexan Ha s-y KpoLi MAaeMO MHOXUHU DS’1,...,DS’NS, ona skmx £(DST),...,
é(DS’NS) €, BiOMOBIAHO, HWXHIMW OUiHKaMW AONs 3HA4YeHb UinboBOI QOYHKUil. HAKLWO
BOAETLCS! 3HANTU Takwil nnaH x* wo x*e DS npn pgesakomy i=1,...,Ng, i f(x*)=
=g (DSNH<e (DS npni=1,...,Ng, TO KiHEUb: X * — ONTUManbHUIA NnaH. IHakwe

3. 3Haxogumo u 3 ymoBmu

§(D%)=,_ymin, ¢ (0+)

AKWwo Takux iHOEKCIB Aekinbka, TO MOXHa BuOpatn 6yab-sakun 3 Hux, abo BCi
Bigpasy. Pos3bmBaemo MHOXMHYy DSU  Ha  CKIHYEHHE  4YMCno  NiAMHOXWH

S,u,k . .
DSy 1 D Y Takux, Wo He nepeTnHarTLCA MK COBOI, |

k
Ds’u:LlleS’u’l
1=1
O0BUYMCNIDEMO  OLiHKK g(DS,U,/), I=1,....,ky, nepeno3Ha4aEeMo MHOXMNHU

ps1 . psu-Tpsu+l ps.Ns Ta DSl I1=1,...ky, Yepes

pS*1.1  pS+1.Ns+1 | nepexomnmo 4o NyHKTY 2 anropuTMy, 3aMiHSOUM S Ha S +1.

3pO3yMino, WO po3rnsaHYyTUA MeTo Yepes3 CKIHYEHHICTb AONYCTUMOI MHOXWUHKN D €
CkiH4eHHM. OfHak y 3aranbHOMY BUMAAKy HEMOXIIMBO aHaniTUYHO OLHUTU KiNbKICTb
iTepauin, HeobXxigHMX ONA pPO3B'A3aHHA KOHKPETHOI ONTUMi3auinHoi 3agadi. [NpakTuka
CBigYNTb, WO ANna 3agavy 3 BENUKAM YUCIOM 3MIHHMX KINbKICTb iTepauin Moxe
BUABUTUCS HEMPUMYCTMMO BESTMKOI HaBiTb NpU po3B'A3aHHi Uiei 3agadi Ha EOM. lNpoTe
BiAOMI npuknaan, Konu i 3agadi 3 NOpiBHAHO HEBENUKO KiMbKICTHO 3MIHHMX HE MOrnn
OyTv po3B'A3aHi MeToAOM BITOK Ta rpaHuWub 3a MNPUAHATHUMN 4Yac 4Yepe3 Te, WO
HanpasneHun nepedbip He3HAYHO BiAPI3HABCS Big MOBHOIO.

e pas nigkpecnumo, Wo npu peanisadii BULLEOoNUcaHol 3aranbHOI CXeMu MmeToay
BIiTOK Ta rpaHuub Ans OKpeMux 3ajady [LUCKPETHOro nporpamMyBaHHA HeobxigHo
po3pobnioBaTn, BUXOOAYM i3 cneumndikn, npaBuna posrany>XeHHs, cnocobn ob4mcneHHs
OLIHOK Ta 3HaXO4KEHHSI PO3B'A3KiIB.

Hani HaBognTbcsa aneopumm memody JleHd-[ole, akun sBnse coboro peanisadito

mMemody 8imoK ma epaHuub ons 3agadi LinoYncensHoro NiHinHOro NporpaMyBaHHS:
n

L(x) =D ¢;x; —>min, (4.51)
j=1

n

da;;x; R; b, i=1..m, (4.52)

j=1

0<xj<dj,j=1,..,n, (4.53)

Xj— uine, j=1,...,n, (4.54)
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ae R;j(i=1,...,m) — 6yab-AKi 3 BiAHOWEHb <, >, =.
feski 3 umcen d; B (4.53) MoxyTb AopiBHOBaTKU +o. [NepenbavaeTbecs, LWO

MHOrorpaHHa MHOXMWHA, $ika BW3HadeHa cniBgBigHoweHHaMK (4.52), (4.53), €
0BMEeXeHOH0.

Buknapg metopy Jlena-Oowr

PosB'asyetbcsa gonomixHa 3/1/1 (4.51)—(4.53), ska oTpumaHa 3 BuxigHoi L3JIf1
(4.51)—(4.54) BigkmgaHHAM YMOBMU LiNOYMCENbHOCTI 3MiHHUX (4.54) (BiTka 0; 7). Axwo 1i
po3B'A30Kk x(0;71) — UinoYMCenbHUN, TO BiH Xe € i po3B'a3koMm BuxigHoi L3JIM1. Y
npotTuBHoMy pasi BenunumHa &(0;71)=L(x(0;1)) Lae HWKHIO OUIHKY (2paHuuro)
LinboBOi dyHKUiT Y3/ Ha MHOXMHI D(0;1)=D, wo BM3HA4Ya€eTbCA CNiBBIAHOLLIEHHSMMN
(4.52)—(4.53).

Hexait pesika koopauHata Xx;(0;1) (j=1,..,n) poss'sisky x(0;1) He e
yinoynceneHow. B uboMy BUMNaAKy 34IMCHIOETLCA po32aslyeHHss MHOXUHU D(0; 1) Ha
ABi nigMHoxuHnM D(1;1) i D(1;2) popgaBaHHaM 0O obMexeHb, wo 3agatte D(0;1),
obmexeHb xjg[xj(0;1)] Ta sz[xj(0;1)]+1 BignoBigHo, aoe [z] — wuina 4yacTuHa
yucna z. [ani po3B'a3ytoTbCsl HOBI AONOMIXKHI 3/1/7 3 0BMeXeHHAMM, AKi BU3HAYaOTbCA
nigMHoxvHamun D(1;1) 1a D(1;2), 3HaxogaTteca rpanvui E(1;1)Ta&(1;2)iT. A.

[na noganbworo posranyXeHHst obupaeTbca rnepcriekmueHa MHoxuHa D(k;r) 3
HanmeHLwoto rpanuueto & (k;r). Npouec NpoaoBXyeTbCA 4OTH, NOKU He Byae OTpMMaHo
PO3B'A30K, AKNA 3a0BOJSIbHAE YMOBY L|iNIOMUCENBHOCTI | AN AKOro BUKOHYETHCH O3HaKa
onTumanbHocCTi (guB. N.4 anroputmy). BHacnigok obmexeHoCTi 4ONyCTUMOT MHOXUHU
3JIIT (CKiH4eHHOCTI AonycTtuMoi MHOXuHW L{3/1T) meTopn Jlena-Jonr cCKiHYeHHNI.

Anroputm metony Jlena-Adowr

1. BwusHavaiotbcss MHOXMHM D(k;r) ymoBamn (4.52), (4.53) i popmatkoBuMMMK
OOMeXeHHsIMN, AKi BUHUKaKTb B Mpoueci posranyXeHHsa (ame. NyHKT 5). Ha 0-y kpodui
noknagaemo D(0;1)=D, ne D 3agaeTtbca ymoBamu (4.52), (4.53).

2. PosB'asytotbea gonomikHi 3/1I Ha MHoxuHax D(k;r). Hexan x(k;r) —
onTMMarnbHi po3B's3ku BKasaHux 3J1/71.

3. OOGuucniowTbcs rpanvui Ha MHoxuHax D(k;r) 3a dopmynow &(k;r)=
=]L(x(k;r))[, ne 1z[ — HanMeHLLUEe uine Yncno, He MeHLe Z.

4. Axkwo icHywTb k, | Taki, wo x(k;Il) — uinoyncenbHMn PO3B'A30K Ta AS1S BCiX
BITOK r Ha K-y KpOLi BUKOHYIOTbCSA CriBBIAHOLLIEHHS

L(x(k;1))=&(k;1)<E(k;r),
TO X *=x(k;I) — onTumanbHui po3s'azok LY3/If1.

5. PosranyXeHHs 34IMCHIOETBCA MO HeLiNoYMCeSbHIA KOMMOHEHTI xj(k;r) (3
MiHiManbHUM j) po3B'a3ky X (k;r), WO BiaNoBigae NepCcnekTnBHIN BiTUi K; r (AKLWO Takux
BITOK Aekinbka, TO BMOMpPAETbCS BiTKa 3 MiHiMarbHUM HOMEPOM r), LOAABAHHAM [0
D(k;r) ogHiei 3 NigMHOXWH xjs[xj(k;r)] abo sz[xj(k;r)] +1.

Mpuknap 4.5. Poss's3amu 3adayvy

L(x)= —xq1—3x2—> min,
X1+4xy< 14,
2x1+3x9<12,
Xj = 0, Xj — uine,j=1,2.
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Po3B'A30K, WO HaBOOUTLCA HUXYeE, iNIOCTPYETLCA CXEMOMO, sika NpeacTaBrieHa Ha
puc. 4.7.

Byoemo nosHayatn 4epe3 D 3 HanexHumu iHgekcamu ponyctumi obnacTi

AonoMikHUX 3JIl1, Aki OTPUMYKOTbCA 3 OONYCTUMWUX MHOXWH BignosigHux LI3JIM1
BIAKMOAHHAM YMOBW LiSTOYNCENBHOCTI.

0-U KpOK. Po3B'asyemo gonomixny 3/11
L(x)=—-x7—3x2—>min, xe DO.
Ii po3s'azok mae Burnsg (ams. puc. 4.4):
x0=(6/5,16/5), L(x0)=-54/5.
) %

x %= (6/5,16/5)

. . . . . ~ = X,
@ 1
Puc. 4.4

O6umncnioemo rpanuLio &(D0) =1-54/5[ = —10.
MpoBoaMMO po3ranyxxeHHst MHOXUHW D 0:
DO =p11 D1,2,
D".7={x:xe DO, x;<[6/5]= 1},
D12={x:xe DO, x;>[6/5]+ 1=2}.
1-U KpOK. Po3B'asyemo gornomixHi 3/11
L(x)=—x7—3xo—min, xe D1.1.
L(x)==x7 —3x2—>min, xe D12,
Ix po3B'asok mae Burnag (avs. puc. 4.5):
x1.1=(1,13/4), L(x11)=-43/4,
x1.2=(2,83), L(x12)=-10.
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,1
D" x"'=(1,1314)

x 2= (2,8/3)

= X,
o 1 2
Puc. 4.5

O6uucrioemo rpannui &(D71.7)=1-43/4[=-10, &(D1.2)=1-10[=-10.

MpoBoanMo po3ranyxeHHst MHOXuHW D7.7:
D1.1=p21y D2’2,

D21={x:xe D11 x,<[13/4] = 3},
D22 = {x:xe D11, X2 2>[13/4] + 1= 4}.

Moknagaemo D23 = D1,2,

2-U KPOK. PoaB'asyemo gonomixHhi 3/171
L(x)=—=x1—3xp—>min, xe D21,
L(x)=—-x7-3xp— min, xe D22,

Po3B'a30k nepLuoi 3agadvi mae Burnsg (ame. puc. 4.5):
x21=(1,3), L(x21)=-10,

Apyra 3afava po3B'asky He Mae, Tak K MHOXUHA D 2:2 NopoXHs.

| %2 x%'=(1,3)

N

:>X1

O 1
Puc. 4.6
O6umncnitoemo rpaHuLio & (D2 1)=1-10[ = —10 Ta noknagaemo & (D 2:2) = w.

AHanisytoun poss'ssku 3J/11, nos'sasaHux 3 obnactamu D27, D22 D23 13
BUKOPUCTOBYIOYN KPUTEPIN ONTUMAsibHOCTI, NPUXOAMMO A0 BUCHOBKY, LLUO PO3B'A30K

BuxigHoi L3711 mae Burnsa: x*=(1,3), L(x*)=—10.
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3ayBaxymMo LWe pas, WO TMpouec po3B'A3yBaHHA HaBeAEeHOoro npviknagy
iNIOCTPYETHLCA CXEMOLO, sika NpeacTaBneHa Ha puc. 4.7.

x%=(6/5,16/5)

0-1 Kpok
/x1s 1 \x12 2
x = (1,132) x 2= (2,6/3) 1-i1 KpOK
/x2 <3 N =4 \
x %= 013 D%?2= 4 x %= (2,8/3) | o KPOK
Puc. 4.7

§ 7. 3apaya npo onTUMarnbHi NPU3HAYEHHS.
Yropcbkuun metoa. Metoa Maka
MaTemMaTnyHy NOCTAHOBKY 3aJadi Npo OnTUMarnbHi Npu3HavYeHHa HaBegeHo y § 1
LbOro po3ainy:
3Haumu mampuuyro X = || x,-j||, i,j=1,...,n, WO MIHIMI3y€E Uiribosy byHKUiO

n n
L(X)=2 2 cjjXij (4.55)
i=1j=1
rpu 8UKOHaHHI 0BMEXEHb
n
Zx,-j =1, j=1,...,n, (4.56)
i=1
n
2 xjj=1,i=1...n, (4.57)
j=1
x,-j=Oa6o 1, i,j=1,...,n. (4.58)

Oe Cjj — sumpamu, rnoe'sa3aHi 3 8UKOPUCMaHHSM [-20 8UKOHagsUsl Ol BUKOHaHHS j-i
pobomu. EnemeHmu cj j Ymeoprorome Mampuyo eumpam C.

Y BIiONOBIAHOCTI 3 MOCTAHOBKOK Ui€l 3agadi, po3B'a3atn 1l — 3HaYUTb, iHWKMU
cnosamu, Bubpatn y matpuui C n enemMeHTiB, N0 O4HOMY 3 KOXHOro psgka (psgku
BiAMOBIAAIOTb BMKOHABLIAM) i KOXHOrO CTOBMUSA (CTOBNUi BignosigawTb poboTam) Tak,
Wwob cyma BUOpaHMX efieMeHTIB, fKa OOPIBHIOE CyMapHUMM BUTpaTam, MoOB'd3aHuM 3
npu3Ha4YeHHAMK, Byna HakMEeHLIO MOPIBHAHO 3 Ti 3HAYEHHAMM MPU BCIX IHLWINX TakKMX
NPU3HAYEHHSIX.

3ayBaxxMmo, WO 3afadi MaTteMaTUYHOro nporpamMyBaHHS, B SKUX Ha 3MiHHi
HaknagatoTbcs ymoBu (4.58), HasmBaloTbCca 3adadamu 3 byrnesumu 3MiHHUMU. OTXe,
3adaya npo onmumarbHi npusHadyeHHs € 3/11 3 6ynesumu 3miHHUMU. Kpim TOro, uto
3ajavyy MOXHa po3rnagaTtu gk YacTuHHWIA Bunagok T3/, [incHo, akwo ymosy (4.58)
3aMiHUTM YMOBOK HEBIA'EMHOCTI 3MiHHMX, TO (4.55)—(4.58) nepeTBOpPLOETLCA Y
3BMYaHy TpaHCMopTHY 3agadvy, B akoi o6'emu BupobHuutea a;j=1, i=1,...,n, i o6'emn

CNoXuBaHHsA bj=1, j=1,...,n. FKWO po3B'A3aTh L0 3aaady MeTO4OM NoTeHLianis, abo
iHWUM MeTodOoM, WO 3abe3nedvye UINOYMCENBHUA ONTUMAanbHUA PO3B'A30K MpwU
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LirnoyncenbHnx a; Ta bj, TO ofepXXaHUN po3B'A30K Oyae aBTOMaTMYHO 3a40BOSIbHATU
He BpaxoBaHe obmexeHHs (4.58). MNpoTe cneumndika uiel 3agadvi 403BONSE po3B'aA3aT ii
OinbWw NpoCTUMKM MeTodamMu, HiXXK mMeTon noTteHuianis. OgHUMKW 3 Takux METoAiB €
yropcbkuin metog t1a meto Maka.

KBagpaTtHi maTpuui C=||c,-j|| Ta D=||d/j|| (i,j=1,...,n) byoemo HasuBaTu
eKeigasieHMHUMU, SIKWO eNneMeHTU OOHIEI 3 HUX OOEpPXYHTbCS 3 efleMeHTiB Apyroi
LINAXOM [OAAaBaHHA MEBHUX YMCEN OO0 KOXHOrO psigka i koxHoro crosnus. Lli uncna
MOXyTb OyTW pisHUMKM ONa pisHUX pagkie Ta crosnuis. Omke, matpuudi C ta D
eKBiBaNneHTHI, SKLWO, Hanpuknag,

d,'j=C,'j+a,'+ﬂj, i,j=1,...,n. (4.59)
3po3yMino, Lo us BMacTUBICTb € B3AEMHOIO.

Mpuknap 4.6. MaTpuui

4 0 -1 5 6 3 3 6
2 _
C= 3 0 -1 ta D= 4 6 4 0
17 1 2 3 4 5 7 5
-2 -2 -3 0 -1.0 0 0

€ ekBiBaneHTHUMK, 60 MaTpuua D ogepxyetbca 3 matpuui C AogaBaHHAM O psSOKiB
yncen 0, 0, 1, —1 i pogaBaHHAM A0 CTOBMUIB Ynucen 2, 3, 4, 1, BianoBsiaHoO.

Teopema 4.4. OnmumarbHi po38'a3KuU 3aday rpo ornmumarsibHi NPU3Ha4YeHHs 3
ekseigarieHMHUMU MampuusiMu eumpam criienadarome.

JdoBeneHHs. Hexan wmatpuuya C eksiBaneHTHa wmatpudi D i (7,j1),
(2,j2),...,(n,jp) — onTManbeHi NpM3HaYeHHs y 3agadvi 3 matpuueto sutpat C, To6TO i-
N BUKOHaBeLb MPU3HAYaeTbCA Ha BUKOHaHHA poboTu jj, i=1,...,n. MpunycTtumo, wWo ue
NPU3HaYeHHs He € ONTMMarnbHUM Y 3agadi 3 matpuueto sutpat D.

Hexan (7,j1"), (2,j2'),...,(n,jp") — onTumanbHi npu3aHayeHHa Yy 3agadi 3
MaTpuuero BI/ITpaT D, npmqomy

Z d. i < Z djj; -
i=1 rj=1

B cuny (4.59) 3Biacn maemo
n

n
Z(Cij'i-l-ai +ﬁj'i)<Zl(Cij/+ai+ﬂj/)
- =

abo

Z --+Zﬂ Z Cij, +Zﬂ,,. (4.60)

i=1 =1
n
MpoTe ), ,8 v o= Z Biji 60 B 060X BMNagkax Le € cyma 4mcen, siki 4OAaTbes A0

i=1 Ji i=1
croBnui matpuui C. O1xe, 3 (4.60) maemo
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n n
Zcij',- <Zciji ’

i=1 i=1
WO NpoTUPIYMTL TOMY, WO Ans 3agadi 3 matpuueto BuTpat C npusHadeHHs (i,);),

i=1,...,n, € oNnTUManNbHUM.

Ockinbkn BNacTMBICTb €KBIBANeHTHOCTI MaTpuub € B3AEMHOK, TO ONTUMAarbHi
npu3HavyeHHsa y 3agadi 3 maTpuueto ButpaT C cniBnagalTb 3  ONTUMaNbHUMMU
npu3HadYeHHAMM Y 3agadi 3 maTpuueto ButpaT D. [JoBeaeHHs 3aBepLueHe.

[oBeneHa TeopemMa O03BONSE, AKLWO Le HeobXigHO, NnepexoanTn Big AaHoi 3agadi
nNpo onTUMarnbHi NPU3HAYeHHs OO0 3ajadvi 3 eKBiBarieHTHOW MaTpuueto Butpat. Tomy
BUXIOHY 3aJadvy 3aBXOWM MOXHaA 3BEeCTU A0 3ajadi Npo onTUMarnbHi NPU3HAYeHHs 3
MaTpuuero BUTpaT, Ska Mae nuie Hesig'eMHi eneMeHTn. OCKinbKn HanMeHLLe MOXInBe
3HAYEHHA CYMM N erieMeHTIB TaKol MaTpuui, O4YeBMOHO, LAOPIBHIOE HYIMO, TO Hawa
3agadva 3BoAUTLCA OO0 BMOOPY y MaTpuui BUTpaT, abo eKkBiBaneHTHIN i, N HynbOBUX
erNeMeHTIB, N0 OAHOMY B KOXXHOMY PSAKY | KOXXHOMY CTOBNUi. B LboMy, BnacHe, nonsrae
HedhopManbHUA 3MICT anropuTMy YropCbKOro MeTony, WO BUKNAOaTbCA HWXYe, e
MaTpuLi, ekBiBaneHTHi BMXigHin maTtpuui ButpaT C, Has3MBaKTbLCSA NPOCTO MaTPULSAMMN
BUTpAT.

Anroputm yropcbkoro metoay

1. BigHimaemo y matpuui C Big KOXHOro enieMeHTa i-ro psigka MiHiManbHUn
eneMeHT LUboro pagka, i=1,...,n.

2. BigHiMaemo Big KOXHOro enemeHTa j-ro CTOBMUS MepeTBOPEHOI MaTpuui
BUTPAT MOro MiHiMarnbHUM enemeHT, j=1,...,n. B pe3ynbTaTti BUKOHAHHA [BOX MYHKTIB
KOXXHUI PSOOK | KOXKHUI CTOBMELb MaTpuLi BUTpaT MaloTb NpUHaMHi oauH 0.

3. [Mpornsgaemo nocnigoBHO pAAKA MaTpuui BUTpaT, MOYMHAKYM 3 NEepLUoro.
AKWo pagok Mae nuwe oauH HenomideHur (O, NOMIYaeMO WMOro MO3HAYKOoK * i
3aKpecniemMo (3a 4OMOMOroK no3Haykn A) BCi Hyni y ubomy X cToBnui. 0 BBaXaeTbca
NOMIYEHMM, SKLO BiH Mae No3Haudky *. [OBTOPHOEMO Ui Ail, MOKN KOXEH pAaoK He byae
MaTu HEMNOMIYEeHMX HyniB, abo Byae maTu iX NpuHanMHI aBa.

4. [ii nyHKTY 3 NOBTOPHOEMO A5 BCIX CTOBMLIB MaTpuLi BUTPaT.

5. [ii nyHkTiB 3 Ta 4 NOBTOPHOEMO NOCMIAOBHO (SIKWO HeobXigHO), MOKM He
OAEepPXMMO OAMH 3 TPbOX MOXIMBUX BUNALKIB:

i)  KOXHWI psOoK Mae npuaHadeHHs (mae 0 3 NO3HAYKO *);
ii) € npuHanMMHi gBa HENOMIYEeHUX Hyni B AeAKUX psakax i AesKUX CTOBMUSX
MaTpuui BuTpar;
iiil) Hemae HenoMmiYeHWX HyriB i NOBHE NPU3HAYEHHS e He oTpumaHe (4Mcrno
HyniB 3 NO3HAYKO * MEHLLE n).
6. Y Bunagky i) 3agaya npo onTMmarnbHi NpU3HA4YeHHs poO3B'A3aHa: x,'j*, o

BignosigatoTe 0%, gopiBHOWOTL 1, pewTta — 0, KiHeub anroputmy. Y Bunagky ii)
AOBINbHO BMOMPAEMO OOWMH 3 HEMOMIYEHUX HyMiB, MOMIYAEMO WMOro MO3HaYKow *,
3aKpECITIOEMO peLuTy HyniB y TOMY X PAAKY i Y TOMY X CTOBMUi i noBepTaeMocs A0
nNyHKTY 3. AKLWO Mae Micue BMNaAoK iii), TO nepexogmmo 40 NYHKTY 7.

7. [llomiyaemo nosHaykow (MiTKOW) # paAgkn, OnNa AKX  He  ofepXaHo
npusHavyeHHsa (B Aknx Hemae 07%). Taki psgkm BBa)KaemMo MOMIYEHMMU, pewTy —
HenomideHnMmK. Taky X TepmiHonorito 6yaemMo BUKOPUCTOBYBATU i AN CTOBMLIB MaTpUL,
BUTpaT.
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8. T[lomiyaemo nos3Haykoro # Lie HenomideHi CToBNUi, SKi MalTb 3akpecneHun 0
(nomMivyeHn Nno3Ha4kow ") y noMideHux psakax.

9. [Momiyaemo no3Ha4yko # WeEe HenoMmideHi pPsAKW, SKi MalTb MNPU3HAYEHHS
(TobT10 0*) y NOMiYEeHNX CTOBNUSAX.

10. MNoBTOptoemo Aii NyHKTIB 8 Ta 9 AOTK, NOKM BinbLue HE MOXHA NOMITUTU PAAKIB
i cTOBNUIB MaTpuli BuTpar.

11. 3akpecnoemo (3a [OMOMOroK MNO3HAYKM &) HEMOMIYEHI pPsSaKM i NOMIYEHI
CTOBIMUI MaTpuui BUTpar.

12. 3HaxogMmMo  MiHIManbHWIA  HE3aKpeCNEeHUN enemMeHT MmaTpuui  BuTpar,
BiAHIMAeEMO MOro Bif KOXHOrFO 3 He3aKpecreHux psgkis , 404AaEMO OO0 efleMEHTIB YCix
3aKpecneHux cToBnuiB i nepexognmo o0 NyHKTy 3. [Npy UbOMY MO3HAYKN eneMeHTIB
mMaTpuui BuTpaT (* Ta ) BTpa4arTb CBOKO CUMy.

3ayBaxumo, WO SKWO B 3adadi nNpo onTumarbHi npusHadeHHs (4.55)-(4.58)
uinboBy QyHKUito (4.55) noTpibHO MakcumizyBaTu (Y ULbOMY BMMagKy Cjj —
edeKTUBHICTb, NOB'SI3aHa 3 NPU3HAYEHHSAM /-r0 BUKOHaBLS Ha j-i Bua poboTu), To ans ii
PO3B'A3aHHA MOXHa 3aCTOCyBaTU YropCbKnin MeTop, 3aMiHmBLIn maTtpuuto C Ha -C.

Mpuknapn 4.7. Po3se'szamu 3adayy rpo ornmumaribHi MpUu3Ha4yYeHHs1 3 Mampuuyero
sumpam C.

#
3 10 & 9 16 0* 7 1 6 12 | #
6 8 11 8 18 or 2 4 2 11 | #
c=|7 13 10 3 4 C,= 4 10 6 0* or
5 9 6 21 12 or 4 0* 16 6
5 4 11 6 13 1 0* 6 2 8

BukoHytoum aii nyHkTiB 1, 2 anroputMy, SKi iHKONW HasuBakTb MonepeaHiMm
nepeTBOPEHHsIMU, OEPXYEMO eKkBiBaneHTHy maTtpuuto Cq. [Nomivaemo Hyni MaTpuui
C 1 y BignosigHoCTi 3 nyHkTamu 3, 4, 5 anropntMmy. Tak sk KinbKiCTb HYniB, NOMIYEHMX *,
MeHWa n =5, To nepexoanumMo A0 NyHKTY 7. BukoHytoun fil nyHkTiB 7—10, no3Hayaemo
MiTKOKO # cnoyaTKy Apyrun psaok, NOTiIM NepLIni CTOBMNELb Ta NEpPLUMA PSAOK MaTpuLi
C 4. lMicnsa BukoHaHHA nyHKTY 11 anroputmy ogepxxyemo matpuuio Co.

& # #
o* 7 1 6 12 oo 6 o0~ 5 11 |¢#
o 2 4 2 11 0* 1 3 1 10|#

C,=|4 10 6 0 0| & C3=|5 10 6 0 o0
oo 4 0 16 6| & 1 4 0 16 6 |#
17 00 6 2 8|& 2 0+ 6 2 8

MiHiMmanbHuI He3akpecrneHun enemeHT matpuui C o fopisHioe 1. lMicna BUKOHAHHSA
nyHkTy 12 anroputmy ogepxyemo martpuuto sutpaT C3, OO SAKOI TaKOX BHECEHi

No3Ha4kM y BigNoOBIiAHOCTI 3 Aiamu nyHkTiB 3—10 anroputmy. BukoHaHHA nyHKTiB 11, 12
npvBOANTL, BiANOBIAHO, A0 MaTpuub C4 Ta Cs.

& &
HO" 6 0 5 11”

o 1 3 17 10

“0* 5 0~ 4 10”
o~ o~ 3 0 9

106



Cy=| 5 10 6 0 0| & Cs=| 6 10 7 o~  0F

1 4 0* 16 6 1 3 0o* 15 5

2 0* 6 2 8| & 3 0* 7 2 8
Matpuusa C 5 MICTUTb TakoX MITKW, LLO BigobpaxatTb Ail NyHKTiB 3—5 anropntmy

Ha HacTynHin iTepadii. Ockinbkn Kinbkictb 0 * AopiBHIOE 5, TO ogepXXaHO ONTUManbHUI
PO3B'A30K X *:

X

*

Il
OO0
el XeXe
OO0
OO OO
OO 20O

TOGTO Meplwuin BUKOHaBeLb MNPU3HAYaETbCS Ha BUKOHAHHA nepliol poboTu, Apyrumn
— YeTBepTol, TpeTin — M'ATol, YeTBepTUn — TPeTbol, N'aTum — gpyroi. Npn ybomy
L(x*)=25.

Anroputm metoany Maka

1. Tllo3Ha4YaemMo MiHIManNbHUM €EneMeHT KOXHOro psigka matpuui  BuTpart
NMO3HAYKOM *. AKLLO TaKMX eNeMEHTIB AeKinbka, N0O3HAa4YaeMO Oyab-sIKUi 3 HUX.

2. [Ina KOXHOro psiaka, WO Mae iHWWMA MiHIManbHUW enemeHT, Npornsgaemo
CTOBIMELb, 40 AKOro Luewn enemMeHT Hanexutb. Moxnmsi BUnaaku:

i) cToBneub He Mae NO3HAYEHNX EfIEMEHTIB;
i) cToBneub Mae NPUHANMHI O4MH NO3HAYEHWIA ENEMEHT.

3. Y Bunagky i) NO3Ha4YaEMO iHWMWN MiHIMaNbLHUA eneMeHT psakKa No3HauKow *.
Bci iHWI no3HaykM B UbOMY PSAKY 3HIMaKTbCA. Y BUNAAKy ii) NO3HAYaEMO iHLIWIA
MiHIManbHUIN enieMeHT psiaka NO3HAYKOoK A, AKLWO eNleMeHT Uboro psiaka 3 no3Ha4vkoro *
He € €EAVHNM NO3HAYEeHUM ENNIEMEHTOM Yy CBOEMY CTOBIML.

4. [lii nyHkTiB 2 Ta 3 NOBTOPHEMO MNOCMIQOBHO AN BCIX PSAOKIB, WO MakTb
Oinblle ogHOro MiHiManbHOro efnemMeHTa.

5. SKWO KOXHMI CTOBMEUb MaTpuui BUTPAT Mae eneMeHT 3 MO3Haykow *, To
KiHeUub anroputMy: Ui €enemMeHTM BMU3Ha4alTb ONnTUMarnbHi NpU3Ha4vyeHHd. |Hakwe
nepexoanMo A0 HACTYMHOMO MYHKTY.

6. [losHayaemo (no3Haukow &) CTOBMUi, WO MaoTb Binblle 0gHOro NO3HAYEHOro
ernemeHTa. BoHM yTBOPIOWOTE MHOXWHY B, iHWI CTOBNUi MaTpuui BUTpAT YTBOPHOTb
MHOXUHY A .

7. [na KOXHOro psgka maTpuui BUTpaT, B SKOMY efneMeHT 3 MNO3Hauykow *
HaNeXuTb MHOXWHI B, 3HaxoauTbCA MiHIMarnbHa Pi3HULS MK eneMeHTaMn MHOXUHKN A |
€eMEHTOM 3 NO3HAYKOHO *.

8. 3HaxoaumMo HaMMeHLUY 3 BKa3aHWX PidHMLUb, 4O4AEMO ii 4O KOXXHOro enemeHTa
MHOXWHW B i noBepTaemMochb 0 NyHKTY 2.

Mpuknan 4.8. Po3se'ssizamu 3adayy rnpo orimumaribHi MpU3Ha4YeHHs1 3 Mampuuyero
sumpam C (criienadae 3 yMmog8oto npuknady 4.7).

& &

3* 10 5 9 16 4* 10 5 9 16

6* 8 11 8 18 7* 8 11 8 18
C= 7 13 10 3 4 C,= 8§ 13 10 3* 4

5* 9 6 21 12 6 9 6* 21 12
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| 5 4 11 6 13| | 6 4 11 6 13|

B maTtpuui C no3Haykow * no3HayeHi enemMeHTr 3rigHo NyHKTy 1 anroputmy. [HWnxX
MiHIManbHUX eneMeHTIB pAaKM MaTpuui BUTpaAT HE MakTb, TOMY, BUKOHYKOYN MYHKT 6,
no3Ha4vyaemMo nepnmr ctosnelb nos3Ha4vykow &. MHoOXMHa B MiCTUTb nepLumin CToBMeLb,
pewTa CTOBMNUiB HanexaTtb A0 MHOXMHM A. MiHimanbHi pisHuUi obuncniooTbes Ans
nepLuoro, Apyroro ta 4yeTBepToro psigkis. BoHW OopiBHIOWOTL, BignosigHo, 2, 2 Ta 1.
MiHimanbHa 3 umx pisHuUb (7) AogaeTbca A0 eneMeHTiB nepLuoro croBnud. OCKinbkn y
YeTBEPTOMY PAAKY 3'ABMBCS iHLWINA MiHIMansHU enemMeHT (6), TO, BUKOHYIOHYM NMYHKTU 3
Ta 4 anropuTmy, NO3HA4YaEMO MOro nosHaykotw *. MNepwwnin ctoBneub PopMye MHOXUHY
B (avBuce matpuuto C 7). MiHimanbHa pisHUUS AOPiBHIOE 1.

& & & &

5* 10 5 9 16 6* 11 6" 10 16
8* 8 11 8" 18 9* on 12 9r 18
Cr=| 9 13 10 3* 4 Cs3=| 10 14 11 4> 4
7 9 6 21 12 8 10 722 12
7 4* 11 6 13 8 5 12 7 13

[ii HacTynHoro Kpoky HasefeHi B matpuui Co. MiHimanbHa pi3Huua gopiBHOE 7.
30inbLUyloYM enemMeHTn MHOXMHW B Ha 1, ogepxyemo matpuuto C3. lNosHadvaroum
MO3HaAYKoOKW * [HWWA MiHIManbHUN ernemMeHT (4) y TpeTboMy pPsSAKYy, MO3Ha4YaeMo

NMO3HAYKOK * HWWM MiHIManbHWA enemeHT apyroro psgka (9), Wo 3HaxoauTbesa y
4YeTBEPTOMY CTOBIML.

6* 11 6 10 16
9 9 12 9* 18
Cy=| 10 14 11 4 4

8 10 7 22 12

8 5* 12 7 13

[Micna uboro KOXeH CToBMeub MaTpuui BUTpaAT Mae enemeHT, MNo3Ha4YeHUn
nosHa4ykow * (ams. matpuuto Cy4). OTxe, onTMManbHi NPU3HAYEHHA BU3HAYalOTbCH

MaTpuLlelo x ¥, Wwo HaBoanTbeca Bulle. Mpu upbomy L (x*) = 25.

X

*

1
OO OO
-0 OO0
O- 00O
OO OO
OO OO

Po3ain 5. EnemeHTH Teopil MaTpu4Hux irop

§ 1. MaTpuuHa rpa

MampuyHa epa susHadyaembcAd maxkumu rnpasusnamu. ['paoTe ABa rpasui P4 Ta
P»>. Mepwun 3 HUx Bubupae uvmucno (cmpameeiro) i (i=1,...,m), APYrMi — YUCIIO |

(j=1,...,n). Bnbip rpaBui pobnatbe OAHOYACHO i He3anexHo oauH Big ogHoro. [licns
uboro rpaseub P4 nnatute Py cymy Cjj, WO BM3HAYAETLCSH YMOBaMM KOHKPETHOI rpu

(AKwo c¢jj>0, To Py nnatute Pp, skwo c¢;j<0, 10 Py nnamte P cymy |[cjj]).
Bennynuu Cij i=1,....,m, j=1,...,n, BiooOMi KoxHOMYy 3 rpaBuiB. [NoTpibHO BkasaTu
HanKpawun Bnbip ANa KOXHOro rpaBLS.

PoarnaHemo matpuuto
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C11 Ce C1j Ce . C1n

C= Ci1 i ... Cin

i Ha3BeMo 11 nnamikHor Mampuuero abo Mmampuyero suepawis rpasusa Po. OyeBuaHo,
Lo BUBIp yncna i rpaBuemM P4 MOXHa TpakTyBaTtu, siK BUODIp i-ro pagka matpuui C, Bubip
yncna j rpasuem Po, gk BUBIp j-ro CTOBMUSA TiET XX MaTpuui.

3ayBaXMmo, WO SAKWO no3Ha4nTn vepes [ Ta J BiANOBIAHO MHOXWHU MOXITUBUX
cTparerin rpasuis P¢ Ta Py, 10670 /={1,...,i,...,m}, J={1,...,j,...,n}, TO MaTpu4Ha rpa
NMOBHICTIO BU3Ha4YaeTbcs Tpikoto G = (/,J, C).

Mpuknap 5.1 (yragyBaHHs MoOHeT). KoxeH 3 OBOX rpaBUiB He3anexHo oAuH Bif
OAHOro BmMbupae neBHuin Bik MOHETH, Ha3MBaKO4M O4HOYACHO CBiN BMOBIp. AKWo BUBpaHi
Pi3Hi BOKM MOHETW, TO MepLnn rpaBeub NNaTUTb OPYroMy OAHY POLUOBY OLMHMLLIO,
IHaKWe — Apyrum NNaTtuTb NepLliomMy rpasLeBi OQHY rpPOLLOBY OANHULIIO.

lMnaTtixHa MaTpuus Uiel rpy Mae Burnsag
-1 1 ‘

C-=
|7 -

§ 2. OnTumanbHi YucTi cTpareril

PosrnaHemo matpuuHy rpy G 3 Touku 3opy rpasus Po. Harapgaemo, wWo BiH
BUbUpae j-n ctoBneLb (c1j,...,cmj)' maTtpuui C. lNpu UbOMyY BiH OOepPXyeE Big NepLuoro
rpaBust MPUHANMHI

Ockinbkn rpaseub Po nparHe 3pobuTu CBi BUrpall MakcumaribHUM i MOXe
AOBINbHO BUGMpaTK ctoBneub matpuui C, TO BiH BUOUPAE j TakuMm, LLIO MaKCUMi3ye

MNpu uboMy rapaHToBaHU BUrpaLl P2 OOPIBHIOE BENUYMHI

v=_max _min ¢ (5.1)

j=1,.on i=1,..m i’
LLIO HA3UBAETLCH HUXHBLOK UiHOK 2pu G.
AHanoriYHMM YMHOM MOXKHA PO3rMAHYTU L0 X Fpy 3 TOYKM 30py rpasusd Pq.
3po3yMino, Wo MaTpuLuero MOoro BUrpaLliB € Matpmus —C=||—c,-j||, i=1,...m, j=1,...,n.
Mipkytoun aHanoriyHo, pobumMo BUCHOBOK, WO rapaHToBaHWM Burpaw rpasus Pq

cKknapae
max min (-c;jj) = — min max cijj .
i=1,...m j=1,..,n i=1,...m j=1,..,n

Mpu ubomy rpaBeub P2 oaepXxuTb LWoHanbinbLwe
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v=_min max cC... 52
i=1,..n j=1,..n U (5:2)

BenununHa v HasnBaeTbCs 8epXHLOK UiHOKW epu G.
OTxe, rpaBeub Po> MOxe rapaHTyBaTu cobi Burpall npvHanmHi v, a rpaseub Py

MOXe nepeLukoanTn nomy ogepkatm binble v. Akwo v=v = v, TobTo

Vv=_min max c;= max _min c., (5.3)
i=1,...m j=1,.n Y j=1,..ni=t1,..mY

TO rpaseub Py Mae 3po3ymiTW, WO BiH MOXe ofepxaTu V, a MOro CynpoTUBHUK

nepeLwkoanTb MoMy oaepxatu binbwe v. Tomy ymcna i*, j* Taki, Wo y cniBBigHOLLEHHI
(5.3) c j*j*= V, NPUPOJHO Ha3BaTN ONMuUMasbHUMU YUcCmumMu cmpameeismu rpasuis Py

Ta P2 BiAnoBigHo. Y LbOMY BUNAAKy KaXyTb, WO MaTtpuyHa epa G dornyckae po3e’a30K y
yucmux cmpameaisix, a BeNu4nHa v HasnBaeTbCs UYiHOK 2pul.
Busasnsetbcs, Wo cniBeBigHOWEHHS (5.3) BUKOHYETLCSA LaneKko He AN KOXKHOI rpu,
WO BU3HaA4YaeTbCca nnatikHoi Matpuueto C. OTXe, He KOXHa rpa Mae po3B'dA30K Yy
YMUCTUX CTpaTerisax.
Mpuknap 5.2. Po3rngHemMo maTpuydHy rpy 3 nnaTikXHOK MaTpuLeto
50 27 64| 64

50 5 90| 90

C-=
18 9 12| 18
25 95 20| 95
18 5 12
Y pogaTtkoBoMy paaKy nNigpaxoBaHi BENUYNHU
min cjj
i=1,..,4
ANSA KOXHOrO j, a B 4OAATKOBOMY CTOBMLUI — BEMUYUHN
max Cjj
j=1,.3 "
Ans KoXXHoro i. [Ans uiei rpm
min max cjj = max min cjj =18 = c37,
i=1,..,4 j=1,..3 j=1,..3 i=1,..,4

TO6TO cniBBigHOLWEHHS (5.3) BUKOHYeTbCA ona i* = 3, j*=1,av = 18.

OyeBnagHO, WO SKWO OAWH 3 rpaBUIiB BIACTYNUTbL Big CBOEI ONTUMAaIribHOI YMCTOI
cTparerii, a gpyrmn dyge ii QOTpUMyBaTUCS, TO CTAaHOBULLE FpaBLUs, WO BiacTynae Big
ONTUManbHOro BMGopy, MOXe nuLle NOripLNTUCH.

Mpuknap 5.3. [Ona rpm "yragyBaHHA MOHET", sik nerko 6aunTtu,

V= min max c,-j:1, V= max min c,-j:—1, V;tz,

i=1,2 j=1,2 j=1,2 i=1,2
TOMY U4 rpa HE MaeE pO3B'$I3Ky B UNCTUX CTpaTeFiFIX.

BusicHMmo 3aranbHi yMOBW, Mpu SIKMX Mae micue cniBeigHoweHHsa (5.3). Hexan
f(x,y) — pincHa yHKUiA AINCHUX 3MiIHHUX X € X, y € Y.
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O3HauveHHsA 5.1. Toyka (x*y*) HasusaembCsi CiOI080H0 MOYKOK DYHKUiI
f(x,y), Akwo Ons 6yob-akux x € X, y € Y Mae micye HepigHicmb

f(x*,y) < f(x*,y*) < f(x,y*). (5.4)
Ak yacmuHHUlU 8unadoK Maemo: Ccidfioeory moykorw Mampuui C = ||c,-j||,
i=1,...,m, j=1,...,n, Ha3ueaemsncs napa (i *,j*) maka, Wo
Cj*j < Cjxj* < Cjj* (5.5)

onaecixi=1,...mmaj=1,....n.
Kaxymb, wo mampuyHa epa Mae cidriogy MmMOYKy, SIKWO Ci0r108y mMOYKy Mae il
rnrnamixHa mampuusi.

Teopema 5.1. MampuyHa 2pa G mae po3g'si3oKk y yucmux cmpameaisix mooi i
nuwe modi, Konu ii nnamixHa mampuyss C mae cidrnogy modky. [lpu ubomy, SKUWO
(i*,j*) — cionosa moyka mampuui C, mo yiHa 2pu v = Cjxj*.

[oBeneHHa uUiei Teopemu 6GeanocepegHbO BUNMBAE 3 [OBOX JEeM, LWO
PO3rNaAaTbCA HUXKYE.

INema 5.1. Hexal ons diticHoi pyHkuii f(x,y), x € X, y € Y, iCHyromb

min f(x,y), max f(x,y).
xeX yeY

Todi mae micue HepigHicMb

min max f(x,y) > max min f(x,y). (5.6)
xeXyeY yeY xeX

JoBeneHHs. 3a 03Ha4YeHHSIM MakcMyMy Ta MiHIMyMy Maemo

max f(x,y) > f(x,y) > min f(x,y).
yeY xeX

OckKinbKkun HepiBHICTb

max f(x,y) = min f(x,y)
er xe X

Mae micue ans 6yab-akoro x € X, 10

min max f(x,y) > min f(x,y).
xe X yeY xe X

3 OCTaHHbOI HEpPIBHOCTI aHanoriYHMM YMHOM pPoOOMMO BMCHOBOK MpO
crpaBeasiMBiCTb HepiBHOCTI (5.6).

3ayBaxumo, Lo (5.6) mae micue i Ansa YacTUHHOro BUNagKy, Konu yHkuia f(x,y)

BusHavae matpuuo C = |[cjjll, i=1,...,m, j=1,...,n. Mpn usomy
min max cjj = max min  cjj .
i=1,..m j=1,..,n j=1,...,ni=1,...m

NNema 5.2. Hexali sukoHaHi ymosu nemu 5.1. [Qns moeo, w06 8UKOHy8asochb
Crie8iOHOWEHHS

min max f(x,y) = max min f(x,y) (5.7)
xeXyeY yeY xe X

111



HeobxiOHo | docmamHbo, wob yHkuisa f(x,y) mana cidnogy mouky. lNpu ubomy Ons
cidnogoi moyku (x*, y ™)

f(x*y*) = min max f(x,y) =max min f(x,y). (5.8)
xeXyeY yeY xeX
JoseneHHs.

HeobxigHicTb. Hexan mae micue cnisigHoweHHs (5.7). NMokaxemo, Wwo gyHKUINA
f(x,y) mae cignoBy TOuky. No3Ha4YMMO yepe3 x* Ta y* TOYKM, LLO BM3HA4YAKOTLCA 3
yMOB

max f(x*,y)= min max f(x,y),
yeY xeXyeY

min f(x,y *) = max min f(x,y).
xe X yeY xe X

[MpaBi YaCTUHKM OCTaHHIX CNiBBIAHOLLEHb PiBHI BHAcCNigokK (5.7), oTxe
max f(x*y) = min f(x,y*).
yeY xe X

3 OCTaHHbLOI PIBHOCTI 3@ O3HAYEHHAM MiIHIMYyMY MaemMo

max f(x*y) < f(x*y*),
yeY

3BigKW, NPUUMaroYm 0o yBaru 03Ha4YeHHs MakCUMyMy, OOepPXXYEMO
f(x*y) < f(x*,y*) (5.9)
ana seix y € Y.
AHanoriyHo BCTAHOBMNIOETHLCH, WO ANs BCiX X € X

f(x*y*) < f(x,y7),
Lo pasom 3 (5.9) o3Hauye (x* ¥ *), K cianoBy TOYKy YHKLUIT (X, Y ).
HocTtaTtHicte. Hexan (x* y*) — cignoBa Touka dyHkuii f(x,y). MNokaxemo, Lwo
npv LbOMY BUKOHYETbLCA (5.8). 3 03Ha4eHHA cianosoi Toukn (5.4) maemo

max f(x*y) < f(x*y*) < min f(x,y*).
yeY xe X

3a 03HaYeHHsIM MiHIMYMYy Ta MakCUMyMy

min max f(x,y) <max f(x*y),
xeX yeY eY

max min f(x,y) > min f(x,y*),
yeYxe X xeX

TOMY 3 OCTaHHIX TPbOX HEPIBHOCTEN MAEMO

min max f(x,y) < f(x*y*) < max min f(x,y),
xeXyeY yeYxeX

Lo Yy cykynHocTi 3 (5.6) 3aBepliye noseaeHHs (5.8).
3ayBaxumo, wo ccopmynboBaHa Bulle Teopema 5.1 € YaCTUHHMM BUMNAOKOM
nemmn 5.2.
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§ 3. OnTumanbHi 3miwaHi cTpareril

Y nonepegHboMy po3aini Oyno nokasaHo, Wo ANs MaTPUYHUX irop 3 cignoBow
TOYKOK MOXHa PO3YMHUM YMHOM O3HAYUTU MOHATTS ONTUMANbHUX YUCTUX CTpaTerin
rpaBuiB. Y TOW Xe 4Yac OYeBUAHO, WO NpU BIOCYTHOCTI CignOBOI TOYKM B MnaTiKHIN
MaTpuLi rpu >XOAHOMY 3 rpasLiB He Criig NOCTIMHO BUKOPUCTOBYBATU OOHY i TY X YUCTY
cTparTerito.

Y 3B'A3KYy 3 UMM LISIKOM NPUPOLHOK € cnpoba O3HAYUTU MOHATTA ONTUManbHOI
cTparterii gna maTpuyHuX irop 6e3 cignoBOi TOYKM B Knaci Tak 3BaHUX 3MillaHux
cmpameaid.

OsHauyeHHs 5.2. 3wmiwaHoro cmpameeieto epasysi P4 Hazusaembcsl 8eKmMop

m
X=(X1,...Xm) Xj=20,i=1,....m, Y x;j=1,
i=1
a 3miwaHoro cmpameziero epasys Po — eekmop

n
y=(1,yn)' vjz20,j=1..n, Z1yj =1.
j:
Benvnunnn x; (i=1,...,m) Ta Y (j=1,...,n) TPAKTYOTbCA SK MMOBIPHOCTI, 3 SKUMU
rpasui P4 Ta P2 BubupaloTb BiAMNOBIAHO /- pAAoK Ta j- cTtoBreub matpuui C.
3p0o3yMino, WO iy YMCTY cTpaTerito rpaBus P4 MOXHa po3rnagatv K YacTUHHWUIA
BMNAAoK Moro 3miwaHoi ctpaterii x npu x;j=1, x4 = 0, k#i. Lle ) cTocyeTbes i j-1 YmcTol
cTparerii rpasus Po.
lMo3Haunumo 4vepes X Ta Y, BIgNoOBIOHO, MHOXWHM 3MilLaHUX cTpaTerin nepworo Ta
Apyroro rpasuis, TO6TO

X={x=(x1,....Xm): x;20,i=1,...,m, g",x,- },
i=1
n
Y={y=(y1,-..¥yn):yjz20,j=1..n, Z1yj =1}.
j:
Akuwio rpaseub P4 BUKOPUCTOBYE CBOIO 3MillaHy cTpaTterito x e X, a Po—y e Y, 10
MamemamuyHe criodieaHHs nnamu epasusi P4 epasuesi Po (cepedHil suepaw epasusi
P») 3HaxoanTbCcsa 3BMYANHUM YNHOM

m n
F(x,y)=xCy=2 2. ¢jjXjyj- (5.10)
i=1j=1
Tpiiika G = (X, Y, F) HasvnBaeTbcs ycepedHeHHsIM Mampuy4Hoi 2pu G.
MipkytoumM aHanoriyHo BMMagKy YMCTUX cTpaTerii, NpuxoauMo OO0 BUCHOBKY, LO
rpaseub Py Moxe 3abe3neunTtun cobi cepeaHin nporpaw He BinbLue

min G(x) = min max F(x,y), (5.11)
xeX xeXyeY

a rpaeeub Po Moxe 3abe3neuntu cobi cepeHin Burpail He MeHLue
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max H(y) = max min F(x,y). (5.12)
yeY yeYxeX

3apaui (5.11) Ta (5.12) € 3agavyamun NOLIYKY rapaHTOBaHWX 3MillaHUX cTpaTerin
nepLum Ta apyrum rpasLem BignosigHo.

Axkuwio onga geskux 3miwaHux ctpaterimx*e X, y*e Y
F(x*%y)<F(x*y*)<F(x,y"), (5.13)

ansa Beix xe X, ye Y, To6To AKWwo (X * ¥y *) € cignoBo TOYKoK QyHKUIT F(X,y), TO, SK
6yno goBeaeHo paHilue,

F(x*,y*) = min max F(x,y) = max min F(x,y). (5.14)
xeXyeY yeYxeX

AHarnoriyHo BunagKy icHyBaHHsi po3B'a3Ky rpy G y YMCTUX CTpaTeriax MOXHa gatu
TaKi O3HAYeHHS.

KomnoHeHT x* Ta y* cignoBoi Touku (x*y*) dyHKUii F(x,y) HasnBalTbCA
onmumarsibHUMU 3MiwaHuMu cmpameeisiMu BignoBigHo rpasuiB P4 ta Py, a F(x*y*) —
uiHoro epu G. lpn UbOMY KaxyTb, WO MampuyHa 2pa Mae Po38'A30K y 3MillaHuX
cmpamezisix.

Teopema 5.2. 3adaui (5.11), (5.12) epasuie P41 ma P2 eksigarieHmHI 8i0rnogioOHoO

makum 3J1I1:
Xm+1 —> min,
m
2.CijXj < Xmit, j=1,..n,
i=1 (5.15)

m
ZX/ZL
i=1

Xj>0, i=1..m;

Y n+1 — max,
n

, 1Cij}’j 2 Yn+t, i=1,..m,
j:

n (5.16)
Xyj=1,
j=1

yjz0, j=1...n.

OoseneHHa. [lokaxemo, wo 3agaya (5.11) eksBiBaneHTHa 3apgadi (5.15).
3po3ymino, wo ona 6yab-aKkoi 0OMeXeHOI Ha 3aMKHEHI MHOXWHI D dyHKuii F(x,y)
3apava

max F(x,y) — min
yeY xeX

eKBiBaneHTHa 3agadvi
Z—> min, F(x,y) <2z (x,y) € D.
Y 3B'A3Ky 3 UMM 3agada (5.11) ekBiBaneHTHa 3agadi
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Xm4+1 —> min,

m n
22 XiCijYj < Xm,
i=1j=1
m

| A7
ZX,'Z'I,X,'ZO, i=1,...,m, 517)
i=1

n
2yj=1y;j20,j=1..,n.
j=1

Tomy pocuTb nokasaTu, WO MHOXWHA [OnycTUMUX Po3B'A3KiB 3agadi (5.17)
cniBnagae 3 4ONYCTUMOK MHOXWHOK 3agadi (5.15).

[incHo, Hexam x 3agoBoribHAE ymoBWM 3agadi (5.17). Topgi, 3okpema, Xx
3apoBonbHsE | ymoBn 3adadi (5.15). [ns uporo gocutsb B (5.17) noknactvt y;=1 npu
aeskomy j 1a y,=0, k#j. Tenep Hexan x 3aO0BOSfibHAE obmexeHHs 3apadi (5.15).

MoMHOXMBLUN 0BUABI YACTUHU KOXHOI 3 HEPIBHOCTEN

m n
_Z1Cijxi <Xm+1,j=1...,n,Ha ijO, Z1yj:1,
1= J=

i NigCYMOBYHOYM MO j, OAEPXKUMO

m n
2 2 XiCijYj<Xmit,
i=1j=1

TO6TO X 3a00BOMbHAE 0BbMexeHHs 3agavi (5.17).
[oBeneHHs eksiBaneHTHOCTI 3agad (5.12) Ta (5.16) aHanorivHe.

INlema 5.3. 3aoaui (5.15), (5.16) € dsoicmumu 3JIT1.
[oBoouTbCs LA niema NpoCTOK MEPEBIPKOI, BUMXOASAYM 3 O3HAYEHHSI ABOICTUX
371r1.

Teopewma 5.3 (npo MiHiMakc). byOb-ska mampuyHa 2pa Mae pPo38'A30K y
3MilWaHux cmpameaisix.

HoBefneHHs. 3a Teopemoto 5.2 gna 3/117 (5.15)

min x = min max F(x,y), (5.18)
D M X yey
a gns 3J1M (5.16)

max y,,.1 = max min F(x,y), (5.19)
D yeY xe X

ne obnacti D Ta D BU3HAYAOTLCA OBMEXEHHSAMY po3arnsayBaHux 3agad. 3a nemoto 5.3
3/1I17 (5.15) Ta (5.16) € gBoicTMK. AKLWO iCHYe pO3B'A30K oaHiel 3 napu asoictux 3/1M1,
TOOTO icHye
min X;; .1 abo max yn.1,
D D

TO 32 TEOPEMOIO ABOICTOCTI iCHY€E PO3B'A30K i Apyroi 3agadi, npudomy
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min Xm1 = Minyp,q.
D D
Bpaxosytoun (5.18) Tta (5.19), 3Biacn maemo

min max F(x,y) = max min F(x,y),
xeXyeY yeY xe X

a ue O03Hauvae, Lo IiCHYITb ONMTMMarbHi 3MilaHi cTpaTerii rpaBuiB y po3rnsgyBaHin
MaTpPUYHIN pi.

INlerko G6auntn, wo 311 (15), (16) 3aBxauM MalTb pPO3B'A30K. Po3rnsHemo,
Hanpuknag, 3agadvy (5.15). Ockinbkn X m +1 3@ 3HaKOM He obmexeHe, ToO MHOXUHa D He

€ NOPOXHbLO (Byab-AKe x € X € 4oNyCTMMUM PO3B'A3KOM). Yepes Te, LWo

m
>xi=1,x;20,i=1,...,m,
i=1
m
BEnuMYMHa | CijXj obmexeHa 3HM3y ansa 6yab-akoro j=1,...,n. 3BiAcK BUNMMBAE, WO
i=1
X m +1 OBMexeHa 3HU3y, oTXKe iCHYe min X m 1 -
D
Mpuknapg 5.4. Po3rngaHeMo MaTpuyHy rpy 3 nnaTiKHOK MaTpuLeto
H—3 5

c= .
4 -2

Jlerko 6aunTu, Wo

v = min max cijj=4, v=ma
i=1,2 j=1,2 j=1

TOMY rpa He Mae€ CiafioBOI TOUKM.
Hexai x=(x1,x2), y=(y 1,y 2)' — 3Mmiluani ctparerii rpasuis Py, P, BianosigHo.
CepepHivt Burpaw rpasus Po BU3HAYaETLCA TakK:

F(x,y)=xCy'=y1(=3x1+4x2)+y2(5x1-2x2).

3apadi (5.11), (5.12) matoTb BUrMaa:
max [y1 (-3 x7 +4 x2)+y2(5x1 —2x2)] > min

y X
min[ys (-3 x71 +4 x2)+ y2(5 x4 —2 x2)] > max
X y

ae xeX={x=(xq7,x2): x120, x220, x1+x2=1}, yeY={y=(y1,y2)": y120, y2>0,
y1+yo=1}.
3apaui (5.15) Ta (5.16) 3anncyoTbCA Tak:

X3 — min, y3 — max,
-3x1+4x2<x3, -3y1+5yr>y3,
dX1—2X2<Xx3, 4y1-2y22y3,
X1+ x2=1, yrt  y2=1,
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x120, x020; y120,y22>0.

Poss'asdytoum octaHHi  3JI[1, 3HaxoguMmo onTMMarnbHi  3MilWwaHi  cTparerii
x*=(3/7,4/7), y*=(1/2,1/2) rpasuis Py Tta P> BignosigHo. [pn ubomy LuiHa rpu
v=F(x*y*)=1.

Ak BiAOMO, Y MaTpUYHKX irpax 3 CigsioBOK TOYKOK XOAHOMY 3 rpaBuiB He chnig
BiACTynaTu Big CBOEl ONTUMarbHOI YMCTOI CTpaTerii 3a yMOBW, WO MO0 NPOTUBHUK
AOTPUMYETBCA CBOEI ONTMMAarbHOI YMCTOI cTpaTerii. Jocnigumo Hacnigku aHanoriyHuX
Air rpaBUiB Y MaTPUYHIN Ipi, WO HE Mae CianoBoi TOYKM. 3a TEOPEMOK MPO MiHIMaKe
(OCHOBHOIO TEOPEMOK MaTPUYHUX IrOp) Taka rpa 3aBXAW Mae PO3B'A30K Y 3MilLaHuX
cTpaTteriax.

Hexan x*=(x*1,...,X*m), ¥*=(¥*1,-...y*n) — ontumanbeHi 3miwaHi crparterii
rpasuis P4 ta P BignosigHo. Ha3ssemo i(j)-y ctparterito rpaBus P1 (P2) akTUBHOO
(cyTTeBoI0O), sKWO X*;> 0 (¥ 7> 0).

Teopema 5.4 (npo akTUBHI cTparteril). kw0 2paseuyb Py dompumyembcs c80€r

ornmumalsibHoOI cmpameeii' y *, mo o20 cepedHil auspawl

F(x,y*)=xCy* (5.20)
3anuwaemscs He3MIHHUM | pieHUM UiHi epu v =F(x*,y*) He3anexHo 8i0 cmpameail
epasys Pq, AKwo nuwe 6iH He euxo0umb 3a MeXi C80IX aKmueHUX cmpameaiu
(kopucmyembcsi 6yOb-KOKO 3 HUX Yy 4Yucmomy euearnsdi, abo 3miwye ix y 6yOb-aKux
rporopuyisix).

[JoBeaeHHs. He obmexytoum 3aranbHOCTi Oyaemo BBaXkaTu, LLO BCi cTpaTterii
rpaBsusa P4 € aktTuBHuMM, T06TO X*; > 0, i=1,...,m. FAKWO Ue He TaK, TO 3aBXaN MOXHa
nepenTn 40 eKkBiBafIEHTHOI MaTPUYHOI rpu, BUKPECSIIOYM B MAATDKHIN MaTpuli pagku,
Lo signosigatTb x*; = 0.

Ockinbkn onTumanbHi 3miwadi crparerii x * Ta y * rpasuis P4 1a P» yTBOPIOIOTH
cignoBy TOYKy (X *, ¥ *) dyHkuil F(x,y)=x Cy, TO

v=x*Cy*<xCy”* (5.21)
ansi BCix x € X.
Bubupatoum i-y uncty ctpaterito ans rpasus Py, 3 (5.21) ogepxvmo

n
v<Yciy; i=1...m. (5.22)
j=1

Mokaxkemo, wo B (5.22) ana KoXxHoro i=17,...,m Hacnpaegi Mae Micue pPIiBHICTb,
TO06TO

n
VZZC,-jyj, i=1,...,m. (523)
j=1
Big cynpotmnBHoro. Hexawn icHytoTb Taki i, WO
n *
V< ZCI']' -yj .

j=1

He obmexytoum 3aranbHOCTI, MOXHa 3anucaTu, Wwo
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n
V< Zcijyj’ i=1,...,k,
=

n
V= ZC,jyj, i=k+1,...,m, k=1,...,m.
j=1
JOoMHOXyUM 06uABI YACTUHU KOXHOTO 3 UMX CiBBigHOWEHb Ha x*j (x*j>0) i
NiACyMOBYHOUM pesdynbTatM no i=1,...,m, MatTumMemMo

m * m * n *
V= X;V<D) X; D Cijyj=V.
i=1 i=1 =t

OpeprkaHe NpoTMpiYYs BCTAHOBIIOE BipPHICTb piBHOCTEN (5.23).
Hexan x e X. [JomHOXyloun cniBBigHOWeEHHS (5.23) Ha Xx; Ta NigCcyMOBYOUM

pesynbtatn no i=1,...,m, MaTMuMeMoO

m m n .
v=>Y X;v=) x;>.c;jyj= xCy*,
i=1 -1 j=1

wo i Tpeba 6yno gosecTu.

3ayBaXXMmo, WO TBEPKEHHS TeopemMu MpO aKTUBHI CcTpaTerii 3anuaeTbecs
BIPHMM, AKLLO NMOMIHATU Micuamm rpasuiB Py Ta Po.

[loBefeHa Teopema TakoX Ja€e MOXMUBICTb 3HANTU B ABHOMY BUINSAi ONTUManbHi
3miwwaHi ctparerii rpasuiB Py, Po Ta LiHy Matpu4Hoi rpu 2x 2. OTxe, Hexan

C11 Cq12
C21 C22

C-=

€ NNaTKHOK MaTpuLueto rpn. 3ayBaxumo, Wo x*1>0, x*2> 0, 60 iHakwe maTpuyHa rpa
Mana 6 cignoBy TOuKy. I3 cniBgigHoLWweHb (5.23) Maemo

C11y*1+tcr2y*2=v,
Co1y*1tco2y*2=v.
fdopaoun A0 unx piBHAHb O4YeBUAHE y*1 + ¥y o> = 1, OAepXXyeMO CUCTEMY TPbOX
NiHINHWMX anrebpaiyHnx piBHAHbL 3 TPbOMa HeBiZOMUMM y ¥, ¥y *o, v. PosB'asaBlum uto
cucTeMy, Maemo

s C22=C12  « Cq1=C21  |C|
V== Vet Ve

Ae m=cqq4+ Cpp—Cq12— C21, a|C| — BM3HA4HVK MaTpuui C.
AHanoriyHo oaepXyeTbCca onTumarbHa 3millaHa ctpaTeria rpasus Py:

» Cop—Cp1 +» C11—=C1q2
X =—, X,=—.

1 m 2 m

Mpuknap 5.5. [1na matpuyHOI rpy 3 NNaTiXKHOK MaTpuLero
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v
C=

4 -2

MaemMo: m=—3-2-5-4=-14, |C|=6-20=-14. Otxe, x*=(3/7,4/7), y*=(1/2,1/2),
v=1.

§ 4. IrepatnBHun meton bpayHa-Pob6iHCOH

Y nonepeaHboMy po3aini 6yno nokasaHo, K 3HANTU TOYHI 3HAYEHHS ONTMMarbHUX
3MillaHnX cTpaTerin rpaBuiB y MaTpUYHin rpi, WO He Mae CcianoBoil ToOYKU. Ha npakTtuui
yacTto 6yBae goCTaTHIM 3HAWUTK HABNMXKEHHA A0 ONTMMAarbHUX 3MilLAaHUX CTpaTerin, Wwo
3abe3nevyoTb cepefHin Burpawl, OnM3bKMA OO0 UiHWM rpu. Y TakoMmy pasi MoxHa
3acTocyBaTu OAMH 3 iITepaTUBHUX METOAIB PO3B'A3YBaHHA MaTPUYHOI Ipu.

PoarnsHemo iTepaTuBHUM MeTon, 3anponoHoBaHwn BbpayHoM i obrpyHTOBaHMI
Po6iHcoH (Memod bpayHa-PobiHCOH).

B ocHOBi UbOro meToaoy neXxuTb TakMA MPUHLWUMN: KOXEH 3 rpaBuiB nparHe
30iNbWNTN CBIN BUrpall, BBaXkakuu, WO ManbyTHe nodibHe MuHynomy. lMpu ubomy
BBa)KAETbCA TaKOX, WO XXOOAEH 3 rpaBUiB HEe 3HAE CBOEI ONTUMAarbHOI 3MillaHol
cTpaTeril. Taknn npuHUMN NPUBOANTL 00 AEAKOI NOCNIAOBHOCTI NAapPTIN rpu, ANs KOXHOT
3 AKMX MOXHa nigpaxyBaTu HaOMAWXKEeHi 3HaYeHHS ONTUMAaNbHUX 3MillaHuX cTpaTerin
KOXXHOIO 3 rpaBLiB, @ TAKOX HWKHIO Ta BEPXHIO rpaHuLi ANs WiHK rpu.

Y nepwii napTii rpasui Pq7, P2 BMOGMpaloTb AOBINbHO CBOI YWCTi cTpaTeril,

BiAMNOBIAHO, i1 Ta j71. POPMYETLCA M-BUMIPHUI BEKTOP x7=(0,...,0,1,0,...,0), B sikomy 1
MICTUTBLCA Ha i1-y MiCLi | AKMN XapakTepuaye 4acToTn BUbopy rpasLem P4 CBOIX YNCTUX
cTpaTerin, Ta n-sumipHui Bektop ¥ '=(0,...,0,1,0,...,0)', oe 1 po3milieHa Ha J1-y micui i
AKAN XapakTepusye 4acTtoTu BMOOpY 4MCTMX cTpaTerin rpasuem Ps. Hexan nicns s

s s s s s s Sy
1,...,xi,...,xm) Ta y :(y1,...,yj,...,yn) — BEKTOpW 4acTtoT

BMOOPY YnCTUX cTpaTerin rpasuamm P4 ta Po BignosiaHo.
BusHavatoun cein BuUGIp ig+1 Y (S+7)-1 naprii, rpaBeub P nigpaxoBye CBil
cepefHiv nporpat

napTin maemo x S=(x

Cy ZCUYJ’ chjyj7 Zcmjy (5.24)
Jj=1

3a S nonepegHix napTii (Ue Ans HbOro MVIHyJ'Ie) i, NparHydm Moro MiHimidyBaTtu,
3HaxoauTb

ist7 = arg min Zc,jyj (5.25)
i=1,...m j=1

Mipkytoun aHanorivyHo, rpaseub Po nigpaxoBye CBill CepeaHin BurpaLu

m !
Z(ZCHX/‘S ZCU szX ] (5.26)
i=1

3a S nonepeaHix NapTin i, NparHy4Yn Moro MaKCVIMi3yBaTVI, 3HaxoamuTb CBiN BUBIP jg+1 Y
(s+17)-n napTii rpm 3 ymoBu
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js+1 = arg m1ax ZCUX (5'27)
..... n i

MoTiM 3HaxoasTbCA BEKTOPU YacToT BUOOPY YMCTUX cTpaTeriv rpasusmmn P4 1a Po
3a pesynbTaTaMu npoBefeHux (s+17)-1 napTin 3rigHo doopmyn

un Im(is+1)] , (5.28)

Xs+1 _

—[s
s+1
ys+1 87 1 [sys+7+ln(js+1)], (5.29)
ne I m(is+1)=(0,...,0,1,0,...,0) — M-BUMIpHUN BEKTOP 3 OAMHULEIO Ha ig4+1-y MiCLi, a
Ih,(js+1) = (0,...,0,1,0,...,0)"' — n-BUMIpHUIA BEKTOP 3 OAMHULIEIO HA jg4+1-Y MICLI.
Mae micue Take TBEpOKEHHS.
Teopema 5.5. [Jng imepamueHo2o memody bpayHa-PobiHCOH icHyromb epaHuuji
lim xS=x* lim yS=y*
S— S—> o
O0e x*, y * — onmumaribHi 3amilwaHi cmpameeii epasuie P41 ma P2. Kpim moeo,
im max xSC = lim min Cy® = v,
Ss—>ow j=1,..n s> w i=1,..,m
Oev=x*Cy*— uiHa epu.

Mponyckatoum JoBeAEHHS L€l TeopeMn Yyepes3 Noro rpoMi3akiCTb, 3ayBaXkmMMo, Lo
30ikHicTb MeToay bpayHa-PobiHCOH AocuTb MOBiNbHA, WO, NPOTE, HE € BESIMKOI
nepeLLKoaoto, AKLWO Len meTtog peanisyetbca Ha EOM.

Mpuknap 5.6. Hexan matpuyHa rpa 3agaeTbCcs nNnaTiKHOK MaTpuULLEro
-3 5
4 2|

Aani, BukopncToByoumM cniBeigHoWweEHHS (5.24)—(5.29), BUKOHYIOTbCA OBYMCEHHS
ANa Oekinbkox nocnigoBHMX iTepauin metoay bpayHa-PobiHCOH po3B'adyBaHHA Ui€l
MaTpPUYHOI rpu.

1) i1=1, x1=(1,0),

ji1=1,  y1=(1,0).

2)Cy’=(-3,4), minCy’=-3, ir=1, x2=(1,0),
x1C=(-3,5), max x1C = 5, jo=2, y2=(1/2,1/2).
3)Cy2=(1,1), mnCy2=1, iz=2,  x3=(2/3,1/3),
x2C=(-3,5), max x2 C = 5, j3=2, y3=(1/3,2/3).

(-3
4)Cy3= (7/3 0), minCy3=0, ig=2, x4=(1/2,1/2),
x3C=(-2/3,8/3), maxx3C=8/3, j4=2, y4=(1/4,3/4
(
(

Y.
),

5'Cy4=(3,-12), minCy4=1/2, is=2,  x9=(2/5,3/5
x4C=(1/2,3/2), maxx4C=3/2, js=2, y9=(1/54/5).
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3ayBaxmmo, WO paHiwe (npuknag 5.5) ana uiel matpuyHoi rpy Gynu 3HangeHi
TOYHI 3HAYeHHs OMTMMaribHUX 3MillaHUX cTpaTterii rpaBuiB Ta uiHa: x *=(3/7,4/7),
y*=(1/2,1/2), v=1.

Po3ain 6. HeniHinHe nporpamyBaHHA

§ 1. lNocTaHoBKM 3apa4

B 3aranbHOMy Bunagky 3agady MaTteMaTM4HOro MporpamyBaHHA  MOXHa
dopmyrnoBaTh Tak:
3Haumu miHiMym (abo makcumym) QyHKUii

f(x), xe EN, (6.1)
38 BUKOHaHHA yMo8
fi(x) R; 0, i=1,...,m, (6.2)

deRje{<,=,2>}.
Y ToMy BUNaaky, konu xoda 6 ogHa 3 dyHkuin f(x), fi(x), i=1,...,m, € HeniHinHoto,
3agadvy (6.1)—(6.2) Ha3nBatloTb 3adayero HesliHitliHo2o rnpozpamysaHHs (SHJIIM).
Ax i B JIT cpyHKuito f(Xx) HAa3nBaOTb Yiflb080OK hyHKUiero, 06nacTb
D={xeEN:f(x)R;0, i=1,....m}—

ooriycmumoro obsiacmio, OOBINIbHUW eneMeHT x € D — oQonycmumMumM 8eKmopom
(moukoro, po3g'a3kom) 3afadi HENIHINHOrO NPOrpamyBaHHS.
[donyctumuii po3B'a3ok x * € D Takun, Wo

x*=argminf(x) (abo x*=argmaxf(x)),
xeD xeD

Ha3nBaETbCA ormumarsibHUM po38's3koM 3apadi (6.1)—(6.2).

®yHKUiT fi(x), i=1,...,m, Ha3uBaTb yHKUiAMU ymos 3apadi HIII 1.

3ayBaxumo, WO 3agada Makcumisaudil yHkuii f(x) ekBiBaneHTHa 3ajaui
MiHimi3auil —f(x), obmexeHHsa f;(x)> 0 ekBiBaneHTHe obmexeHHo —fj(x) <0, piBHICTb

fi(x)=0 ekBiBaneHTHa cuctemi ABOX HepiBHocTen fi(x)<0 i —fi(x)<0. Tomy npwu
dopMyntoBaHHi i po3B'asdyBaHHi 3H/IT MoXXHa 0OMEXUTUCHL NuLe BUNagKoM MiHimizauii
dyHkuii f(x) 3a ymoB fi(x)<0, i=1,....m, x € EN. Lo 3agadyy mu yacto bygemo
3anucyeaTu y BUrnagi

min {f(x): x € EN, fi(x) <0, i=1,...,m}. (6.3)

3ayBaxXumMo TakoX, WO obmexeHHs-HepiBHOCTI fi(x)<0 3aBXgn MOXHa

NepeTBOPUTM B OBGMEXEHHS PIBHOCTI LLMSAXOM BBEAEHHS HEBIA'€MHUX 3MIHHNX V2

fi(x) +yi?=0.

B cBow uepry cuctemy ymoB fi(x)=0, i=1,...,m, MOXHa 3anucatu y BUrnNsai ogHiel
ymoBu F(x) =f12(x) +...+f,2(x) = 0. 3aaeTbcs, Ha NepLuni nornsg, Wo 3agada

min {f(x): x e EN, F(x) =0} (6.4)
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npocrTiwa 3a 3agavy (6.1)—(6.2), ane ue He Tak. Npn 3BeAEHHI KOHKPETHOI 3agadi Tuny
(6.1)—(6.2) po 3apadvi (6.4) BTpavaeTbcs cneundpika 3H/IM, WO ycknagHE NOLWYK Ti
pPO3B'A3KY.

HeobxigHO TakoX mMaTu Ha yBasi, WO HEMiHINHICTb Nerko JO3BONAE BpaxoByBaTH
YMOBY LINOYNCENBHOCTI 3MiHHMX 3agadi. Hanpuknag, gns Ttoro, wob 3MiHHa Xj

HabyBana 3HayeHb 0 i 1, gocTaTHbLO, WOO BOHA 3a40BOMbHANA CUCTEMY HEPIBHOCTEN:
Xjz20,xj<1,x;(1-x;)<0.
| ocTaHHe 3ayBaxeHHs. [lyxxe yacto obmexeHHs 3H/I BknoyaTb YMOBY
xeX, npeXcEN,
i, 5K NpaBuno,
X={xeEN: x>0, j=1,...,n}.

Tomy nopsp i3 3agadeto (6.3) My Takox 6yaemo posrnagatv 3agady H/IMNy surnagi:
min {f(x): x € EN, fi(x)<0,i=1,....m, x € X}. (6.5)
PosrnaHemo Tenep knacudikauito 3agayd HJ/II.

1. KnacuuHi 3agayi ontumisauii
Lli 3apgavi nonsaratoTb y 3HAXOMXKEHHI ekcTpemyMy dyHKuii f(x), x € EN, npwn
0OMEXEHHSIX-PIBHOCTSIX

fi(x)=0,i=1,...m, m<n.

X Wwe Ha3vBalTb 3a0ayamu 8i0LWYKaHHS YMOBHO20 EKCIMPeMyMy.

Axwo m=0, To MaeMO Kracu4yHy 3adayvy giOwykaHHS 6€3yMO8HO20 eKcCmpeMymy
dyHKuii f(x), x € EN.

[Ona knacuyHux 3agady onTMMmi3auil CyTTEBOK € BMMOra rnagkocTi (iCHyBaHHS i
HenepepBHICTb Y PYHKUIN f(x) i fi(X) YaCTUHHUX NOXiAHWMX NPUHaNUMHI OO 2-r0 NopsaaKy
BKITHOYHO).

KnacuuHi 3apgavi onTtumiszauii, xoda © npuvHUMNOBO, MOXYTb OyTU pPO3B'sA3aHi
KNnacu4HMMn MeTogamMum 3 BMKOPUCTAHHAM anapaTty auvdepeHuianbHOro YMCeHHs.
OpHak TpyaHouw,i o64YncnoBanbHOMO Xapaktepy, siki BUHWKaTb NPy LbOMY HacCTiflbKu
3Ha4Hi, WO [Ans po3B'A3yBaHHS MNPaKTUYHUX 3adady  UbOro Tuny HeobXxigHo
3aCTOCOBYBATW iHLUI MeToaM.

2. 3apavi 3 HeniHINHOK UiNbOBOK PYHKLIE i NIHINHUMN OOMEXEeHHAMMU
Lli 3agayi matoTb BUrnsag

f(x) — min,

n

f,'(X)Z Zainj —biSO, i=1,...,m,
j=1

Xj2 0,j=1,...,n.

XapaKTepHO O03HaKOW TakuMxX 3agad € Te, Wo IX AOMyCTMMa MHOXMHa €
MHOFOrpaHHO MHOXWUHOIO.

3. 3apadi KBagpaTU4HOro nNporpamMyBaHHSA
B uux 3agayax noTpibHO MiHIMI3yBaTV KBagpaTUYHY (PyHKLO
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n n n
f(x)= ZCij+ > Zd,-jx,-xj—>min
=1 i=1j=1

NpY NiHIKHUX OBMEXEHHAX

n

fi(x)= Zainj -b;<0, i=1,...,m,
j=1

Xj20,j=1,..,n,

i 32 yMOBMU, WO f(X) € ONyKrow AOHN3Y PYHKLIEI.

3apavi  kBagpatmyHoro nporpamyBaHHs (3K/1) MOXHa BigHeCcTM €K [[o
nonepegHLOro kKracy, Tak i OO Knacy 3afady Onyknoro rnporpamyBaHHsA. Ane ix
BUAINAIOTb B OKPEMUM KNac SK i3-3a cneundikn LinboBoT OYHKLUIT, TakK i Yepes cneumndiky
YMOB-OOMEXEHbD.

4. 3apavi onyknoro nporpamMyBaHHA

3HJIM (6.3) abo (6.5), B akux uinboBa QyHKUiA f(X) € Oonyknow AOHU3Y, a
AONyCTUMa MHOXMHA — OMNyKIo, BIQHOCATb A0 Kracy 3agay OnyKrioro nporpaMmyBaHHS
(80rT). MeToan po3B'A3yBaHHA UMX 3aday € Hambinbw po3pobneHMMn y HeniHinHoMy
nporpaMmyBaHHs.

5. 3apaui cenapabenbHOro nporpamMmyBaHHs
[na umx 3agad xapakTepHOK 03HaKoK € Te, WO i LinboBa dyHKUIA f(X) i dyHKUIT
YMOB, AIKi MM MO3HA4YMMO 118 LbOro BUNaaKy vepes gj(x), € aauTUBHUMKN (PYHKLISMU,

TOOTO IX MOXHa nogaTtn y BUrnsai

n
f(x)= X fj(x;)),
j=1

n
gi(x)=2 gjj(xj),i=1..m
J=1
Cneumndika umx 3agad BU3Ha4vae creuianbHUIA Knac MeToaiB iX po3B'aA3yBaHHS, siKi
3aCTOCOBYIOTHCSA | € ePEeKTUBHUMM TifTbKU ONA TaKMX 3agav.

KopoTko 3ynMHMMOCb Ha ocobnueocmsix memodie, 3a [OOMOMOIoK  HAKUX
PO3B'A3YTbCS 3a4adi HEMiHIMHOrO NporpamMyBaHHS.

3ragaemo 3/I[1. Cwumnnekc-meTon [A03BONSIE 3@ CKIHYEHHE YUCMO  KPOKIB
YCTaHOBUTU, YN iCHYe po3B'a3ok 3/I/1, i 3HanTn noro y BUNaaKy iCHyBaHHS.

[na poss'asdyBaHHA 3agay H/I1 noBogMTLCA 3aCTOCOBYBATU, SIK NPaBUNo, METOOM,
LLO OO3BONSAKTb 3HAXOAUTU NUe HabnMKeHi po3B'sa3kM abo BUMMaratoTb HECKIHYEHHOIO
yncna KpokiB ANS OOCATHEHHS TOYHOro po3B's3ky. OkpiM UbOro, Mamxe 3aBXau Ui
MeTOAM AalTb Nuule fokanbHi onTuMyMu. MNpuknagom Takmx MetTofis Mmoxe 6yTu rpyna
epadieHmHux memodis.

Y peskux Bunagkax npu poss'adyBaHHi 3HJ/IT 3aCTOCOBYKOTb CUMMMEKC-METOA,
ane B OCHOBHOMY $K [OMOMDKHMWA, ONs PO3B'A3yBaHHA AonomikHux 3J11, wo
BUHWMKAOTb B npoueci po3s'adyBaHHa 3HJ/II.
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§ 2. NeomeTpuyHa iHTepnpeTauis
3afadi HeniHIMHOro nporpamMmyBaHHS

PoarnsHemo Ha npuknagax BigmiHHocTi 3HJIM1 Big 3J/IM i npoaHanisyemo

TPYOHOLi, SKi MOPOMKYHTLCA HESiHINHICTIO. BukopucTaemMo Ana LbOro reoMeTpuyHy
iHTepnpeTauito 3/1 i 3HJII.

Mpuknap 6.1. PosansHemo 3adaydy
z=0,5 x4 +2 xp > max,
X1+ Xo< 6,
X1— Xo< 1,
X1 —2X22-8,
X1 2 0, X9 2 0.

PoaB'asytoun ii rpagpivyHo (omB. puc. 6.1), 3Hangemo
x*=(4/3,14/3), z* = 10.

X1'2X2='8

X1-Xp=1

ol 71 43 N
Puc. 6.1

LLle pa3 nigkpecnumo HanBaxxnueiwi BnactmeocTi 3/1/1:

1. Honycmuma mHoxuHa 3JI1 € oryKrow MHO202paHHOK MHOXUHOK, WO Mae
CKIHYEHHE 4UCII0 8EPLUUH.

2. [losepxHero pigHs uinboeoi pyHkuyii 311l € aineprnowuHa. ineprninowuHu, wo
8i0rogidaromp Pi3HUM 3HAYE€HHSIM cMarsioi pieHs, napanesibHi MiX coboro.

3. JlokanbHul miHiMym (Mmakcumym) 8 3J11 makox € i 2arnobarnbHUM.

4. SKkwo uinboea @byHKUiS obMexeHa 3HU3Y (38epxy) e 3adayi MiHiMi3auii
(Makcumizayii) Ha Qonycmumit MHoxuHi  3/1[1, mo npuHalimHi 00Ha e8epuwuHa
0orycmumMoi MHOXXUHU € ornmumalribHUM po3e'sa3kom 3J1I1.

[nsa 3agay HJ/I Bka3aHi BNacTUBOCTI, SIK NpaBuno, He MatoTb MicUsl.

PosrnaHemo npuknagw.
Mpuknap 6.2.  MiHimisygamu ¢byHKU,it0
z=10(x42-3.5) + 20 (x92 — 4) — min
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Ha donycmumit MHOXUHI rpuknady 6.1 (Ous. puc. 6.2).

Lla 3agaya € 3apadelo KBagpaTUYHOrO nporpamMyBaHHA. 3 11 reOMeTpUYHOIl
iHTepnpeTauil BMNnnBae, WO ONTUManbHUIA PO3B'A30K X * € TOYKOK OOTUKY MiHil piBHSA
LinboBOI YHKUIT OO MNpsAMOI X4 + Xo = 6. [1oNoXeHHA Uiel TOYKM Yepes iHilo PiBHS
BU3HAYMUTM HEMOXIIMBO, OCKINbKM HEeBigOME BIgMOBigHE 3HAYEHHSA CTanol piBHA Z*.
OTxe, NOKN WO MAEMO N1LLE OAHE PIBHAHHA ONS BU3HAYEHHS KOOPAMHAT TOYKM X *

X1"+ X" =6. (6.6)

Ona Toro, wob oTpumaTtn gpyre piBHAHHSA, 3ayBa)KMMO, WO KyTOBUM KOEQILiEHT
AOTUYHOI [0 NiHiT PiIBHA B TOYLi X * pPIBHUIA KYyTOBOMY KOeiUIEHTY NpsiMOi X4 + Xo = 6.

\A "2

ol /1 25 35
Puc. 6.2

Topdi, BBaxawun Xxo HeABHOW (YHKUiE0 Big X4, £Ka BU3HA4YaeTbCA
CniBBiAHOLIEHHAM
F(x4, X2) = 10 (x42 = 3,5) + 20 (xp2-4) -z =0,

Z — NapamMeTpoM, WO BW3HA4Yae cCTany piBHA, OTPUMAEMO 3a MpaBUIIOM
AndpepeHLitoBaHHA HEABHOT (PYHKUT

dx
/ 1272
FX1 +FX2 dx, =0,
3BiaKN
dx;  Fq  20(x,-35) (x-35)
dX1_ F)?Z_ 40(X2—4) a 2(X2—4).
. dX2 o . .
3 iHworo 6oky d—X=—1, SIK KYyTOBWUI KoeilieHT npamol X, = —x4 + 6. OcTtaTouHo,
1
B TouUi X * ByaemMo MaTu pPiBHSHHS
Il U (6.7)
2(xp-4)

Poss'azaBwmn cucrtemy (6.6)—(6.7), otpumaemo x*=(2,5;3,6), i pani nerko
3Haxogmmo z * = 15.
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3ayBaxmMmo, WO 3HANOEHMA ONTMMAarbHUN PO3B'A30K LLLOMHO PO3rNSAHYTOI 3agadi
HJIM He € BepLuMHOIO 1T 4ONyCTUMOT 061acTi, Xo4a i 4OCAraeTbes Ha 1 MeXi.

Mpuknap 6.3. 3a ymos npuknady 6.1 3Hatimu MiHiMym ¢pyHKUIT
z=10(x1—2)2+ 20 (xp— 3)2
(Ous. puc. 6.3).

PyHKLIA Z € ONYKIoK KBagpaTUYHOK (PYHKUIED, Sika HabyBae nuwe HeBig'eMHUX
3HayeHb. HanmeHLworo 3Ha4yeHHs1, piBHOro HyneBi, BoHa HabyBae y Touyui x *=(2, 3), ska
nexmnTb BCcepeauHi obnacrti D.

OTmxe, onTuManbHe 3HAYEHHSA LiNbOBOI (PYHKUiT MOXe OOCAraTtucs y BHYTPILLHIN
TouUi gonyctumol obnacti SHJII.

)%

3 _|

1771 Z = const

o) =%
Puc. 6.3

Mpuknap 6.4. 3Halimu makcumym pyHKUIT
z2=25(x1—2)2+(xp,—2)2
3a ymos
X1+t Xo2 2,
X1— X22—2,
Xq + X2S 6,
X1—3X2S 2,
X1ZO, X220,

(Ous. puc. 6.4).

[lonycTMo0 MHOXMHOK L€l 3aaadi € YoTUPUKYTHUK V4 Vo3V, TliHil piBHA CyTb
enincu. 3 reoMeTpuYHOI iHTepnpeTauil BUNNMBae, WO YHKUIA Z Mae Ha OOMYyCTUMIN

MHOXMWHI 4OTMPU MaKkCUMyMM, $Ki OOCAralTbCHA Y BCIX BeplMHaxX YOTUPUKYTHWUKA
V1VoV3V,. Makcumymmn B T. V4,V5,V3 € nokanbHumu (z*=4, 100, 4). nobanbHum €

MakcumyM B T. V4 (z*=226). Omke 3HJI[1 moxe matu Kinbka OMNTUMYMIB, i He
000B'sI3KOBO TiNbKM OOUH 3 HUX Byae BU3Ha4aTu i onTUManbHUA PO3B'A30K.
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) z=100

x1-3 Xp = 2

@) V. - \\ - =
1 X1+X2—2 X1+X2—6

Puc. 6.4
B posrnaHyTux npuknagax AonycTuMi MHOXWMHUM  Oyrv  ONyKMMW, OCKINbKK
BM3HaAYanncb cucteMamum MNiHIMHUX HEPIBHOCTEW. Y 3aranbHOMY BUMNagKy, KONu cepeg
obmexeHb 3HJII € HeniHinHI, TI AonycTMMa MHOXWHA MOXe OyTu i He Onykrot, i He

3B'A3HOI0.
Mpuknap 6.5. Hexawn gonyctuma mHoxuHa 3H/II1 BU3Ha4aeTLCHA CUCTEMOLO
(X1 — 1) Xo < 1,
Xy t  Xp2 4,
X122 0, Xo 2 0,
(ams. puc. 6.5).
)%

AN = Xy

Puc. 6.5
3 rpadiyHol iHTepnpeTauii BUAHO, Wo D He € ONyKNoH i He € 3B'A3HO MHOXMHOHO.
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§ 3. 3aranbHi NnUTaHHA HeniHiINHOro NporpaMmyBaHHA

3 reoMeTpuYHOI TOYKM 30pYy (PYHKLis Baratbox 3MiHHUX z=f(X14,...,X) BU3HAYae
N-BUMIpHY MOBEPXHIO (2imeprnosepxHio) B npocTopi EN+1. koxHin Touui skol Bignosigae
BMNopsiAKOBaHMN Habip AincHUX yncen (z, x4,...,Xp).

MosepxHeto (2ineprnosepxHero) pigHs MYHKUIT z=Ff(x1,...,Xp) (y npoctopi E3-
JTIHIEO PiBHST) HA3UBAETBLCHA MHOXMHA TOYOK

{x e EN: f(x) = z0 = const}.
Mpuknap 6.6.  PoarnaHeMo yHKUio Z = X412 + x52.

Lla cdyHKuis 3agae B 3-BMMipHOMY npocTopi napabonoig obeptaHHs. JliHil piBHA
dYHKUII Z CyTb KOHLIEHTPUYHI KONna 3 LeHTPOM Y rnoyaTky KoopavHaT (aus. puc. 6.6).

I’ I

Puc. 6.6

CknagHictb 3agavi H/I Bu3Ha4YaeTbCa B NepLUy Yepry He 4Yncriom obmexeHb, a
BNaCTUBOCTAMM LINbOBOI GYHKUIT i yHKUin obmexeHb. Lli BnactnBocTti Hacamnepeq
NoainNalTb Ha s10KaibHi Ta 2r10barbHi.

[o nokanbHuMX BNacTUBOCTEN (YHKUiI BiAHOCATb, B nepLly 4epry, CTyniHb Ii
enadkocmi, TO6TO BNacTMBOCTI, 3B'A3aHi 3 HEMNepepBHICTIO (OYHKLIi, iCHyYBaHHAM Ta
HenepepBHICTIO 11 YaCTUHHUX MNOXIAHUX PI3HUX MOPSAKIB i NOXIQHMX 3a HANPSMKOM.

FoBOpATHL WO yHKUiA z=f(x) HenepepeaHa B Touui x 0, akuwio f(x 0) icHye i Ve>0
36> 0 (6=35(¢)) Take, WO AN BCIX X Takux, Wwo ||x — x 0l/< 5§ 6yne

|f(x)—f(x0)|<e.
TyT i Hagani BUKOPUCTOBYETLCA €BKMiZOBa HOpMa BeKTopa.
Akwo yHKUia z=f(x) HenepepBHa B KOXHIin BHYTPILLHIA Toyui aesikoi obnacri D,
TO roBOpPSATh, WO f(x) HernepepeHa Ha D. Knac dyHKUin HenepepBHUX Ha D no3Ha4arTb
yepen Cp (abo npocto C, akwo D = EN).

YacmuHHi noxidHi dyHkuii z=f(x) B Touui x 0 BU3HaA4YalOTbCA AK rpaHUL (SIKLLO
BOHW 3BUYAMHO iCHYIOTb)

af(x 9) f(x%+he;)—f(x?)
—— = lim
axj h—0 h
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ne ej = (0,...,0,1,0,...,0)" (1 cTOiTb Ha j-y MicLi) — N-8UMIPHUL OOVNHWYHWIA BEKTOP-
CTOBIMeLb, TPAHCNOHOBAHUNA Y BEKTOP-PAOOK.
OyHKUis z=f(x) HasuBaeTbca OughepeHuitiosHoro B Touui xU, dkwo BoHa

BU3HauYeHa B aesikomy okoni Toukn x 0 i ons goBinbHUX X i3 LbOro okony f(x) MoxHa
nogaTtu y Burnagi

f(x)=f(x0)+VTf(x0) (x—x09)+o(llx=x0|]).

BekTop

0. [0F(x%) af(x?) af(xo)jT
Vix )_( ox; ' ox, 7 ox,

HasuBaeTbCs 2padieHmom dyHKLUiT f(x) B Touui x 0.

Omxe, aKwo yHKuia f(x) audepeHuinosHa B Touui x0, TO BOHa Oyne
ANEePEHLINOBHOIO MO KOXHIM 3MiHHIN B Touui x 0, ane He Hasnakw.

Axkwio X yHKUia f(x) HenepepBHO ANdepeHLINoBHA MO KOXHIN 3MiHHIA B TOuUi
x 0, 10 BOHa By/e i AMMEPEHLIIIOBHOIO B LIl TOYL.

Akwio yHKuia f(x) Mae HenepepBHi YaCTUHHI NOXiOHI Yy BCiX BHYTPILLHIX TOYKaX
AEeAKOl MHOXMHM D, TO roBOpsiTb, WO BOHA Hasiexums Kracy CD7 (skwo D=EN, 10
roBopsith, Wo f(x) e CT). Y ubomy Bunagky dyHkuis f(x) 6yne amdepeHuinosHolo, a
OTXXe MaTUMe rpafieHT B KOXKHIN BHYTPILLHIN TOYLI MHOXWHK D.

3BUYANHMM YMHOM BBOAATLCA YacmuHHIi MOXiOHI  6inbW BUCOKUX MOPSIOKI8.

0%f(x)

Hanpuknag, yacTuHHa noxigHa Apyroro nopsiaky Sy ox  BY3HAUAETLCA K YacTUHHa
Y|
I . Of(x)
noxigHa — Bi HKL] .
AHa ox PR pyHKU ox,
3ayBammo, Wwo, sKkwo f(x) € C2, 10
o*f(x)  9%f(x)
8X,~ 8Xj B 6Xj 6X,- )

Mopsia 3 rpagieHToM MU Takox Gyaemo BUKOpUCTOBYBaATWU 2ecciaH oyHKUii f(x),
AKUN BU3HAYAETHLCA K MATPULIA APYIMX YaCTUHHUX NOXIAHUX PYHKLIT f(x)eC?2

0%f(x)

H = i j=1,...n.
f(x) ox; 9%, | ij=1,..,

Haeegoemo 6e3 foBegeHHA ABa dopmyrntoBaHHA Teopemu Tewunopa, ski Hagani
Ham ByayTb NOTPIOHI.

SIkwo f(x) Hanexums knacy C,! Ha eidkpumiti onykniti MHOXuHi X EN, mo Onsi
gcix mouok x1, x2 e X (x2=x"1+y)icHye 8 (0, 1) make, wo

f(x2)=Ff(xT)+VTf(6xT+(1-6)x2)y.
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Skwo f(x) Hanexums knacy C,2 Ha eidkpumiti onykiti MHOXuHi X — EN, mo ons
gcix mouok x1, x2 e X (x2=x1+y)icHye 6 (0, 1) make, wo
f(x2)=f(xT)+VTf(xT)y +(1/2) yTHs(OxT + (1- 0) x2) y.
IMoxidHowo 3a Hanpsamkom r=(rq,...,rp)7 (lrll=1) dynkuii f(x) 8 Touwi x0
Ha3NBAETLCS rpaHNLA (3BMYANHO, SIKLLO BOHA iCHYE)

0 £y 0
Drf(xo) _ lim f(x"+hr)-f(x")
h—+0 h

J

Hexan f(x)e C'. Moknagemo x7=x0, x2=x0+y=x0+hr B nepwin copmyni
Tennopa. OTpumaemo
f(x% +hr)-f(x%)
h
Micna nepexony Ao rpaHuui npn h —+0 B OCTaHHI piBHOCTI Byaemo matu
D f(x0)=VTf(x0)r=(Vf(x0),r)=|Vf(x0)| |r| cos(VF(x0),r).

=vTFOx% +(1-0)x? +hr)r.

3 i3nuHOI TOYKM 30pYy YacTUHHI noxiaHi yHKuii f(x) e CT xapakrepusyoTb
LWBMAKICTb 3MiHU (OYHKLUIT B HanpsMKax KOOpAUHATHUX OCEN, a NoxigHa 3a HanpAMKoM —
LWBMAKICTb 3MiHM OYHKLT B 3a4aHOMY HaNpPSAMKY.

I3 ocTaHHbOI chopMynu Bunnueae, wo npu |Irll= 1 noxigHa 3a Hanpsivkom 6yge
MaKCMMarbHO, SKLIO HaMpsMOK r criBnagae 3 HanpsmkoMm rpagieHta ViI(x0). Mpw
ubomy D, f(x0)=|VFf(x0)|. 3 ismyHOi TOukM 30py Ue oO3Hayae, Wo epadieHm
8U3HayYae HanpPSMOK MaKcuMaribHO20 3p0CmaHHs yHKUii B Touui x 0.

Bkaxxemo eeomempuy4Hul 3micm epadieHma (guB. puc. 6.7). Hexan maemo

dyHKLUIIO
zZ=1f(x1,X2).

PoarnsaHemo niHito piBHS

f(x1,x9)=20.
3'acyemo, Ak NPOBECTV AOTUYHY A0 NiHil piBHs B Touui x 0=(x40, x,0), Aka nexutb Ha
Lin ninii.
NiHia piBHA X5 = X 5(X 1) 3a4aHa HEABHO PIBHAHHAM

F(x4,x2)=f(x1,x2)—20=0.
PiBHSIHHS JOTUYHOT A0 MiHii piBHS B Touui x 0 mae surnag

0_dxp 0y,

_ 0 _
Xg =X, = dx; (x1 )(X4 X,
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{(x1,x2): f(x)=2"}
{(x1,x2): f(x)=2"}

Z <z
0
X, §
| vi(x°)
! =
0 1
@) X7
Puc. 6.7
Ockinbku

/ /
dxy _ FX1 fX1
= ——/ = —T
dX1 FX2 fX2
TO 3 PIBHAHHA AOTUYHOT Byaemo matum
af(xo)(x $0) of(x9)
8X2 2 27= 8X1

(X1—X10),

abo
(VFf(x09), x-x0) = 0.

3 OCTaHHbOI PIiBHOCTI BUNMMBAaE, WO 3 reOMETPUYHOl TOYKWU 30py epadieHm €
8eKmopom Hopmarii 0o niHii (mosepxHi npu n>3) pieHs 8 moyui x 0, akuti cnpsmosaHud
8 CMOPOHY 3pocmaHHs yHKUIi F(x).

[o eanobanbHux enacmueocmeli PyHKUin BaraTboX 3MiHHMX, B MepLly 4epry,
BiJHOCATb HASABHICTb Y HUX eKCmpemMyMis.

O3Ha4yeHHs 6.1. Fosopssmb, wo ¢byHKuUiA f(X), SKka eu3HayeHa Ha 3aMKHEHIl
MHOXUHI Xc EN, Qocsiecae Ha Hili abconromHoz20 (25106anbH020) MiHIMyMYy 8 moYyi
x*e X, akwo YV x e X sukoHyembcs f(x*) < f(x).

O3Ha4veHHs 6.2. [osopssmb, wo yHkuia f(x), ska eu3HayeHa Ha MHOXUHI
Xc EN, mae 8 mo4uyi x* e X 8iOHOCHUU (r10KanbHUU) MIHIMyM, SKWO iCHye makul OKir
S(x*) mouku x*, wo V xe S(x*)nX sukoHyembcs f(x*) < f(x).

O3Ha4yeHHs 6.3. 3adayy HIJI[T HazeemMo 0OHOeKcmpeMaribHOK, SKWO i
0osinbHuli 8IOHOCHUL MiHIMyM 6yde i abCOTFOMHUM.

§ 4. EnemeHTM onykrnoro aHanisy

Mpn pocnigXeHHi 3aga4 MaTeMaTUYHOrO NPorpamyBaHHS BerMKe 3Ha4YeHHS Mae
Taka rnobarnbHa BnacTueicTb YHKUiN fi f;j, K onyknicTb (YBirHyTiCTb) Ta TiCHO 3B'A3aHa

3 HEl0 BMacTUBICTb ONYKNOCTi MHOXWH.
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O3HauveHHs 6.4. MHoxuHa Wc EN Ha3ugsaembCsi OnyKrior, SAKUWO Orisl 8CiX X,y
e Wma A€[0, 1] sukoHyembcsi ymosga Ax + (1 -1) y € W.

OsHaueHHs 6.5. [Ipoekuieto mouku x O Ha onykny mHoxuHy W Hasugaromb maky
moyky x* € W, wo

on o

= inf on —XH =d.
xeW
Mpu ybomy d Hasusaroms sidcmarH0 moyku x 0 8id mHoxuHu W.

Teopema 6.1 (Mpo NpoeKLit0 TOYKN HA MHOXWUHY).  [nss  dosinbHOI  onyKroi
3aMKHeHoi MHoxXuHU W i dosinbHoi mouku x0 icHye eduHa moyka x*c W, wpo €
npoekuieto x * Ha W.

OosegenHs. Akwo x9 € W, 1o, oyesnaHo, wo x* =x%id = 0.
Hexan x0 ¢ W. Togid c> O Take, wo V xe W

Ix0 x| >c>o0.

Ockinbkn eBknigoBa HOpMa BeKTOpa € HenepepBHOK OYHKUIE X | BHAcCMigoK
nonepeaHbLOi HEPIBHOCTI € OOMEXEHO 3HU3Y Ha MHOXMHI W, TO iCHye 1i TOYHa HWXKHSA
rpaHb

. 0 B

inf [x” —x||=d.

xeW

Ockinbkn MHOXMHa W 3aMmkHeHa, TOOTO BKItovae B cebe BCi CBOI rPaHMYHI TOYKM | TOYKK
MeXi, To inf gocaraeTbca NpuUHanMMHI B ogHin Touli x *e W

=d.

inf on - XH = on -X*
xelW
OiiicHo, ockinbku infllx 0— x|, x e W, ICHY€E, TO 3aBXAW 3HaNOeTbCA NOCMiLOBHICTb {xk},

xk e W, aka no Hopmi 36iraeTbest go d

lim on —ka _d.
k— oo
[ani, Tak K NnocnigoBHICTb {xk} obmexeHa, TO 3 Hel MOXHa BUAINUTU NOCNIAOBHICTb

{x ki }, aka Byge 36iraTucb 4O AesKoi Toukn x *e W

lim xXi = x*ew.

[—
J[lo Toro x
lim on —xki| = d,
j—o0
LLIO 03Ha4vae

Ix0—x*|| =d.

HoBenemo eguHicTb ToukM x *e W. Big cynpoTUMBHOMO: NpUNyCTUMO, WO iCHYHOTb
ngi Toukn xTe Wix2e W, npudomy x 1 = x2, ana akux

Ix0-x1]| =llx0-x2| =q.
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MHoXunHa W — onykna 3a yMOBOK TeOpemu, TOMy onykna KombiHauisa Todok x 7 i x2
HaNeXuTb 1n:

z=(1/2)(xT+x2)e W.

3aysaxnmo, wo Toukm x 0, x 1, x 2, z nexatb B OAHi NMOLWHI.

1
X

Puc. 6.8
PosrnaHemo ||x 0 — z||. Ockinbku

Ix0— x| =[lx0-x2]| =g,

TO TPUKYTHUK Ax Ox Tx 2 piBHoGeapeHwnin i Bektopn x0 —zTax? —z, a Takox x0 — z Ta
X2 —z € opToroHansHuMu. Toai 3a Teopemoto Miparopa Maemo

Ix 71— 2|12 +|lx0- 2|2 =[x 0 - x[]2,

x2 - 2|12 +|lx 0 - 2|[2 =[x 0 — x2][2,
TaksakxT#x2, toxT#z i x2+z Tomy

[x0—z[[2<[|x0-x7]|2,

%0 —2z||2 <[[x 0 x2]|2,
[logatoumn ocTaHHi HEPIBHOCTI, OTPUMAEMO

Ix0—2zll2< (172) (IIx0=x1]|12 +||x 0 — x2]|12) = g2,
LLIO cynepeyvnTb 03Ha4yeHHto inf. Teopema goBeaeHa.

Teopewma 6.2 (npo Bipainswvy rinepnnowmHy). Hexaid W — 3aMkHeHa
onykna mHoxuHa i x 0 ¢ W. Todi icHye 2inepnnowuHa
(a,x)+b=0
maka, wo
(a,x0)+b>0,

(a,y)+b<0,VyeW.
IHwumu crnoeamu, eineprinowuHa (a,x)+b=0 cmpozo 6iddinse mouxky x0 eid
MHOXUHU W.

HdosenenHa. Ockinbkn W 3amMKkHeHa oOnykra MHOXWHa, TO Ha OCHOBI Teopemwu
npo Npoekuito icHye Touyka x * e W Ttaka, wo

*

= inf

x? - x
yeWw

xO—yH:d>O.
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PosrnaHemo rinepnsiowwmnnHy
L(x)=(x0-x"x-x")=0,

fIKa NPOXOaMTb Yepes TouKy X * i mae BekTop Hopmani x 0 — x * (amB. puc. 6.9).

(a,x)+b=0

L(x)=(x’-x*x-x*=0

Puc. 6.9
Maemo

L(x0)=(x0-x"x0-x")=|lx0 = x*[2=d2> 0.

Mokaxemo, wo V ye W 6yae L(y) < 0.
Bio cynpotusBHOro npunyctumo, wo icHye Touka ye W, ana saxkoi L(y)>0.
Cnony4rMmo TOYKy y 3 TOYKOK X * BigpidkoM. [JoBinbHY TOYKY Bifpi3ka no3Ha4yMmo

X(a)=ay+(1-a)x*,

e ae [0,1].

PoarnsHemo Toukm Bigpiska x («) BigMiHHI Big x *. Ockinbkun npn a=0 x(a) = x
L(x*)=0, T0 3 noganbLlloro po3rnsaay BMKMYMMO Bunagok a= 0.

Hani, W — onykna mHoxuHa, Tomy X () € Wnpu e (0,1].

Poarnsivemo llx 0 — x («)1|2. Maemo

*

Ix0—x(a)l2=x0-ay - (1-a) x*12=|(x O—x *) —a (y—-x*)||2 =
=[x 0 —x*[2+a2[ly—x*2 - 2a(x 0—x *,y—x *).
3eigcn Va e (0, 1]

lIx O—x(a)l2=Ix 0=x*|2=02|ly—x*||2 - 2 (x O—x*, y—x*).

Ockinbkn x* — npoekuis x 9 Ha W, 1o [[x 0—x(a) 2= Ix0—x*2> 0 Vae(0,1]. Tomy
Takox a2lly—-x*2 - 2a(x0-x*,y—x*) >0 Vae(0,1].

OTxe Ya e (0,1] 6yaemo matn ally—x*12-2L(y) > 0.

Ane ally—x*|2 3a paxyHok BUGOpY « Moxe CTaTM MeHLLMM 3a AOBiNbHE Hanepes,
3agaHe gogaTHe vncno, 30Kpema, MeHwWwmnm Hix 2L (y) > 0.

Togilly-x*l12 — 2L (y) 6yne Bin'eMHum, a, 3HaunTh, 6yae Big'eMHUM i BUpa3 |/ x 0—
x(a)12=]lx 0—x*||2, wo cynepeunTs 03HauEHHIO NPOEKL;i TOUKMN HA MHOXMHY.

Omxe Vye W maemo L(y)<0.

PosrnaHemo Tenep rinepnnowuHy L(x)—c¢ =0, ae 0 < ¢ < d2. Ockinbku

L(x0)-c=d2-c>0,
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aVyeW6yne L(y)—c<—c<0, To rinepnnowmHa L (x)—c = 0 sigainse Touky x 7 Big
MHOXWHKN W.
OcrtaTtoyHO Maemo
L(x)—c=(x0-x*x—x*)—c=(x0-x*x)—(x0-x*x*)—c=(a,x)+b,

ne a=x0-x* b=—(x0-x*x*)-c.
Omxe, rinepnnowmHa (a,x)+b =0 € WwyKaHoto.
Teopema goBeaeHa.

O3HaueHHs 6.6. [inepnnowuHa Ha3ug8aemMbCs OrNOPHOIO, SKUWO 8OHA MPOX00UMb
yeped moyku mexi rnnowuHu W mak, wo eci moyku MHOXUuHU W rniexxamb 1o OOHy
CMOPOHY 8i0 Ujei 2ineprnaowuHuU.

Y posenenin Teopemi rinepnnowmHa L(x)=(x0—x* x—x*)=0 € onopHolo,
OCKiNnbKM BOoHa npoxoanTb Yepes x *e Wi Vye W BukoHyeTbest ymoBa L (y)<0.

Teopema 6.3 (Nnpo onopHy rinepnnowuHy). Yepes KOXHY mMOYKy MEXi OryKroi
3aMKHeHOoi MHOXXUHU W MOxHa rnposecmu rpuHauMHIi OOHY OMOPHY 2inepriouuHy.

[oBeOeHHs. Hexan x eW — To4ka mexi MHOXUHM W. Topgi B OOBINbHOMY &£-
OKOMi TOYKM X 3HanayTbcs Toukn x(k)gW (k=1,2,...), NS sKux

lim x(k) = x.
k—o

KoxHin Touui x(k) (k=1,2,...) nocTaBMMO Y Bi4MNOBIAHICTb rinepnnoLwuHy
(x(k)—x*(k),x-x"(k))=0,

ae x *(k) — npoekuist Toukun x (k) Ha MHOXMHY W.
[na KoXHOI 3 Takux rinepnsiowmH, sk 6yno goseeHoO B TeopeMi Npo Biadinawo4y
rinepnsoLwmHy, BUKOHYETbLCH HEPIBHICTb

(x(K)=x*(k),y—x*(k))<0, VyeW.

Hopwmytoum Bektopu x(k)—x *(k), oTpumaemo ans Beix ki ye W

x(K)-x"(0)
(x(k)-x*(k) v (k)jgo'
MNoknagemo
_ x(R)-x"(k)

K= ~2L k=12,
| x(k)-x*(k)

i po3rnaHemo nocnifoBHICTb {ag}. Ockinbku Us NOCNIAOBHICTL OOMexeHa (BOHa
HanexuTb 3aMKHeHin cdepi pagiyca 1), TO 3 Hel MOXHa BuAINUTA 3BDKHY
NianocniaoBHICTb {ak,-}-

Hexan

lim a . = lim x(kj)-x*(kj)

= =1).
2= M Tt x e =2 21=T)

[nsa BCiX uneHiB NOCnigoBHOCTI {akl.} MaemMo
(ak;, y—x*(kj))<0, VyeW.
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Mepexonsum oo rpaHuli npu i — oo, OTPMMAEMO
(a,y—x )<0,VyeW,
OCKiSTbKM 3 YMOBM
lim x(k)=Xx
k—
BUNMBAE ymMoOBa
lim x *(kj)=Xx.
j—>o©
OTxe, LWyKaHOO rinepnnoLmnHoto € rinepnnowmHa L(x)=(a,x—x)=0.
Teopema goBefeHa.

Hacnidok. Axkwo W< EN — 3amkHeHa, onykna, obmexeHa MHOXUHa, Mo 4Yepes
dosinbHy mouky xO0eEN  (ckiHdeHHy), xO0¢ W, MoxHa npogecmu  OMopHy
2inepnnowuHy, mobmo icHye eekmop ¢#= 0 makut, wo Yy e W 6yde (¢,y—x9)<0 abo
(c,y) <(c,x0).

OoseneHHs. Po3srnsHemMo KOHyC 3 BepwuHow B Touui x O, nopomkeHwi

3aMuKaHHsAM W, To6TO MHOXUHY Touok K={ay+(1-a)x?0: ye W, a 20}. Ockinbkun W
ornykra i 3aMKHeHa, TO KOHyC K TakOX OMyKIui i 3aMKHEHUW. Toai Ha OCHOBI Teopemu
NPO OMOPHY riNEeprmolmMHy Yepe3 [OBiNbHY CKiHYEHHY TouKy oro mexi x0e MpK
MOXHa MpPOBECTU OMOpHY rinepnnowmHy. KoxkHa Taka ornopHa rinepnnowmHa 6yae
NPOXOAUTK Yepes BepLunHy KoHyca K Touky x 0 i yepes oesiky TouKy Mexi MHOXuHU W,
wo i Tpeba 6yno gosecTu.

3ayBaxumo, Wwo obmexeHicTb W € iCTOTHOI, OCKiNbK1 B iHWOMY BUMNaAKy TOYOK
Mexi koHyca K, 4epe3 dki MoxHa Oyno 6 npoBecTM OMOpPHY riNEepnnoLWnHY, Wo
npoxoauna 6 Takox i yepes Touky x 0, Moxe B3arani He icHyBaTw.

Teopema 6.4 (npo rinepnnoLmHy, sika po3ainsae ABi ONyKni MHOXWHMU, O He
nepeTMHalTLCA). SKkwo MHoxuHa X0 eHympiwHix moyok onykmnoi MHOXUHU X He
MOPOXHSI | HE NepemuHaEMbCsl 3 OMyKII0 MHOXUHOK Y (XO0NY = &), mo 0ns MHOXUH
X ma Y icHye po3dinsroya ix aineprnmaowuHa, mobmo icHye eekmop ¢ # 0 makud, wo

(e, x)<(c,y), VxeX,VyeY.
OoseneHHs. Po3srnsaHemo MHOXUHY Z = X0 - Y:
Z={z:z=x-y,xec X0, yec Y}.

BoHa € onyknoto (nepesipsaeTbest 6eanocepeHbo) i, ockinbkn X0NY=@, 1o 0 He € i
BHYTPILLHbOK TOYKOHO.

Akwo 0 ¢ Z, To B CUNy HaCnigKy TEOPEMM MPo OMOPHY riNnepnnoLyHy, abo, AKLO
Zz = 0 € TOYKOO Mexi Z, TO B Cury Teopemu npo OMOPHY riNneprrowunHy, iCHye
HEeHYJIbOBUM BEKTOP € # 0 Takuu, WO

(c,z-0)<0, Vzel.
To6To V x € X0,iV y € Y 6Byaemo matu
(c,x—y)<0 abo (c,x)<(c,y).

136



Lla HepiBHICTb 3anuwaeTbCs cnpaBeanuBo i ANa 3amMukaHb MHOXWUH X i Y, OCKinbKu
rpaHUYHNA Nepexig He NopyLlye HECTPOrMX HEPIBHOCTEN.
Teopema goBefeHa.

§ 5. Onykni pyHKUiT Ta IX OCHOBHI BNaCTUBOCTI

PoarnsHemo Tenep o3HayeHHs, rnpuknadu ma eracmueocmi OryKux goyHKUid.

O3HauveHHs 6.7. @yHkuito f(x), xe XcEN, de X — onykna MHOXUHA,

Ha3usaromb OryKriok (orykrot doHu3y), akujo ¥V x1, x2e X iV a<c[0,1] sukoHyemscs
HepigHicMb
flax™+ (1—a)x2) < af(x1) + (1—a)f(x2)

(Ausuck puc. 6.10).
f(x*°)
af(x")+(1-a)f( X°)

f(x)

fla x"+(1-a) x°)

o) X a x"+(1-a) x* X
Puc. 6.10

O3HayeHHs 6.8. @yHkuyito f(x), 6usHayeHy Ha onyknid MHOXuUHI XcEN
Ha3uearome y8iaHymoro (onykrow dosepxy), akuo —f(x) € onyknor ¢pyHKujero Ha X.

3ayBaXXMMO, L0 ONYKIiCTb MHOXMHU X € ICTOTHOK B LUUX O3HAYEHHSX, OCKISTbKN YV
x1, x2eXiVae[0,1] Todka ax? + (1—a) X2 NOBMHHA HanexaTn MHOXMHI X.

AKWOo B O3HAYEHHAX ONYKIoi i YBIFHYTOl (PYHKUiW 3HaKM HEeCTpOoroi HepiBHOCTI
3aMiHUTM Ha 3HaKW CTPOroi HEPIBHOCTI, TO By4eMO MaTu O3HaYeHHSI cmpo20o OMyKoi i
cmpoeo ysicHymoi ¢hyHKU,iU.

Mpuknagu onyknux yHKLiN

1. JliHiGHa oyHKyia f(x)=c’x=(c,x) € onyknow (i y8iaHymow) y 6CbOMy
npocmopi EN,

MepeBipsaeTbes 6e3nocepeHbO 3 BUKOPUCTAHHAM O3HAY€eHb BiANOBIOHUX (PYHKLIN.

2. Keadpamu4Ha ¢hopma f(x)=xTAx=(x,AXx) onykna y ecbomy rpocmopi EN,
AIKWO 80Ha Hesid'eMHO 8u3HayeHa (mobmo, skwo YV x e EN mae micye HepigHicmb
xTAx>0).

[incHo, yTBOPMMO OMyKny KOMGiHaLilo [BOX [OOBIMbHUX TOYoK X7, x2 e EN |
PO3rngHeMo BiANOBIAHE 1 3HAYEHHS1 KBagpaTUYHOI hopmMu.
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Maemo V ae[0,1] ix?, x2 e EN
flax?+ (1—a) x2) = (axT + (1-a) x2)TA (ax! + (1-a) x2) =
=(x2*-a(x7—x2))34(x2*-a(x7—x2))=
= (x2)TA X2 +20(x1-x2)TA (x?2) + a? (x1-x2)TA (x-x2).
Tak gk 0<a<1, 70 a? < a, i, ockinbkn V x € EN BuKkoHyeTbcs XTAX>0, TO
a?(x1-x2)TA (xT-x2) < a(x1-x2)TA (x-x2).
BukopurcTOBYHOYM OCTaHHIO HEPIBHICTL, OTPUMAEMO:
flaxT+(1-a)x?) < (x2)TAx2+2a(x1-x2) TA(x2)+a(x 1-x2)TA(x 1-x2) =
=(x2)EAx2-+a(x7—X2)E4(x7—X2)=(x2)24x2+a(x7)E4x4—
—a(x2)TAx2=a(x1)TAxT+(1-a)(x2)TAx2=af(x 1)+ (1-a)f(x2),
wo i Tpeba 6yno gosecTu.
3. Cywma onyknux QyHKyit

k
f(x)= 2 fi(x),
i=1

8U3Ha4YeHUX Ha oryknit MHoxuHi X — EN, e onykmnoto ¢yHKuUiero Ha X.
OincHo, ¥V a<[0,1] 1V x1, x2 € X maemo
1 2 K 1 2
fla x " +(1T-a )x“)=2 fila x +(1-a )x“)<
i=1

1 2 K 1 K 2

(a fi(x)+(T-a ) fi(x"))=a 2 fi(x " )+(1-a ) X fi(x")=
i=1 i=1

M=

<

)

= af(x?) + (1-a) f(x2).
4. KesaOpamuuHa yHKUia f(x)=c’x+xTAx=(c,x)+(x,AX) € OyKsot
yHKuiero y ecbomy rnpocmopi EN, akwo keadpamuyHa c¢hopma XTAX Hegid'eMHO

8U3Ha4eHa.
Lle TBepOXeHHS € HAcNiAKOM TPbOX MonepeaHix TBepaKeHb.

Il
-

5. Akwpo f(x) onykna Ha onyknit MHOXUHI X, mo (byHKUIS
g(x) = max {f(x),0}
makox orykna Ha X.
OincHo, V ae[0,1] 1V x 71, x2 € X maemo
g(axT+(1-a)x2) = max {f(ax+(1-a)x2),0} <
<max {af(x1)+(1-a)f(x2),0} <
<amax {f(x1),0} + (1-a) max {f(x2),0} =ag(x?) + (1-a)g(x2).

6. SAkwo g(x) onykna i HesiO'emMHa Ha onyknii MHOXUHIi X, Mo GbyHKUIS
f(x)=g?(x) makox onykna Ha X.

[incHo, V a€[0,1]iV x7, x2 € X maemo
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flaxT+(1-a)x?) = g2(ax’+(1-a)x2)<(ag(x?)+(1-a)g(x?))?=
= a2g2(xT)+2a(1-a)g(x?)g(x?)+(1-a)2g2(x?) =
=a2g2(x1)+ (1-a)292(x2)+ a(1-a)[g2(xT)+g2(x2)-
~(92(x7)-g2(x2))2] = ag?(x1)+(1-a)g2(x2)-
—a(1-a)[g(x7) -g(x2)]? < ag?(x!)+(1-a)g2(x?) =
=ag(xT)+(1-a)g(x?).

OCHOBHI BnacTMBOCTi onyKnux oyHKLin

1. [nsa dosinbHOI onyknoi pyHKUIT g (X ), 8U3HAYEHOI Ha OrnyKIiti MHOXUHI Xc EN,

MHoxuHa G = {xeX: g(x)<0} € onyKriow MHOXUHOIO.

HoBeneHHa. PoarnsHemo onykny komb6iHauilo ABOX AOBISIbHUX TOYOK i3 G i
NOKaXXeMo, L0 BOHA TaKOX HanexuTb G.

Maemo V ac[0,1] iV xT, x2ec G
glax!+ (1-a)x2)< ag(x?)+ (1—a) g(x2)< a-0+(1-a) -0=0,
T06T0 ax ' + (1-a) x2 € G, wo i Tpeba Gyno gosecTw.

2. HepiBHicTb leHceHa.  Skwo f(x) onykna Ha onyknit MHOXUHI Xc EN ma
xie X (i=1,...m), aj>0(i=1,...m), as+...+ a,, =1, mo

m ) m ,
f(Za,-x’]sZa,-f(x’).
i=1 i=1

3ayBaxmmo, WO Npy m = 2 HepiBHICTb leHCeHa cniBnagae 3 HEepiBHICTIO, sika
BU3Ha4ae onykny yHkuito. Mpyu m > 2 HepiBHICTb AOBOAUTLCS 3a iHOYKUIED.

bes noeseneHHs (noBeaeHHs ame. [15], cTop. 42).

3. BnactuBicTb HenepepBHOCTI. Skwo yHkuia f(x) onykna Ha onyknid
MHOXUHI Xc EN, mo e0Ha HerepepeaHa y 8Cix 8HyMpPIWHIX MOYKax MHOXUHU X.

bes noseneHHs (noBeaeHHsa aue. [15], cTop. 43).

4. IcHyBaHHSA NOXiAHOI NO HANPAMKY. SKWO ¢yHKUisS f(X) onykna Ha onyknid
MHOXUHI X < EN, mo 8 KOXHIil eHympiwHid moyuyi x< X 80Ha Mae roxiOHy o

dosinbHomy Hanpsmky r ((rll= 1)
, f(x+hr)-f(x)
D, f = lim :
1) h>+0 h

Be3 nposeageHHs (goBeaeHHs ame. [15], ctop. 39).

5. OcHoBHa BnactuBicTb AndepeHLinOBHNX ONYKINX (hyHKLIN. Akwo
ducgpepeHuitiosHa Ha omnykniti MHOXuHi X EN ¢pyrkuis f(x)(f(x)e C.!) onykna Ha X,
mo & KOXHiti eHympiwHiti moyui x 1 uiei mHoxuHu (x T € int X) 8ukoHyembcs HepigHicmb

VT(xT) (x2=x1) < f(x2) = f(xT) ¥ x2e X, (6.8)
OoseneHHs. Ockinbkn f(x) onykna Ha X, 10 V xTeintX , V x2eX i

Vae (0, 1) mae micue ymoBa
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flax?2+ (1—a) x1) < af(x2) + (1-a) f(x 7).
Mepenuwemo i1y Burnagi

fxT+a (x?-xT)-f(x")

2 1
- < f(x2)-f(xT).

Ockinbku f(x) e C!, To 3 nepwwoi dpopmynu Tennopa Maemo
f(xT+a(x2-x1))=f(x1) = aVTf(xT+0a(x2-xT))(x2-x1),

ne 6e(0,1).
I3 ocTaHHiX 4BOX CniBBiAHOLWEHb OTPUMAEMO

VT(xT+0a(x2-x1))(x2-x1) < f(x2)-f(xT).

Mepexogsum [o rpaHuui npu a—>0 B OCTaHHIM HEPIBHOCTI, NpuMxoaMmo A0
HepiBHOCTI
VTf(xT)(x2-x1)<f(x2)-f(xT),

aky | Tpeba 6yno gosecTw.

Ay

I S

f(x")

)

Puc. 6.11

feomeTpuyHa iHTepnpeTauisa HepiBHOCTI (6.8) ona AndepeHuinoBHOT OnyKnoi
yHKUii y=f(x) oaHiei 3MiHHOI (xeE') paetbca Ha puc. 6.11. TMpu ubomy
cniBBigHOLWeEHHSA (6.8) HabyBae Burnagy
2 1
f(x<)—Ff(x
F(x") < ( 2) (1 ) (x2>x")
X< —x
i miBa Moro yactuHa BM3Havae B Touli x7 KyTOBMIt KOediLiEHT JO0TMYHOI, a npaBa —
KyTOBUIN KOEMILEHT CiYHOI Ansa Kpusoi y=1f(x).
6. BipHa i obepHeHa Teopema 00 LWOWHO [JOBeAeHol. SHAkwo 0Ons
dugpepeHuitiogHoi Ha onyknit  MHoxXuHi X yHkuii f(x) (f(x)eC.l ), 6 KoxHil
gHympiwHit moyui x T mHoxuru X (x 1 € int X) mae micue HepigHicmb

VTf(xT) (x2-xT1)<f(x2)-f(xT)
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V x2e X, mo f(x) onykna Ha X.

OosepeHHsa. V x7 x2eX i Vae[0,1] noknagemo z=ax'+(1-a)x2. Togi
Z € X, ocKinbkn X — onykra MHOXMHa. 3a YMOBOK TEOPEMU MAEMO

Vif(z) (xT-2z)<f(x1)-f(2),
VTf(z) (x2—-2z)<f(x?)-f(2).

MOMHOXUMO nepLly HepiBHICTb Ha «, ApYry — Ha 1—a i goaamo ix. Otpumaemo
VTf(z) (axT+ (1—a) x2 - z) < af(x?) + (1-a) f(x2) - f( 2).

Ockinbkn niBa 4YacTUMHA OCTAHHbLOI HepiBHOCTI AopiBHOE VTf(z)0=0, TO
OCTaTOYHO OTPMMAaEMO

flax2+ (1—a) x1) < af(x2) + (1-a) f(x 1)

v x1, x2eX iVae[0,1] (3 ypaxyBaHHaM piBHOCTi z=ax T+ (1-a)x?).

BrnacTuBicTb goBegeHa.

CniBBigHOWeEHHA (6.8) MOXe cnyXuTu BiANPaBHUM MYHKTOM AN BU3HAYEHHS
BaXXIIMBOrO NOHATTSA cybepadieHma (y3a2aribHeH020 epadieHma) ¢byHKUI.

§ 6. Cy6rpapieHT ¢hpyHKLUIiI Ta MOro OCHOBHI BNaCTUBOCTI

O3HaueHHs1 6.9.  Hexal ¢pyHkuiss f(x) eusHadyeHa Ha MHOXUHI X EN, Onsa sikoi
int X= . Skwo e deskiti eHympiwHiti mouyi x1 mHoxuru X ( xTeint X ) 3 eekmop
V f(x1) makuti, wo eukoHyembcsi ymoga

VTi(xT)(x2-x1) < f(x2)-f(xT)
vV x2e X, mo eekmop V f(x1) Hasusaromb cybapadicHmom pyHKuii f(x) 8 moyui x 7.

BBegoemo noHATTa Hadzpaghika PyHKLUIT 6araTboX 3MiHHUX.

Az

fF(x0) -~
X0
— X
o) X
Puc. 6.12
O3Ha4yeHHs 6.10. Hexau cyHkuis z=f(x)=f(x4,...,Xp) BU3HaYeHa Ha

MHOXUHI X — EN. Hasgsemo Hadzpagikom uiei coyHKUii MHOXUHY X f MOYOK rpocmopy
EN+*1 maky, wo
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X¢={(z,%X1,....Xp): z>f(x), xe X, ze ET}.

3ayBaxmmo, L0 3a BnacTmeicTio 1 onyknux dyHKUin Haarpadik onyknoi pyHKuii €
ONYKIT00 MHOXWMHOIO, OCKiflbkM X MOXHa noAaTtu y BUrnsai

Xf={(z,X1,....Xp): 9(z,x)=-z+f(x)<0, (z,x) e ETxX}.

Teopema 6.5 (npo icHyBaHHA cybrpagieHTa). Skwo yHkuia f(x) onykna Ha
onykniti MHOXUHi X < EN, mo y koxHiti eHympiwHiti moyui x0 e X icHye cybzpadieHm
VF(x0).

OoeepenHsa. Hexan x0cintX i (f(x0),x0)=u0cEN*T Touka u? € TOYKOW
Mexi Hagrpaddika X g, OCKINbKN NEXUTb Ha rinepnoBepxHi z =f(x).

TeopeMn NpPO OMOPHY riNeprnsioOLLNHY ICHYE OropHa TrinepnrowmnHa, dka npoxoauTb
yepes Touky (f(x0),x0). Hexan piBHAHHS Li€T rinepnnoLwmHmn Mae BUrnsa

(a,u-u9)=0,
npuyomy ansi Beix u € Xfc EN*1 6yne
(a,u-u9)<0.

Ockinbkn a — (n+1)-BAMIpHUIA BEKTOpP, Nogamo noro y surnagi a=(—A4,r), ge r
— N-BUMIpHUA BeKTOp. ToAdi PIBHAHHA OMOPHOI riNnepnmowmMHN MOXHa nepenucatu y
BUrNaA4i
—A(z—f(x0)) + (r,x-x0) =0,

npuyomy V (z,x) € XfnoBMHHA maTu Micue ymoBa
—2(z—=f(x9))+ (r,x-—x0)<0,
ae A> 0, OCKiNbKM HepiBHICTb 36epiraeTbCa i Npy Z — +o.
Moknagemo V =r/i. OTpumaemo V (z,x) € X
(V,x-x0)<z—-f(x0).
3okpemMa, MoxHa noknactun z=f(x) V x e X B Ui/ HepiBHOCTI. Tofai, No3Ha4ynBLLN
V=V f(x0), octatouHo 6yaemo matn V x € X
(VF(x0),x-x0) < f(x) - f(x9),

T06TO: 3a 03Ha4YeHHAM cybrpagieHTa, Bektop V f(x0) e cybrpagieHTom dyHKLUii f(x) B
Touui x%< int X.
3ayBaxMmo, L0, OCKIifTbKW BEKTOP HOpMani @ ONOpPHOI rinepnsiowmHn

(a,u-u%)=0
MOXe BYTVW MPOHOPMOBAHWI 3aBXaW, @ YnCno 1> 0, TO MHOXWHA BEKTOpIB BUMNAOY

V=r/A 6yne obmexeHow 3aexau. Lle o3Hayae, WO MHOXMHA cyBrpafieHTiB F(xo)

onyknoi dyHKuii f(x) ¥ x 0 e int X 6yne obmexeHow 3aBxau.
Teopema goBefeHa.
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Teopema 6.6 (npo BNacTUBOCTIi MHOXMUHU CyOrpagieHTiB). Skuwo yHkuis f(x)
onykna Ha onyKnit MHOXUHi X , mo MHOXuUHa ii cybepadieHmie F(xo) vxOcint X €
HEeropOXHbOI, 0OMEXXEHOH), OMYKIIOH | 3aMKHEHO!O.

OoBeneHHsa. IcHyBaHHA NpuHaiMHi ogHoro cybrpagieHTta V x0eint X, a Takox
0OMEXEHICTb IX MHOXMHM JOBEAEHI B MONEPEHI TEOPEMI.

Oosenemo onyknictb. Hexain Vq,VoeF(x%). Le osHauae, wo VxeX
BVKOHYIOTLCS YMOBMU
f(x) — f(x0)>(Vy,x-x0),
f(x) — f(x0)>(Vo,x—x0).

Bisbmemo posinbHe a [0, 7]. [ToMHOXUMO nepLly HepiBHICTb Ha «, Apyry — Ha T—a i
aogamo ix. OTpumaemo V x € X

f(x)—f(x0) = (aVyq + (1-a) Vo, x—x0),

L0 O3Ha4ya€ HaneXHiICTb ONykrnoi KomOiHauil BEKTOpIB @1, @2 [0 MHOXWHMU F(xo).

OTxe, MHOXWNHA F(xo)onyKna.
[loBesemo 3amkHeHicTb. Hexait nocnigosHicts {Vg}e F(x?)i imVg=V npu s—
oo. Toai ansa goBinbHOro s Ta vV x € X Mae micue ymoBa
f(x)-f(x0)>(Vg,x-x0).
[Mepexoasum B Hi OO rpaHuui Npu s — o, OTpUMaemMo V x € X
f(x)-f(x9)>(V, x-x0),
10670 V e F(x?). Omxe, F(x?)— 3amkHeHa MHOXmHa.
Teopema goBefeHa.

Teopema 6.7 (Npo o6YMCrIeHHs1 NOXiAHOI NO HANPAMKY). Akwo yHKUis f(x)
oriykria Ha onyknit MHOXUHI Xc EN, mo rnoxiOHa rno dosinibHomy HanpsmKy r (| r|=1) uiei
¢hyHKUii 8 dosinbHIli eHympiwHiti moyui x 0 e X o6yucioemscsi 3a GhopMyIior

D f(x9)= max (V,r).
Ve F(x%)

bes noseneHHs (noseaeHHsa ame. [16], cTtop. 288).

3ayesaxeHHs1 8IOHOCHO 2eomempu4HoOl iHmeprnpemauii cybzpadieHma. HAk ©yno
3'acoBaHo paHiwe, rpagieHT VF(x0) onyknoi audepeHuinioBHoi dyHKUiT f(x) €
BEKTOPOM HOpMani [OTWYHOI FNeprnowmHn [0 rineprnoBepxHi piBHA B Touui x O,
CNpPAAMOBAHUM Yy HanpsiMKy 3pocTaHHA yHkuii f(x). [doTnyHa rinepnnowmHa € i
OMOPHOIO Y LIbOMY BUMAAKY AN MHOXUHU {X € EN: f(x) < f(x0) }, [0 TOro X eanHoI0.

Axkwio onykna gyHkUia f(x) He € AndepeHUiNoBHOK B TOYL x0, To poTwnyHOi
rinepniowmHN 0o rineprnoBepxHi piBHA He icHye. Ane OGyae icHyBatn 6e3nivy onopHux
rineprnowmH Ans MHOXUHK {X € EN: f(x) < f(x0) }, wo npoxoauTumyTh Yepes Touky x 0.
Bekmop Hopmari 008irbHOI i3 makux OMOPHUX 2inepryiouwuH, crpsmosaHuli 8 bik
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3pocmaHHs ¢yHKuii f(x) i 6yne 3apaBat HanNpamok i cybepadieHma V f(x0) e mouui
x 0 (aue. puc. 6.13).

)% )%,

0
X
v f(x°) v (x°)
— X = X
o) "o L
Puc. 6.13

OueBnagHo, WO cybrpagieHT piBHUIA rpagieHTy gyHKuii f(x) B Tovkax, Ae BOHa
AndepeHuinosHa.

§ 7. EkcTtpemanbHi BNacTUMBOCTI ONYKNUX (PyHKLiN

Teopema 6.8 (Nnpo piBHiICTL aGCONOTHOro i BiAHOCHOro MiHIMYMiB). Akwo

yHkuisa f(x) onykna Ha onyknit 3aMKHeHIU MHOXUHI X E", mo doeinbHul 6i0HOCHUU
MiHiIMym yHKUIT F(X), wo docssieaembces 8 OesiKil moyui MHOXUHU X, € ii abcomomHum
MIHIMYMOM Ha MHOXUHI X .

OosenerHs. Hexanm x0eX Touka BIOQHOCHOTO — MiHIMYMYy — dpyHKUiT  f(X).
MpunycTumo Big cynpoTmeHoro, wo x 0 He 6yae Touko abComTHOTO MiHIMYMYy dyHKLT
f(x) Ha MmHOXMHI X. Lle o3Hayae, Wwo icHye Touka x * e X Taka, Lo

f(x*) < f(x0).

Ockinbku MHOXMHa X onykna, To onykna koMmGiHauis To4ok x * i x0 Hanexuts X,
TOOTO

Y ae[0,1], ax*+ (1-a) x%eX.
Tak sk yHkuis f(x) onykna i f(x *)<f(x0) 3a npunyLeHHam, To
flax*+(1-a)x0)<af(x*)+(1-a)f(x0)<
<af(x0)+(1-a)f(x9)=f(x0),
TO6TO V x € [0, 1] BUKOHYETBHCA YMOBA
flax*+(1-a)x0) < f(x0).

Ane npu a 6nun3bkMx A0 Hyns Todka ax *+(71—-a)x0 nonagae B OOCUTL Manuin okin
Toukm x 0, a oTKe, OCTaHHS yMOBa CynepeYnTb 03HAYEHHIO BiJHOCHOIO MiHIMyMY.

Omxe, npunyLLeHHs 6yno HesipHUM i x 0 € Toukoo aBCconMoTHOrO MiHIMYMY (DYHKLT
f(x) Ha MHOXMHI X.

Teopema 6.9 (HeobXigHi i gocTaTHi yMoBM MiHiMyMmy onyknoi cbyHKUii). Skuwo
yHKuia f(x) onykna Ha onyknit MHOXUHI XcEN i x* e int X, mo x* € moykoto
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abcosiromHo20 MiHiMymy ¢byHKUii f(Xx) Ha MHOXUHI X moOi i minbku modi, KOfu Hyrb-
*
8E€KMOP Hanexums MHOXUHI cybapadieHmie goyHKuii f(x) 8 moyui x* 0 € F(x ).
OoBegeHHa. HeobxigHictb. Hexan x* € TOYKol abCOMTHOrO MiHIMyMy
dyHKuii f(x) Ha MHOXWMHI X. Lle o3Ha4vae, wo V x € X

f(x)—f(x*)>0
abo
f(x)—f(x*)>(0,(x—x*)).

Togai 3a o3HavyeHHAM cybrpagieHTa yHKUIT B TouLi, HYNb € cybrpagieHToM dyHKuii f(x)
B TOYLi X *, TO6TO Oc F(x*).
HocTtaTtHicTb. Hexan 0Oe P(x*). Toai Vxe X 3a 03Ha4YeHHsM cybrpagieHTa mae
Micue ymoBa
f(x)—f(x*)>(0,(x—x7)),
TO6TO VXe X f(Xx)2>f(Xx™), wo i Tpeba 6yno gosectu.
Hacnidok.  SAkwo ¢yHkuis f(x*) onykna i dugbepeHuitiogHa Ha OryKit MHOXUHI
X c EN, mo ymoea
Vi(x*)=0,x* e int X,
€ HeobXxiOHO | dOCMamHbOK yMOBOH abcoslromHO20 MiHIMyMy hyHKUi f(X) 8 mouui x*.
OosegenHs. [inicHo, y Bunagky f(x)e C,! MHOXUHaA cyBrpagieHTiB dyHKuUii (X))
B TOYLUi X * € OQHOENEMEHTHOLO, Tl yTBOPIOE €ANHWUI rpagieHT V f(x ™), kM B TOM Xe Yac

€ i cybrpagieHToM. 3a yMOBOK HacnigKy BiH € Hyrem, a, OTXe, BUKOHYHTbCS YMOBMU
nonepegHLOI TeopemMu.

Po3ain 7. Metoan ogHOBUMIpPHOI onTUMi3auil

§ 1. lNocrtaHoBKa 3apaui

3adava o00HOBUMIPHOI onmumizaujii rnonsieae y eidwyKaHHi MiHIMyMmy (abo
mMakcumymy) pyHKuii

y=f(x) (xeET)
Ha 8idpi3Ky [a, b].

Lla 3agaya mae caMmocTiiHe 3Ha4YeHHSA | B TOM Xe Yac 1 J0BOAUTLCS PO3B'A3yBaTh
npw onTuUMisauil pyHKUin GaraTboX 3MiHHUX.

Biopasy Ttpeba 3ayBaxuTu, WO KnNacuyHMKA Nigxia OO0 po3B'sidyBaHHA 3agad
OAHOBUMIPHOT ONTUMI3aUii, LLO FPYHTYETLCSA Ha BifLyKaHHI KOPEHIB PIBHAHHSA

f/(x)=0 (f(x)eCT),

Aaneko He 3aBxaun moxe OyTu peanizoBaHun Ha npakTuui. NMNo-nepwe, B NpakTUYHUX
3ajadax onTuMmisauil 4acto B3arani  HeBigOMO, 4YM € QyHKUia Yy =f(x)
ANEepeHLINOBHOW, Hampuknag, SKWOo BoOHa 3agaHa TabnuuyHo. [lo-gpyre, 3agadva
PO3B'A3yBaHHs PIBHSHHA f/(X)=0 3 0BuMCrIOBaNbHOI TOUKM 30py Mae Takuil xe
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nopsgoK CKNagHocTi, 9K i BuxigHa 3agada. Ocb YoMy € notpeba B 3acTOCyBaHHI
MeToAiB onTUMI3alii, BiAMIHHMX BiO KNacu4HUX, TOOTO Takux, SAKi He 3B'A3aHi 3
NoxigHoto.

Mw posrngHemMo Oesiki 3 Takux MeToAiB O4HOBUMIPHOI OMTUMI3auii CTOCOBHO, Tak
3BaHWX, yHiIMOOasribHUX ¢byHKUU.

O3HauveHHs 8.1. ®yHkuito y=f(x), eusHadyeHy Ha 8i0pi3Ky [a,b], Haseemo
YHIMOOarnbHOK, SKWO 60Ha Mae Ha HbOMYy €OUHY mMOYKY MiHIMyMmy Xx*e[a,b] i
3a0080/1bHSIE yMO8Y

V X1, Xo makux, Wo a<xq<Xp<x* f(xq)>1f(x5);
V X1, Xo makux, Wo X*< xq4<Xxo<b, f(xq)<f(x5).

OueBngHoO, WO Le 03Ha4YeHHs "npucTocoBaHe" onsa 3agadi MiHimisadii. [na 3agadi
MakcuMmisauil BianoBigHe 03HAaYEHHA 3MIHIOETLCH efleMEeHTapHO.

3ayBaxuMmo, WO yHiMOAanbHa (PyHKUiA MOXe He ByTu HenepepBHOK i MOXe He
OyTn onyknoto.

OcHoOBHa BnacTmMBiCTb YHiMOAAaNbHOI (pyHKLiT
UncenbHi MeToan MiHiMi3auil yHIMOOANbHOT PYHKLII FPYHTYHOTLCA Ha OCHOBHIN i
BNacTUBOCTI, ika 6e3nocepeHbO BUNNUBAE i3 il 03Ha4YeHHA (auB. puc. 7.1).
Hexal ¢byHkuis y=1f(x) yHimoOanbHa Ha 8i0pi3Ky [a,b], Mmac Ha HbOMYy MiHIMyM &
moyuyi x* i moyku | ma r 3 ybo20 8idpiska maki, wo a<I<r<b.
Todi:
sakuwo f(1) > f(r), mo x* € [/,b],
akwo f(1) <f(r), mo x* e [a,r],
akuwo f(1) =f(r), mo x* e [I,r].

I8¢ % 8¢

. /)

oyl
| 1)

f(r)

Oa/‘rx*bOa x* | r b Ola | x* rb
Puc. 7.1

CdopmynboBaHa BRacTuBICTb A03Bonde OyayBaTyv MNOCMIAOBHI anropuTMu, Ha
KOXXHOMY KPOL|i IKMX CKOPOYYETLCS iHTEpBas NoLyKy MiHIMyMmy.
PoarnaHemo geski 3 HUX.

146



§ 2. MeToa anxoTomii abo aineHHA Bigpi3KiB HaBnin

Hexan x* — Touka MiHiMymy yHkuil f(x ) Ha Bigpisky [a,b]. 3a BuxigHwun
iHTepBan nowyKy BMOMpatoTb Bigpi3ok [a, b]. MNoknagatoTtb

al=a, b0=p.

MpunycTnmo, WO BUKOHAHO S KPOKIB anroputmy i obuncneHun intepsan [asS, bS],
AKUN MICTUTb X*. PO3rnsiHeMo s+7 KpPOK.

Hinumo Bigpisok [aS,bS] HaBnin i ona geskoro [ocutb Manoro uucna o>0
ByayemMo Toukm

IS=(as+bS-6)/2 Ta rS=(asS+bS+5)/2.
3a OCHOBHO BMACTUBICTIO YHIMOAANbHOI OYHKLIT NOKNagaemo:

as*l=|s,  pS*1=pS, axwo f(IS)>f(rS),
as*t1=as, bS*1=rS, gxwo f(IS)<f(rs),
as*1=|s,  pS*1=rs.  axwo f(IS)=f(rS).

Otpumaemo siapisok [aS*T, bS*T], akmin MiCTUTb TOUKY X*.
Micna 3aiMcHEHHA n KpokiB meToay Oyae 3HavaeHo iHTepan [all,b], akomy
HanexuTb TOYKa MiHIMYMYy X* i Npu UbOMY, SIK HEBaXKO 6aunTy,

bh—ah = (b—a)/2n+(1-2-N)s.

MoknaBwmn HabnwmxkeHo x*=(bM+a’)/2, maTMMeMO NOXUOKY OBYUCNEHHA X*, He
Oinbwy, Hk umcno &=(bN-afl)/2. Yucno y"N=f((bN+al)/2) npunimaloTb 3a
MiHiManbHe 3Ha4YeHHa pyHKuUiT f(x) Ha iHTepBani [a, b].

3ayBaXXMMo, WO Ha KOXHOMY Kpoui mMeTogy AMXOToMil MOTpibHO obuucrnioBaTtu
3Ha4YeHHA PYHKLIT y ABOX TOYKaX.

Binbw edekTMBHUMM 3 06YMCIIIOBANBbHOI TOYKN 30pY B MOPIBHSAHHI 3 PO3MMAHYTUM
€ MeToan 30/10mo2o nepemuHy Ta QiboHauvyi.

§ 3. MeTopa 3onoTOro nepeTuHy

Haragaemo cno4atky, LLO O3Ha4yae — 3HaWTWU TOYKM 30510TOr0 NepeTuHy Bigpiska.
Hexan maemo npomixxok [a, b]. To4yko 30M10TOro nepeTuHy Bigpiska [a,b] HasuBalTb
TaKky TOYKY LUbOro Bigpi3ka, dka AinuTb NOro y cepegHboMy MponopuioHansHOMY
BiAHOLUEHHi, TOBTO TaK, WO BiOHOLWEHHA AOBXMHW BCbOrO Bidpi3ka A0 MOro GinbLuol
YaCTUHW piBHE BIOHOLIEHHIO BiNbLIOT YaCTUHM 4O MEHLWOI. 3ayBaXnMo, O Takux TOHOK
icHye aBi Ha [a,b]. lo3HauMMO 4Yepe3d r Ty 3 HUX, ONA SKOI BMKOHYETbCS YMOBa
r—a>b-r. HeBigomy [OBXWHY Bigpi3ka [a,r] no3HayMmo 4Yepes3 X, TOA4I AOBXMHA
Bigpiska [r,b] ©Oyge piBHa b—a-x | ANA BWM3HAYEHHS HEBIAOMOI BEMUYMHU X
OTPUMAEMO PIBHSHHS

b—a_ X
X b-a-x

abo x2+(b-a)x—(b-a)2 = 0.
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+4V5 -1
3BiakN X, :(b—a) C . Ockinbkn x>0 i b—a>0, 1o nigxoauTb NuLle oauH
. J5 -1 J5 -1
kopiHb X =(b—a) 5 OTxe, r=a+(b-a) 5 |HWa TOYKa 30M0TOro NEepeTuHy

Bigpi3ka [a,b], 9Ky Mu No3Ha4YMMo 4vepe3 |, NexnTb Ha BiACTaHi X Big To4kn b, TO6TO

J5 -
I=b—(b-a) 5
nepepis Bigpiska [a,r], a Touka r y CBOK 4epry € TOYKOK 30S510TOro nepeTuHy Bigpiska
[a,b].

PoarnsHemo Tenep iTepauiiHy cxemy anroputmy 30710TOro NeEpPeTUHY.

Hexan x* — Touka MiHiMymy yHKuil f(x) Ha Bigpisky [a,b]. Ha nodatky
obumncneHb noknagatte a%=a, b0=p.

Ha s-y kpoui BU3Ha4atoTb BENNYNHU

IS=bS—7(bS—as),
rS=as+r(bS—as),

1 . y
. He Baxko nepekoHaTnuCb y TOMy, WO TO4YKa | 3aincHIOE 30N0TUI

5-1
Je crana t = \/_T ~ 0,618 . MNoknapgaoTb
ast1=|/s, bS*1=pS, akwo f(IS)>F(rS),

as*t1=as, bS*1=rS, akwo f(IS)<F(rS),

ITepauii npoaoBXyTb AOTK, NOKN HE Byae BUKOHYBATMCb HEPIBHICTb
bn—-ah<g,

ae & > 0 — 3agaHe 4ncno, ske BU3Havae noxmbky po3B'a3Ky 3agadi.

Ha koxHomy kpoui M3/, nounHatoum 3 1-ro, 06UNCROETLCA NULE OAHE 3HAYEHHS
dyHKkuUil f(x), TOMy WO ogHa 3 TOYOK 30510TOr0 nepepidy Ha nonepeaHbOMy KpOL
30iINCHIOE 30/10TUIN Nepepi3 NPOMIKKA Ha HACTYNHOMY KpOL,i.

3a HabnuxeHu po3B'a30K 3agadi NpurnmatoTb

x*=(ah+bn)/2, y*=f(x*).

Mpn posB'A3yBaHHi 3agadvi Makcumiszauii dyHKuii f(x) HeobxigHO 3aMiHUTK 1i Ha
dyHKUito —f(X).

Mpuknan 7.1. Memodom 3o510moeo nepepidy 3 moyHicmw &< 0.05 3Haumu
MiHiMym epyHkuii f(x)=e X —2cosx Ha npomixky [0, 1].

Peaynbtatn ob4ncrneHb HaBeaeHi B HACTYMNHi Tabnumui.

Tabnuuys 7.1
as bS /S rs f(IS) f(rs) 3HaK £
0.000 | 1.000 | 0.382 | 0.618 | —1.1773 | —1.0911 < 0.309
0.000 | 0.618 | 0.236 | 0.382 | —1.1548 | —1.1733 > 0.191
0.236 | 0.618 | 0.382 | 0472 | —1.1733 | —1.1576 < 0.118
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0.236 | 0.472 | 0.326 | 0.382 | —1.1729 | —1.1733 > 0.073
0326 | 0.472 | 0.382 | 0.416 | —1.1733 | —1.1697 < 0.045

Omxe, x*=(0.326+0.416)/2=0.371, f(x*) =—-1.1739.

§ 4. Metopn diboHauui

3ayBaxxMmo, WO IiCHye Kinbka iTepauinHux cxem wmetogy PiboHauvdi, dki B
OCHOBHOMY BIiOpI3HAOTbCA LWBUAKICTIO 30bKHOCTI. Po3rnsaHeMoO OAHy 3 HanbinbLu
NPOCTUX, HE 3YMUHAKYNCL HA NUTaHHAX 30bKHOCTI. OTXe, HeEXxan X* — Toyka MiHIMyMy
dyHKuii f(x ) Ha Bigpi3ky [a,b].

AK i y BXe pO3rnsHyTUX MeTofax Ha nodartky obuucneHb noknagatTs al= a,
bO0=p.

Ha s-y Kpoui BU3Ha4yaTb BESIMYMHN

/S:bS_ TS(bS_aS)’

rS=as+ rs(bS—as),

Fy o 1+0 , -
N-s-1 's=0,...,N-3, N_2 = —~——, N — 3apaHe uucno itepauin, £ >0, F; —
Fyn_s 2
yncna diboHauui, Wo 3a0aTbCA PEKYPEHTHUM CNiBBIAHOLUEHHSM
Fj =Fj_1+Fj_2, j=2,3,... Fo=F;=1.
MNoknagalTb

as*t1=IS,  pS*t1=pS, axwo f(IS)>Ff(rS),
ast1=aS, bS*1=rS, akwo f(/S)<f(rS),
ast1’=(s,  pS*1=rs  gxwo f(IS)=F(rS).
3a HabnuxeHu po3B'a30K 3agadi NpurmatoTb
x*=(aN+bN)/2, y*=f(x*).

Ana M® y Bunagky 3asgarnerigb ikcoBaHOro Yncna itepauin JOBXWHA KiHLEBOrO
iHTepBarny noLlyky MiHiMarbHa.

MNpu po3sB'adyBaHHi 3agadvi Makcumisauii dyHkuii f(x) HeobxigHO 3amiHUTK Ti Ha
dyHKUito —F(X).

ne g =

§ 5. MeToa BMNagKOBOro NOLUYKY

Memod eunadkoeozo nowyky (MBI1) 3acmocogyembcsi Orid 3HaXOOXEHHS
MiHiMyMy (Makcumymy) 0oeinbHOI pyHKUiT y=f(x), wo 3adaHa 8 6yOb-sKiti dornycmumid
obnacmi D.

PoarnsHemo peanisauito gaHoro metogy Ans (pyHkuii ogHiel 3miHHOI. Hexawn
AoBinbHa pyHKuia f(x) 3agaHa Ha NpoMixKy [a, b]. 3a gonomoroto JaBada BUNaLKOBUX
yucen, piBHOMIPHO po3nogineHnx Ha npomikky [0,7], OyayeTbca NOCMIQOBHICTb
Bunagkosux umncen x{k}, k=1,...,N, piBHOMIpHO po3nofineHnx Ha MpoMiXKy [a,b].
O6umncnioloTbCa Ta MOPIBHIOKTLCS MK CODOK 3HaYeHHs pyHKuil f(x) B Toukax x{k}.
MiHiManbHe 3 HUX NPUMMAETLCS 3a OLUiHKY MiHIMyMY dyHKUIT f( X) Ha NpOMiXKyY [a, b].

149



Axwio N npsasMye 40 HECKIHYEHHOCTI, OTPMMaHa OLiHKa MO MMOBIPHOCTI 30iraeTbcs
A0 rnobanbHOro MiHiMyMy yHKLUii, WO po3rnagaeTbes.

Mpn po3B'A3yBaHHi 3agadvi Makcumizauii yHKUiT f(X) HeoOXigHO 3aMiHUTK 1T Ha
dyHKuUi0 —F(X).

Po3pin 8. Knacu4iHi metoan ontumisauii

§ 1. HeoOxigHi Ta nocTaTHi yMOBU eKCTpeMyMy
3apaya 6e3yMOBHOI MiHiMi3aLil
PosrnaHemo 3agauvy:

f(x) = min, x = (x4,...,x,,) € E". (8.1)

Teopema 8.1 (HeoOXigHi ymoBUu MiHiMyMmy). Hexal ¢yHkuis f(x) mae MiHiMym
(nokanbHuli abo a2nobanbHuli) 8 moyyi x ° . Todi:

1) sxwo f(x) e C', mo e mouui x° V#(x°)=0;
2) skwo f(x)e C°, mo & mouui x°Vf(x°)=0 i aeccian Hf(x°) € Hesid'eMHO
8U3Ha4YeHo Mampuuero, mobmoVy € E" y THf(XO )= 0.

HoegeHHsa. [JoBegemo 1). Ckopuctaemocsi nepnm doopMyritoBaHHSM TEOpeMM
Teiinopa. Maemo Vy € E" npu sianosignnx 0 < (0, 1)
f(x°+y)—f(x°)=VTf(x°+ay).
Ockinbku x°— Touka miHiMymy f(x), To icHye okin S(x°) Toukm x°%, B sikomy
VyeE" takmx wo x°+y e S(x?), 6yne
f(x°+y)-f(x°)>0.
Tomy 3a umx ymoB npw BignosigHux @ e (0, 1) Takox byae
VTf(x°+ 0y)y >0.

Ockinbkn gyHkuUia f(x) gudepeHuinoBHa, TO rpagieHT Vf(x0+ fy) npwn Jocutb
Maniit HopMi y 6yae 36epiratit 3Hak B okoni S(x ), sk HenepepBsHa yHKLis. Toai Yy 3
Lboro okony 6yge VTf(x%)y > 0.

MpunycTumo Big cynpoTtvsHoro, wo VF(x°)=0.

Topi B cuny OoBINbHOCTI y 3aBxan 3y=0 3 9K 3aBrogHO Marnot HOPMOK, Npu
akomy 6yge VTf(xo)y <0, Wo cynepevntb HeBig'eMHOCTI JOBYTKY VTf(xo)y npu
BCiX Yy 3 OOCUTb Masiold HOPMOIO, a, OTXe, | O3HAYEHHIO MiHIMyMY B Toyui x ~. Tomy
HeobxigHo V f(x %)= 0.

Hosenemo 2). Ckopuctaemocsi gpyroto Teopemoto Tewnnopa. Maemo Vy e EN
npwv BignosigHux 6 (0, 1)

f(x®+y)-f(x°)=V T(x%)y+(1/2)y THH(x°+ Oy ) y.

Ockinbku x° — Touka MiHiMymy dyHKUii f(Xx), To icHye okin S(x°) Toukn x°, B
skomy Vy e EN takux, wo x’+y e S(x?), 6yne

f(x%+y)-f(x°)>0.
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Kpim Toro 3a goseaenum V f(x %)= 0. Tomy 3a Lumx ymMoB npw BianosiaHux 6 < (0,1)
Takox 6yae BUMKOHYBATUCb HEPIBHICTb

(1/2)y THf(x°+ 0y ) y=>0.
HenepepBHicTb apyrnx noxigHux (f(x) e C2) rapaHTye 36epexeHHs 3Haky
dyHkuiero Hf(x) i B TouUi x’, 10670 Byne
(1/2)y THf(x°) y=0
[NA [OBINbHNX Y, L0 HE BUBOAATL 3@ MeXi [JOCUTb Marioro okosy Touku x 7.

Akwo maTtpuusa Hf(XO) He € HeBig'€EMHO BM3HA4YeHOK, TO B CWUSTY AOBISIbHOCTI
BEKTOpa y 3aBXaW 3HaANOEeTbCHA BEKTOP y 3 $K 3aBrogHO Masiod HOPMO, ANs SIKOro
oyne (1/2)y THf(XO)y<0, a, otxe, i (1/2)y THf(X0+ dy)y<0, wWwo cynepey1Ttb
03HaueHHIo MiHiMyMy dyHKUiT f(x) B Touui x° . Teopemy foBeaeHo.

OsHaueHHs 8.1. Touka x°, ska 3adosonbHsie ymosy Vf(x°)=0 Hasusaemscs
cmauyioHapHOK MOYKor OugghepeHyitiogHOI hyHKUIT f(X).

IHKONMM ymMOBY cTauiOHapHOCTI POPMYSIOTL  Tak: x°— cmaujoHapHa mouka
dugpghepenuitiosHoi oyHkuii f(x), sakuwio VT(x°)y=0 Vy=0
3ayBaxeHHA. HeobXiOHUMU ymosamu makcumymy ¢pyHKuii f(x) e C2 & moyui x°
€ ymoga cmaujoHapHocmi i HeOodamHa 8u3Ha4vyeHicme ii 2ecciaHa:
VA(x°)=0,Vye EN yTH¢x°)y<0.
JloBoauTbCA aHanoriyHo.

Teopema2 8.2 (nocTtaTHA yMoBa nokanbHoOro MiHimymy). Hexadu:

1) f(x)eC (xeEN),

2) 8 mouui x°e EN gukoHyemsbcs ymosa cmauioHapHocmi Vf(x°)=0 (abo
VTf(x°)y=0 Vy=0),

3) eecciaH Hf(x %) € dodamHo susHaueHo Mampuuero.
Todi moyka x° € moykow cmpozozo nokanbHO20 MiHiMyMy ¢byHKUIT f(X ).

Ooeepennsi. Hexat Touka x° 3agoBonbHAe ymoBu Teopemu. PoarnsiHemo
pishuo f(x°+y)-f(x°) vyeE".

3a gpyrum popmynioBaHHAM Teopemu Tewnnopa Ta 3 ypaxyBaHHAM YMOBU 2)
maemo Vye ENi pesikux Oe (0, 1)

f(x°+y)-f(x°)=(1/2)y THf(x° +6y)y.

3a ymosamu Teopemu recciaH Hf(x°) € poaaTHo BU3HaYeHO MaTpuLieto, TO6TO
(1/2)y THf(x°)y>0 VyeE".

Ockinbku f(x)e C?, To HenepepBHiCTb recciaHa Hf(x) rapaHTye 36epexeHHs

oro 3Haky i B aesikomy okoni Toukn x°. Tomi npu e (0, 1) i Vy € E” 3 pocuts manoto
HOpMOIO ByaemMo maTu

(1/2)y THf(x°+ 0y) y> 0.
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Lle o3Hauae, Wo Ans 6yap-sikoro y, Takoro wo x°+y nonaaae B 4OCUTb Manwii
okin Touku x ?, Mmae micLe ymoBa

f(x°+y)-f(x°)>0,
TO6TO Touka x° € TOUKOIO CTPOroro NoKasbHOro MiHiMyMy yHKLT f(X).

3ayBaxeHHS. [JocmamHiMu yMmogamu cmpo2020 /10KallbHO20 MakcuMyMy byHKUIT

f(x)e C2 8 moyui x°e E" € ymosa cmauioHapHocmi i eid'emHa eusHaueHicmb i
2ecciaHa

Vix%)=0,vyeE" yTHex?)y<0.
JloBoauTbCA aHanNorivHo.

Kputepin CunbBecTtpa. Hexal A4(x),...,A,(X) — nocnidoeHi 205108Hi MIHOPU
mampuui Hf(x ).

Ana moeo wob mampuys Hf(x) b6yna OodamHO 6U3HaYeHOK HEeObXiOHO i
0ocmamHbo, wWob 8UKOHYy8anuchb yMo8u

A(Xx)>0,...,A(x)>0 VxeE".

Ana moeo, wob mampuusa Hf(x) 6yna ei0'eMHO 6u3Ha4yeHOK HEeObXiOHO i
docmamHbo, w06 BUKOHYy8anuck ymMosu

A(X)<0, AYX)>0,...,(-1)"A(x)>0 VxeE".
3apava yMOBHOI MiHimi3auii

PosrnaHemo 3agady Ha YMOBHUI eKCTpeEMYM

£°(x) - min, (8.2)
fi(x)=0, i=1,..m, (8.3)
xe E",

B skiit fi(x)e C', i=0,1,..m.

Axwo cuctemy (8.3) MOXXHa NepeTBOPUTU [0 EKBIBANIEHTHOrO BUrMsay

X1 = X1(Xm+11 Xm421+e+s Xn)a
Xy = X2(Xm+1= Xm+2ses Xn)’
Xm = Xm(xm+1’ Xm+2se0s Xn)’
BMpasuBLM 3a gonomoroto (8.3) nepwi m 3MiHHUX Xj (i=1,...,m) 4epesd iHWi 3MiHHI X;

(i=m+1,...,n), TO 3aga4yy Ha yMOBHUI ekcTpeMyM (8.2), (8.3) moxxHa 3BecTn A0 3ajadi
Ha 6e3yMOBHUI EKCTPEMYM AN QYHKLIT

(8.4)

0
F(Xme1:Xme2s--sXn) = F (X4(Xma1s--sXn) oo s X X 15+ Xn)s Xma 15 Xm0 s X )

3MIHHUX (Xp41:Xme2s--:Xp) € EN—M, 9Ky MOXHa Aocnignuty 3a A0NOMOrol HeobXigHuX i

AOCTaTHIX YMOB, AOBeAEHMX paHiwe. Ane Takui nigxig mae obmexeHe 3aCToCyBaHHA
i3-3a TOro, WO SIBHUA BUpPa3 OAHIEl rpynu 3MiHHMX Yepe3 iHWi 3MiHHI 3a 4OMOMOror
cucteMun (8.3) MOXXHa OTpMMaTU Janeko He 3aBXaW.
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Binbw 3araneHMM Nigxig [0 AOCNIMKEHHA 3afadi  BiflyKaHHS YMOBHOIO
ekcTpemymy anddepeHuinoBHoi QyHKUiT Jae meToa JlarpaHxa. Llen meton nonsrae y
3aMiHi 3agadi ymoBHOro ekctpemymy (8.2), (8.3) 3agadeto 6e3yMOBHOrO eKCTpemMymy
ana yHkuii Jlarpanxa 3agadi (8.2), (8.3).

Beegemo dyHkuito JNlarpaHxa 3agavi (8.2), (8.3)

L(x,\) = Aof%(x +Z/1 fi(

BMIHHUX (X1,X0,0cs X, A 0, A gy A ) = (X, A) € EN+MH,
CnpasegnuBa Teopema.

Teopema 8.3 (HeobXxiaHi YMOBU YMOBHOro eKCTpemymy). Skwo x"— mouka
JloKarnibHo20 MiHiMymy abo makcumymy ¢byHKuii f (x) 3a ymos f i(x) =0, i=1,...m, mo
HeobXxiOHO icHytomb 3MIHHI (A *0,1 11 :,,) — 1" %0, AKi Ha3U8aIOMbLCH MHOXHUKaMU
JlagpaHxa, maki, wo

* * 0 * m I *
% = z;%+§z}% =0, j=1,..,n, (8.5)
abo

JoV FO( *)+Z/Wf *) =0,
i=1

mobmo eekmopu VfO(x*), VFf1(x*),..., VIM(x*) e niHiliHO 3anexHumu.

JdoBeneHHs. MpunycTMMo NpoTMBHE, TOGTO, WO BKasaHi Bektopu VFO(x*),
VIil(x*),..., VFfM(x*) niHinHO He3anexHi. Toai dyHKUiOHaNbHa MaTpuusA
o,
an
nopsaaky, BIOMIHHMKM Big Hyns, SKUWA MOXHa BBaXKaTu AkobiaHOM cuctemMm PyHKUin
fO(x)—fO(x*)—t,f1(x),...,fM(x) no peskin NIAMHOXWHI M+71 3MIHHUX MHOXWHU
3MiHHUX X1,...,Xp B TOYLUi X *, t=0.

Topi 3a TeopeMoto NPo HesBHI OYHKLIT cuctema
fO(x)-f9(x")-t =0,
f1(x)=0,

,i=0,1,....m, j=1,...,n, Mae paHr m+1, a, oTXe iCHye MiHOp uiel maTpuui m+1

fM(x)=0

Ma€e pO3B'A30K Mpu BCiX f i3 okony Toukn =0, TobTOo Takmx, wo |t| <t,, Ae ty — [ocUTb
marne 4mcno.

Omxe, icHye BeKkTOp-PyHKUIA Xx=x(t)=(x4(t),...,x,(f)), 9Ka BuU3Ha4eHa i
andepeHLinoBHa npu Beix ¢, |t <t,, i Taka, wo x(0)=x*, fO(x(t))=f0(x*)+t i npu
i=1,...m fi(x(t))=0. 3eincn maemo Yvt, 0<t<t,

FO(x ()= FO(x*)+t>FO(x*)>FO(x*)—t=FO(x(~t)).
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O cynepevnTtb YMOBI TEOPEMM MPO Te, WO X* € TOYKOHK FIOKanbHOro MiHiMymy abto
mMakcumymy. OTxe, Halle npunyLweHHA HeBipHe | ymoBM (8.5) matoTb Mmicue.
Teopemy noBegeHo.

Takum YnHOM, MiJO3PINMMN Ha YMOBHUIA E€KCTPEeMYM MOXYTb OyTW nuLie Ti TOYKM
X, ANa  SKUX  ICHYIOTb  MHOXHUKM A = (A0, A1,...,Am)#0, Taki WO ToO4YKa

(X,A ) e E"*™M*1 3300BONLHAE CUCTEMY M +N PIBHAHb

of%x) & off(x
. a( )+Z/1,. ﬁ( )=0, j=1,..n,
Xj iz Xj (8.6)

£ (x)=0, i=1,..,m.

3ayBaxuMo, WO SKWO (X,A ) — poss'asok cuctemu (8.6), To (ox, &) Vo >0
TaKOX € PO3B'sA3KOM L€l CUCTEMM.

ToMy MHOXHUKM A MOXHa MignopsakyBatn SAKin-Hebyab [O04aTKOBIA  YMOBI
HOPMYBAaHHS, Hanpuknag,

2 m
7020, || :%4?:1. (8.7)
j=

Akwo cuctema (8.6) mMae po3B’s3kM (X,A ), Taki Lo Zo #0, TO 3agavy
MiHimi3au,it
fo(x)— min, (8.8)
3a yMOB
fi(x)=0,i=1,....,m, (8.9)

Ha3MBalTb HEBMPOLKEHOIO B TOYL X .
Y HEeBUPOLKEHIN 3afadi ymoBy HOpMyBaHHA (8.7) MoOxHa 3aMiHUMTK 6GinbLu

NPOCTOK YMOBOK Zo =1. 3ayBaxumo, WO Ans HEBUPOOKEHOCTI 3agavi (8.8), (8.9) B
Toyui X pgocTatHbo, wWo6 Bektopu VF1(X),VF2(X),...,VIM(X), ©Gynu niHiiHO
He3anexHumu, To6To, Wob piBHICTb

aVII(X)+t a,VI(X)+...+ a,VIM(Xx)=0
Byna MoXxnuBa TiNbkn NpU a 1 =a , =...=a, = 0.

YmoBu (8.6) 3 ymMoBOKO HOpMyBaHHS (8.7) (abo A, =1 y HEBUPOMKEHOMY BUNAAKY)
BU3Ha4awTb cuctemy n+m+1  piBHSHb 3 n+m+1 HeBigoMummn  (x,A) =
= (x1‘,x2,...,x,,,20,24,...,/1,,,,). Posg’da3zaBwun 1i, MM 3HaNgemo TOYKM X, Nigo3pini Ha
YMOBHWUIN €KCTPEMYM, | BiANOBIAHI IM MHOXHWKK JlarpaHxa A= (Z O,Z 1,...,2 m)#0.

o6 3’acysatn, 4n Byae B AINCHOCTI B TOYKax X MiHIMyMm abo makcumym, Tpeba
3acTtocyBaTM [OCTaTHi yMOBM MiHiMyMy (Makcumymy) o dyHkuii JlarpaHxa no
3MiHHIN X, 9Ki MOXXHa ccbopmyntoBaTH Tak:

Teopema 8.4. Hexadu:
1)  (x,A4 ) 3a0oeosnbHsI€ cucmemy (7.6);

2) 8 moyui X 3adaya HegupodxeHa, mobmo Ao > 0;
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3) yHkuis L(x, A) 8 okosii moyku X 0sidi dugbepeHuitiogHa 1o X i Mae HerepepeHi
8Ci YaCcmUHHI roxioHi Opy2020 ropsiOKy 8 camiti moyuj X ;

4)  eecciaH HL()_(,I ) no x ¢byHkuii flazparxa L(x,A) e mouui (X,. ) dodamHo

(8i0’eMHO) 8u3Ha4YeHa Mampuuysi.

To0i moyka X € MOYKOI J10KaslbHO20 MiHiMyMy (Makcumymy) ¢byHKuii fO(x) npu
ymoeax (7.3).

Mpuknag 8.1. Hexati y npocmopi E" daHo m moyok xi= (x,i, ... ,xni), i=1,...,m.
[Mompi6Ho 3Halimu moyky x € E", cyma keadpamie sidcmareli skoi 8i0 OaHUX MOYOK
6yna 6 MiHiMarbHO.

3a ymoBoto 3aaavi Tpeba B E” miHimisyBaTh dyHKLi0
)

m . m . .
f(x)=ZHx—x’ =Y (x-x",x-x").
i=1 i=1

3Haxoanmo i rpagieHT
m .
Vix)=2Y (x-x")
i=1
Ta 3anMcyemo HeobxigHi ymoBu ekctpemymy V f(x)=0 abo
m .
2y (x-x")=0,
i=1
3BigKM OTPUMYEMO

m .
mx-Y x'=0.
i=1

OTxe, cTauioHapHot 6yae Touka

3Hangemo recciaH Hf(x) doyHKuii f(x) B TOYU; x0. Maemo
Of m . m.
E:ZZ(XJ- -xj)=2mx; -2, Xj,
J i=1 i=1
2
o°f
————=2mJ,;, k,j=1,...
O”Xké’xj mékja 1_/ ) an’
Ae 6,; — cumeon KpoHekepa

1, k=, ,
5kj:{0’ k] k,j=1,...,n.

Topni Vx € E” maemo H¢(x)=2mE, ne E— oanHnyHa matpuusa n-ro nopagky, i v
y € E"(y#0) y Hf(x%)y=2m||yl||2>0.
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3a poctatHummn ymoBamu B Touuli xO dyHkuia f(x) mae cTporuii nokanbHWi
MiHIMyM.
Ockinbkn BCi ronosHi MiHopyn MaTpuui Hf(x)=2mE Vx e E" pnopathi (m>0)

A1=2m>0,A2=4m2>0,..., Ap=(2m)" >0, To dyHKUiA f(Xx) € onyknot B E", i Touka
m
onile
mi_q

€ TOYKOI rnobanbHOro MiHiMymy dyHkKuii f(x).
Mpuknap 8.2. Hexali mpeba 3Halmu Ha n-8umipHit cgepi
X={xeE™||x||2= 1}

mouKy, cyma keadpamig sidcmareli 6id sikoi do m daHux moyok x1,..., xme E" 6yna 6
MiHIMarbHOH.

3agayda 3BoguTbCSA A0 MiHiMi3auil yHKUiT
m 2
"= % |x-x/|
i=1

3a ymoBM || x||2=1 abo (x,x)=1.
Mepenuwemo 1 B ckansipHoMy BUrNsAi:

m n .\ 2
‘)= % (xk —x;() — min,
i=1k=1

F(x)= ¥ ()2 ~1=0.
k=1

Cknagemo dyHkuito Narparxa uiei 3agavi: L(x, 4)=A,f0(x)+4,f1(x) =

_/IOZ”x x” + A4((x, x) AOZZ(xk—xk) + A4( Z(xk -1).
3anuwemo HeobxigHi ymosu (7.6). Maemo V yL(x, ﬂ)=/10Vf0(x)+;t1Vf7(x) =
m m
=202 (x=x")+ A42x =2mAgx 24y X" +24x,
i=1 i=1
ne 4p>0, A,2+21,2=1.
Ockinbkn To4Ka
m
X 0 — i zx )
mi_q
€ cTauioHapHoto Toukoto dyHKuiT fO(x) (ame. npuknag 8.1), To
m . 0
Sx'=mx?,
i=1
i OCTAaTO4YHO OTPMMAEMO
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V,L(x,A )=21om(x —x 0)+ 244x =0,
(x,x)=1,
2020, A5+22=1.
3’acyemo, un moxe 6yTn 3agada BMPOOKEHO. |3 ymoBu (x,x)= 1 BunnmBae, Wo
x=0. Topi, AKWo noknactn A,=0, nepwe piBHAHHA Aae A, =0, WO cynepeyntb yMOBI,
LLIO BEKTOP A MOBUHEH BYTU HEHYNBOBUM.

OTxe 3agava HeBupoaxkeHa i Ap>0. Toai noknagemo Ap=17 i BigKMHEMO yMOBY
HopMyBaHHA. OTpMMaemMo

2mx—2mx0 +224x =0,
(8.11)

(x,x)=1.
3 nepworo piBHAHHSA Maemo (m+i;)x—-mx0%=0, T06TO X=mMXx%/(M+1;).
MigcTaBnaoun Len Bupas Ans X B Apyre PiBHAHHA, OTPUMAEMO MiCrs HecknagHux
nepetBopeHb: m?2||x9)|2=(m+1;)2, abo m]||x0||=|m+i;|. Po3rnsgHemMo MOXnuBi

BUNAOKM:
1) m||x9]|=m+2,, Togi

/1(1):m(x0—1)ix(7):Lx0,x0¢0;
om0l

2) m||x9||=—m- 4, Toqi

/1(2):—m(x0 +1)ix(2):—Lx0,x0¢0.
om0l

O6uncnumo recciad dyHkuii JlarpaHxka no x B 3HaWAEHUX TouKax (x(1),/1§1)),

(x?,22)y Maemo ¥x € E" H}(x,A)=2mE +244E . B 1ouui (x4 {")
Hf(xm,ﬂy)):2mE+2(Hx0H—1)mE:ZmHXOH E.

FonosHi MiHopyn uiei maTpuui gogathi Aj=(2m||x9||)i> 0, Tomy B Touui x(7)
dyHkKuUia fO(x) Mae CTPOrmit NOKanbHUN YMOBHUIA MiHIMYM.
B Touui (x(z),/i $2))

HY (x®,2$9)) = 2mE - 2(|x%|}+1)mE = -2m || x°||E .
["onoBHi MiHOPM L€l MaTpuLi 3MiHIOKTb 3HaK:
Ay=-2m||xO[< 0, Ap=(~2m||x%][)2> 0,...,Ap = (2m||xO||)" (A, < O npw
n=2k-1, A, >0 npu n=2k), Tomy B TouLi x(2) cpyHkuin fO(x) mae cTporuit nokanbHWUMn
YMOBHUN MaKCUMYM.

Ockinbkn X — 3amkHeHa obmexeHa MHOxuHa i fO(x) HenepepBHa Ha X, To fO(x)
AocsArae Ha Hii cBoro abContoTHOroO MiHiMyMy i abConioTHOrO MakcuMymy. TOuYKM
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abConTHOrO MakCMMymy i abConTHOrO MiHIMyMy NMOBUHHI BYyTK po3B’a3kaMu CUCTEMU
(8.10).

Ockinbku npu x 9= 0 po3p’askie Tinbkn aBa x(7) i x(2), To x(1) =x0/|x0|| € Toukoro
rno6ansHoro MiHimymy, a x(2) =—x0/||x0|| — Toukoto rmob6anbLHOro MakcumymMy yHKLi
fO(x) Ha MHOXWHI X npu x 0= 0.

PoarnsHemo Bunagok x%=0. Toai cuctema (8.11) Habysae Burnsay

Ao =1,
(m+24)x=0,
(x, x)=1,

po3B’A3kamMu AKoi € Ap = 1, 14 = —m, X — OOBiNbHa To4Ka, Ans AKoi ||x|| =1
Omxe, HeobXxigHI yMOBM He Jann HisiKOl KOPUCHOT iHhopMadii, nigo3pinMmu Ha
EeKCTPEMYM € BCi TOYKN OANHUYHOI Cdhepu.

PosrnsaHemo V x € X (npu x9=0) 3Ha4eHHs fO(x):

0 m 2 m m
f (x)=.z HX—X’H =Z x—x' X — x'y= 21 (x,x)-2(x,x' )+(x X )
i=1 =

—m-20x, 3x )+ ZUx N2 =m-20x,x %)+ TUIx |12 =m-+ 3 [1x 112 = const.
i=1 i=1 i=1 i=1
OTtxe, npu x0=0 fO(x)=const Ha MHOXMHi X, TOBTO y BCiX ToYKax Li€i MHOXUHM
fO(x) pocsirae cBoro rno6anbHOro MiHiMyMy (B TOW Xe 4ac i Makcumymy).

Mpuknag 7.3. Hexali mpeba 3Halimu mouyku ekcmpemymy yHkuii fO(x)=x Ha
MHOXUHI X={(x,y) € E2: x3—y2=0}.

3acTtocyeMo MeToA MHOXHUKIB Jlarpanxa. byayemo dyHkuito JlarpaHxka 3agadi
L(x,y, 29,4 )= A x+ A4 (x3—y2) Ta 3anMcyemo HeobXiOHi yMOBU ekCTpeMyMy

oL

0,7——10 +32.1X

oL

oy H 0
5_y2_0
>0, 12+ 12=1.

Ao 0t A7

Axwo npunyctuTy, Wwo A,> 0, To 3 NepLloro piBHAHHA Byaemo maTtu
Ao=-3;x2, ne <0, x>0.
Togai 3 piBHAHHA X3—y2 =0 BUNNUBAE, WO y=O0.
Omxe, 44<0, y#0 i cuctema He Byae CYMICHOI, OCKINIbKM He 3a[0BOJSIbHAETLCSA

piBHAHHA —24,y=0. BuxoguTtb, WO cuctema cymicHa nuwe npu A,=0. Toai 4,=1 i

PO3B’A3KOM CUCTEMMU BiAHOCHO X i y Byae Touka (0,0).
Takum 4ymHOM, 3agada € BUpomXKeHow B Touui (0,0), 9ka € nigospinot Ha
eKCTpemMymM.
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BupasuBlum x 4vepes y i3 obmexeHHs x3—y2=0, oTpumaemo fO(x)=x=y2/3 npu
)—(oo<y<oo. AcHo, wo (0,0) e Toukoto rnobanbHoro MiHiMymy dyHkuii fO(x) Ha MHOXWHI
§ 2. NeomeTpuyHa iHTepnpeTauisa metoay JlarpaHxa

Hexai x=(x4,X,) € E2. Po3rnsHemo 3agady

z=f0(x4,x5)—> min,
f1(x4,x9)=0.
Mobyayemo ansa Hel yHKUito JlarpaHxa
L(x1,%2, 49,41 )= 9 FO(xy,X2) + A4 F1(X4,X2)

| 3annwemo HeobXiaHi yMOBN YMOBHOIO EKCTPEMYMY:

oL _, of%  of

§X1_ 00”X1 15X1_ ’

oL of%  of

2%, = 4o 2%, + A1 2%, =0, (8.12)
f1(X1,X2)=0,

2020, A3+22=1.

Mo3HauMMo Yepe3 (X,A ) [OBIMbHUI PO3B’SI30K L€l CMCTEMM (3BMYAIHO, SIKLLO
BOHa B3arani Mae po3B’a3Ku).

AKwo 3agada BUMpOOKEHa B Touui X, TO 710 =0. Togpi |Z1|:1>0 i cuctema
HeobXxigHMX YyMOB HabyBae Burnagy

{Vf7(x1,x2):0,

(8.13)
f1(x4, x2) =0,

AN AOBINbHOI LinboBoi dyHkuii FO(x4,x,) € CT.

OTxe, He3anexHo Big Burnsgy dyHkuii FO(x4,x,), TOYKM 1i yMOBHOrO ekCTpemymy
(FIKLLO BOHW iCHYIOTb) MOBMHHI nexaTtu Ha niHii f71(x4,X,)=0 i rpagieHT dyHKuii
obmexeHHs1 Vf71(x4,X,) MOBUMHEH B LMUX TOYKax AOPIBHIOBATM Hym, TOGTO, SKLIO
po3rnsgath dpyHkuito y= f7(x4,X,), TO TOYKM il yMOBHOrO EKCTPEMYMY NMOBUHHI NexaTy
Ha NiHii HyNbOBOroO PiBHA Uiel PYHKLUIT | ByTH T cTauioHapHUMKN TOYKaMMU.

Hexan Tenep 3agaya HeBMpomXKeHa B Toyui X. Toai MOXHa noknactu zo =1 i
BiKMHYTN YMOBY HOpMYyBaHHs1. Cuctema HeobxigHux ymoB (8.12) HabyBae Burnsaay
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ol of!

£% + A x =0,
of of!
i —=0,
X X
f1(X1,X2)=0.

3 nepLmx ABOX PiBHAHb OTPUMYEMO
o o
oy 0x
o et
0X4 0X5

1_

3BigKu
a® o
_x__Ox
o e
0Xo 0Xo
B To1 e yac 3a npaBunom andepeHLitoBaHHA HESABHNX (OYHKLi xS(x,) i x}(x,),
sIKi BU3HAYaTbCA HESIBHO cniBBigHoWweHHAMM fO(x 4, Xx,)=h (h=const) i f(x,x5)=0

X
A 2 z1<22<23<z4

{(xa,x2): £(x1,x2)=24}

{(x1,x2): fo (Xx1,X2)=23}

1
X

— X1

o  {(xaxe): Fxaxe)=zi) ‘ \

Puc. 8.1
MaeMO
of? of"
dxg 0X4 dxé 00Xy
dX1 8f0 ’ dX1 B 8f1 ’
6X2 8X2
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Lle o3Ha4vae, Wwo KyTOBi KOEmiliEHTM AOTUYHUX OO NiHIN PiBHSA f0(x1,x2)=zk i 0o
cbyHkUii, 3agaHoi HesiBHO piBHsSIHHSAM f7(x4,Xx,)=0 cniBnagatloTb y TOYKax YMOBHOIO
ekcTpemymy (ams. puc. 8.1).

B Touui x7 pocsraetbcsa nokanbHUM MiHIMyM, B TOuYLi X2 — foKarnbHUiA MakCUMyM,
B TouUi X3 — rnoGanbHuin Makcumym.

§ 3. Metoa MHOXHMUKIB JlarpaHxa y BUnaaKy oomexeHb-HepiBHOCTEN

MeTon MHOXHMKIB JlarpaHxa moxe OyTu MOLMPEHUMA Ha BiALLyKaHHS YMOBHOIO

ekcTpemMymy OyHKUii | Yy BMMNAgKy, KOMM YacTuHa obMexeHb € OBMeXeHHAMU-
HepiBHOCTAMMU. Hexan maemo 3agavy
fO(x)— min(max), (8.14)
fi(x)=0, i=1,...,m, (8.15)
hl(x)<o0, I=1,... k, (8.16)
xeE".

Bynemo BBaxatu, Wo yHKLii fO(x), fi(x), h/(x), i=1,...,m, I=1,...,k, BU3HaYeHi i
AvndbepeHLiNoBHI Y BCix Toukax npocTopy x € E’.

BBenemMo HoBi OOMOMIKHI 3MiHHI Yy =(Y1,...,Yx), 3@ [OOMNOMOroK SIKUX CUCTEMY
HepiBHOCTeN (7.16) NnpuBegemMo 40 CUCTEMU PiBHSIHb

Wl (x)+y2=0, I=1,...k. (8.17)

Toai 3apgava BigwykaHHA ekcTpemyMiB dyHKuUiT fO(x) npyu ymoBax (8.15), (8.16)
3BOAUTBCA [0 PIBHOCWIMBHOI 3ajadi BifllyKaHHS eKCTpeMyMiB Tiel X yHKuil npwu
obmexeHHsix (8.15), (8.17). lNig ekBiBanNeHTHICTIO LMX 3a4a4 pO3yMiETbCA Te, WO SKLLO
X*— TO4YKa nokanbHOro MiHimymy (Makcumymy) dpyHkuii fO(x) npu obmexeHHsx (8.15),
(8.16), To Touka X*=(x*,y*), me y*=(y1*...vk*), v;*=(=h'(x*)/ 2, 1=1,.. .k,
Oyae TO4YKOK rloKanbHOrO MiHiMyMy (Makcumymy) GyHKUii fO(x) npyu oBMeEXeHHsX
(8.15), (8.17), i, HaBnaknm, HKWO X*=(X*,¥*) — TOYKA IOKaIbHOrO MiHIMyMy
(Makcumymy) fO(x) npu obmexeHHsix (8.15), (8.17), To x* — TO4Yka FOKaNbHOro
MiHiMyMmy (Makcumymy) fO(x) npu obmexeHHsx (8.15), (8.16).

Ans BigwykaHHa ekcTpeMyMiB dyHKLIT FO(x) npu ymoBax-piBHocTax (8.15), (8.17)
BBeAeMO (pyHkKLUito JlarpaHxa

m k
LY, A )= 2 f0<x)+21&,- f’<x>+21u,(h’(x>+y,2)
j= |=

i 3annLemMo HeobXiaHi yMOBMK eKCcTpeMymy
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0 m i k /
i:koi zklﬁf +ZM/£ZO’-’:7’ n,
OXj oxj iz Oxj |3 0xj
oL
= —2y,u, =0, I=1,..k
ay/ [all}
oL :
=fl(x)=0, i=1,...,m, 8.18
o (x) (8.18)
i:h’(x)ﬂ/,?:o, 1=1,...k
on
m k
o 20, Y35 +> ut =1
i=0 1=1

Poss’asaswun cuctemy (8.18), 3Havgemo Toykm (X,y), NigO3pini HA YMOBHWM
ekcTpemym. [JocnigmeBum ixX 3a AOMNOMOroK OOCTaTHIX YMOB, OCTaTOMHO OTPUMAaEMO
TOYKM X*=(X*,y*) YMOBHOrO 5OKarbHOrO MiHIMyMy Ta YMOBHOIO JIOKanbHOro
makcumymy dyHkuii fO(x) npu ymosax (8.15), (8.17).

BigkvHyBLWW 3MiHHI Yy * = (y1%,..., Yk *), OTPpMMaAEMO ToukM ekcTpemymy fO(x) npw
ymoBax (8.15), (8.16).

Mpuknan 8.4. B n-eumipHiti oduruyHit kymi X=4{x € E": ||x||2=(x ,x)<1} 3Hatimu
mouKy, cyma keadpamie sidcmaHeli 8id sikoi o m daHux moyok x7,.... xMe E" 6yna 6
MiHIMarbHOH.

3a ymoBoto Tpeba MiHiMi3yBaTu OyHKLO
m L 2
- Jeex|
i=1

npun obmexxeHHi (x,x)<17.
B npuknagi 8.1 6yno nokasaHo, Wwo rnobanbHuii MiHiMyMm dpyHKLiT fO(x) y Bcbomy

m ,
NpoCTOpi AoCAraeTbCs B TOYL x0 = 3> x!. Tomy npu ||x9||<7 Touka x© 6yne
j=1

1
m 2
PO3B’A3KOM CHOpPMYISIbOBaHOT 3agavi.

PosrnsaHemo Bunagok ||x0||>7. BeegemMo 3MiHHy y e E?, 3a gonomorot SiKoi
3BeeMO HepiBHICTb (X, X ) <1 0O piBHOCTI

y2+(x,x)-1=0 (8.19)

i posrmaAHeMo 3adady  MiHiMisauii  dyHkuii  fO(x) B NpocTOpi  3MIHHKX
)_(=(x,y)=(x1,...,xn,y)eE”” 3a ymoBu (8.19). byayemo dyHkuito JlarpaHxa Uuiei
3agaui

L(x,A )=ﬂoi ”x—x"”z +l1((x,x)+y2 —-1)
i=1

i 3anncyemMo HeobXigHi yMOBU YMOBHOIO eKCTpeMymMmy:
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m
(LG ) =2mhgx — 20D x|+ 2hx = 20 om(x — x)+ 20,x = 0,
i=1
BL(X,\ )
oy
(x,x)+y2 -1=0,

ho 20, A3+ 2=1,

= 27\.1}/ =0,

PoarnsHemo Bunagok Ay = 0. 3 yMOBM HOPMYBaHHSI OTPUMAaEMO |4, |= 10, a Tomy 3

nepLuoro Ta gpyroro piBHsHb 6yge x=0, y=0. Ane ui 3Ha4YyeHHs He 3a40BOSbHANTH
TpeTe piBHAHHA. OTXe, npu 4y = 0 cuctema HeobxigHNX YMOB pPO3B’A3KiB HE MaE.

Tomy noknagemo Ay = 1> 0 i nepenuiemMo cucteMy HeobxigHNX yMOB, BiAKWHYBLUW
YMOBW HOPMYBaHHS.

(Mm+iq)x = mx? (||x [[> 1),
}\,1}/ = 0,

2. .2
[| x| “+y~ =1.

PosrnaHemo aBa sunagku: a) A4, =0 i 6) 4,#0.

a) Hexan 1;=0. Toai 3 nepworo piBHAHHA oTpumaemo x=x9, a 3 pgpyroro
BUNNMBAE, WO Yy — [OOBiNbHE. TOMy 3 OCTaHHbLOrO PiBHAHHA Oygemo matu
[|x||=]|x0||=1-y2< 1, wo cynepeunTb YyMOBi || x9|| > 7.

Omxe npu 4; =0 cuctema HecymicHa.

6) PosrnaHemo Bunapok, konu A;# 0. 3 gpyroro piBHsAHHS oTpumaemo y=0. Tomy

TpeTe PpiBHAHHA pfOae || x]||2=1. Po3B’a3younm neplie  piBHSHHS, OTPUMYEMO
x=mx9/(m+4,). TigcTtaBnsiwouM 3HayeHHs X B ymoBy ||x||2=1, 6ygemo matu

m?2||x9||2/(m+,)2=1, 3Bigku:
a) m||x9|| = m+2, abo ﬂ4(7)—m 1x0||=1)> 0;
6) m||x0|| =-m-2; abo /11 =-m(||x0||+1)<0.

BianoBigHO OTpMMyeEMO ABa pO3B’sI3KM CUCTEMU HEOBXIAHNX YMOB BiAHOCHO X :

a) x 1 = [”);00” OJ npwm k(11)=m(||x0||—1)>0;

Ta
Zhl =(HXT(;H OJ npn A7) =—m(|| x|+ 1)< 0.

OTxe, ekcTpemyM @yHKUii fO(x) npu ymosi (8.19) Moxe gocaratuca nviie B
Toukax x (1) 1a x (2).
3anuwemo recciaH yHkuii JlarpaHxka no 3amiHHUX (X, y ) e EM1.
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x 2(m-+ /4 )E 0
HE g2 %J.

B Touui (x x (1) /1(7)) MaeMo

HO [ 0%} 2m|x°|E 0
X0l 0 2m(x°|-1)

Bci  nocnigoBHi  ronoBHi  MiHOpW  Ui€l  Martpuui  goaaTHi: Ay :2m||x0||>0,
=2m|x°))2 >0, ..., A, =(@m|x)" > 0, A,.; = (@m|x°|)"@m([x°|-1))> 0, Tomy
B TOMLi (X x (7 l ) dyHKUist fO(x) Mae nokanbHUA YMOBHUIA MiHIMYM.

B Touui (X (%), 4(?)) maemo

H(xy){ o ] ~2m|x’le o
- ||x0|| 0 -2m(x°|+1)

MocnigoBHI romoBHI MiHOPM UIET MaTpuui 3MiHIOIOTb 3HaK: Ay :—2m||x0||<0,
Ay =(=2m|x°)2 >0, ... , A, =(-2mx°))" (A,<0 npu n=2k-1, A,>0 npu n=2k),

Api =(—2m||x0||)"(_2m(||x0||+1)), ne —2m(||x0||+1)<0. Tomy B ToOuLi ()_((2),,11(2))

yHkuUia fO(X) Mae NokanbHUN YMOBHUIA MaKCUMYM.

Otxe, npu ||x0||>1 dyHkuia fO(x) mae Ha oauMHMYHIN kyni B Touui xY9/|| xO||
noKanbHUA MiHiMyM, a B Touui —x 9|| x 9|| — nokanbHUn Makcumym.

Ockinbkn TOYOK, NIJO3PINNX Ha eKCTpeMyM, TiNbkW ABi, a MHOXuHa X onykna,
3aMKHeHa i obMexeHa, TO Ui TOYKM | ByayTb ToukaMu rnobanbHNX eKCTpeMyMiB YHKLIT
fO(x) Ha OAMHWYHIN Kyni.

Po3ain 9. Onykne nporpamyBaHHA

§ 1. 3aranbHa Teopisi. Teopema KyHa-Takkepa
PosansHemo 3adayvy
C:min{f0(x): fi(x)<0,i=1,...,.m, xe X},

de X — onykna MHoXuHa. SIkwo yHkuii f1(x), i=0,1,...,m, onykni Ha X, mo 3adayy C
Ha3uearome 3adayero onykroeo rnpoepamysaHHs (30I1). [Jo onyknoao rnpozspamysaHHs
8IOHOCSIMb MakoX 3adayi Makcumizauii euasnsioy

max{g9(x): g/(x)<0,i=1,...,m, xe X},

akwo X onykna MmHoxuHa, yHkuis gO0(x) onykna doeepxy Ha X, a cucmema
obmexeHb (mun skux, mobmo, "<", "=", ">" He € cymmesum) moxe bymu 38edeHa 00

guenady fi(x)<0,i=1,...m, xeX, de qyHkuii fi(x),i=1,...,m, onykni doHusy Ha X.
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Ak iy KnacnyHux 3agadax ontumisauii ¢pyHkuiero flagpaHxa 3apadi C Has3BemMo
dyHKLUiO
m .
Lix,u)=f%x)+> ujf'(x),
i=1
npexeX,u=(uq,Up,...,Uum)=0.

O3HauveHHn 9.1. [lapa eekmopie (x*,u*) HasusaembCs CiOSI0800 MOYKOH
yHkuii [lagpaHxa Ha MHOXUHI X € X, u>0, aKkuo x*e X, u*>0 i 055 0osinbHuUx x € X,
u>0

L(x*u)<L(x* u*)<L(x,u™). (9.1)

Teopema 9.1 (gocTaTtHi ymoBU onTumaanocﬂ) SAkwo cpyHKu/ﬂ JlaecpaHxa

3adaui C mae cidnosy moyky (x* u*), T0 x* € onTMManbHMM po3B'a3koM 3agaui C, i
npu ybomy 6UKOHy€mbCFI rpasusio O0rNOBHIOKYOI HEXOPCMKOCMI

Zu, (x) =0, (9.2)

gosegeHH . 3a O3Ha4yeHHaAM cignoBoi ToYkM Maemo: x*e X, u*>0 | pns
A0BiNbHUX X € X, u>(0 BUKOHYETbLCS HepiBHiCTb

m
+ Y uif (x*) < O (x> Zu Flix) < FO(x) + Zu,f (X). (9.3)
j= i=1 i=1
Tpeba posectu, wWo x*e D = {xeE"N: fi(x)sO, i=1,....m, xeX} i wo ans
posinbHUx xe Do 6yge fO(x*)<fO0(x).
PoarnsHemo niBy YactuHy HepiBHocTi (9.3). Maemo onga oosinbHuUx u>0

m . m ., .
Suif' (x*)< S uif!(x*). (9.4)
i=1 i=1
I3 wiei HepiBHOCTI BUNNMBae, LLO
fi(x*)<0, i=1,...,m. (9.5)

OincHo, akbu ana aeskoro k 6yno 6 fK(x*)>0, To, noknaswwum u;=0 npu izk i ux=M,
ae M> 0 gk 3aBrogHoO BENUKE YMCNo, M1 nopywmnnm 6 HepiBHICTb (9.4), a pa3om 3 Helo i
ymoBu Teopemun. OTxe, x*e D .

MNMoknagemo y HepiBHocTi (9.4) BCi u;j=0, i=1,...,m. OTpumaemo

m , .
0< > uif(x*). (9.6)

3 iHworo 60Ky, MOMHOXWBLUM KOXHY 3 HepiBHocTen (9.5) Ha BignosigHe u;*>0 Ta
AodaBLUn iX, OTPUMAEMO

m , .
Suif(x*)<0. (9.7)
i=1
13 (9.6) Ta (9.7) BUNNuBae NpaBmno SOMOBHKOKYOI HEXOPCTKOCTI (9.2).
PosrnaHemo Tenep npaBy 4acTtuHy HepiBHOCTI (9.3). BpaxyBaswwn ymoBy (9.2),
Ans JoBiNbHUX X € X OTpUMaeMo
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0 m ., .
f (x*)sfo(x)+ Zu,-f’(x). (9.8)
i=1
B To1 e 4yac ana goBinbHUX x € Do
fi(x)<0, i=1,...,m. (9.9)

Topai, NTOMHOXUBLLKM KOXHY 3 HepiBHocTen (9.9) Ha BignosiaHe u;*>0 Ta goaaswwm ix,
OTpUMaemMo

m . .
Suif'(x)<0. (9.10)
i=1

Hani, posrnagatoun HepiBHICTb (9.8) Ha MHOXUHI Do < X Ta Bpaxosytoun (9.10),
octartouHo otpumaemo: FO(x*)<f0(x) Vxe D¢, TO6TO X * € ONTUMarnbHUM PO3B'A3KOM

3apavi C
Teopema goseaeHa.

YMoBU perynsapHocTi
O3HauveHHs 9.2. Skwo 05151 KOXXHO020 (= 1,...,m iCHye moyKa xie D¢, 8 skit
fi(x)<o, (9.11)
mo 2080psiMb, W0 MHOXUHa D ¢ 3a0080IbHAE YMO8Y pe2yrispHOCMI.

Lito ymoBy Mun Bygemo BUKOPUCTOBYBATU B €KBIBareHTHIN (POpPMi, sika Ha3MBaETbCA
ymoeoro peayrnsipHocmi Crieimepa.

OsHauveHHs 9.3. Skuwjo icHye moyka x € D , 8 sKiu
fi(x)<0,i=1,...,m, (9.12)
mo 2080psimb, Wo MHoXUHa D 3adosoribHse ymosy Crielimepa.

feomeTpuyHUM 3MIiCT ymoBu Cnentepa AyXe NPOCTUA — MHOXWHA BHYTPILLHIX
TOYOK MHOXWHU D¢, iKa 3a80BorbHAE ymoBy CnenTepa, HenopoxHs: int Dg = .

Teopema 9.2 (npo eKBiBaneHTHICTb YMOB perynsipHocCTi).
Ymoea pezaynspHocmi (9.11) ma ymoea Crietimepa (9.12) ekeigarnieHmMHi.

HoBegeHHs. 13 ymou Cnentepa 6esnocepeHbO BUNMMBAE yMOBa pPerynsapHoOCTi,

ANs Lboro AocuTb Vi noknactv x i = x.
o6 poBecTu, WO i3 yMOBU perynapHoCTi BunnuBae ymosa Cnentepa, noknagemo

m m
X:zakxk, ak20,k=1,...,m,2ak =1.
k=1 k=1

Ockinbku BCi x K € D, a Do — onykna MHOXMHa, To X € D
CkopuctaeMochb HepiBHICTIO leHceHa ona KoxHoro i=17,...,m. Maemo npu i=1,...,m

flix)=f" [Zakxkj <afi(x¥) <o
k=1 k=1
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BHacCMigoK TOro, Lo BCi ak > 0 i 3aBXan MoXxHa BUbpatn ay > 0 npu k=i Vi, a npn k=i

BUKOHYeTbCs f/(x 1)< 0 3a yMOBOW perynsipHOCTi.
Teopema goBeaeHa.

Teopema 9.3 (KyHa-Takkepa). Hexaul
C:min{fO(x): fi(x)<0,i=1,....m, xe X} —
3a0aya ornyKo2o npoapamysaHHsi, 0onycmuma MHOXUHa
Do ={xeEN:fi(x)<0,i=1,...,m, xe X}
5IKOI 3a00807s1bHSIE yMOBY peayrisipHocmi Crielimepa.
Honycmumuti po3e'sisok x*e Do 3adayi C € ii onmumarnbHum po3s'a3kom mooi i

minbKku mooi, Konu iCHye Hegid'eMHuli eekmop u*>0 makud, wo moyka (x*,u*) €
cidrnogoto moykor pyHkKUii [laepaHxa 3adayi C Ha MHOXUHI xe X, u>0.

IE',OBegeHHFI.

[locTaTHICTb BUNNuBae 3 TeopeMn NpPo AO0CTaTHI YMOBU ONTUMAsbHOCTI.
HeoOxigHicTb. Hexan x* € onTtumanbHUM po3B'a3koM 3agadi C, T100TO Ans
[OBINbHUX X € D BuKoHyeTbes FO(x *)< fO(x).

Beegemo y npoctopi EM*' MHOXMHKM Y i Z 332 JOMNOMOrO0 CriBBiAHOLEHb
Z= {z=(zo,z1,...,zm)eEm+7: zo<f0(x*), z;i<0,i=1,...,m},

Y= UY(x),
xeX

ae Y(x) ons aoBinbHoro x € X BU3Ha4aeTbCs TakK:
YX)={y=(Y0,¥1,---»¥Ym) e EM*": fi(x)<y;, i=0,1,...,m}.
[eomeTpunyHa iHTepnpeTauiss MHOXMH Z Ta Y(X) npnuBoanTbLCA Ha puc. 9.1.

Aﬁg AV1,Z1

Y(x)
_ x| _
X o T Yo, 2o
gx) [
4

Puc. 9.1

f(x) > min, g(x)<0, x>0.
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Z={z=(zp,21): zp<f(x"), z41<0}.

Y={y=(yo.¥1): y02f(x), y129(x), x>0},

[Mokaxkemo, Lo MHOXWHWU Z | Y onykIii.

OnyknicTb MHOXUHM Z o4yeBugHa: Z € MepeTMHOM CKiHYeHHoro uucra m+1
niBNpocTOopiB Y NpocTopi EM+1.

AHanoriyHo CTBEpPIKYEMO, LLLO ANl A0BINbHOro x € X MHOXMHa Y(X) TakoXx onykna
SIK NepeTUH CKiIHYEHHOro Yncna m+171 niBNpocTopiB y npocTopi EM+1.

Oani, ans poeinbHux y 7, y2e Y yTBOpMMO X ONykny niHiiiHy komGiHauilo y=
=ay 1+ (1-a)y2, a<c[0,1], i NOKAKEMO, L0 Yy € eNeMeHTOM MHOXMHM Y.

Ockinbkn y e, 1o icHye x e X, ana akoro y 7e Y(x 7). AHanoriyHo, icHye enemeHT
x2eX, nna akoro y2eY(x?). Ockinbku X Onykna MHOXWHA, TO OMykna niHiHa
koMGiHaLis enemenTiB x 7 Ta x2 — Touka x =ax’+(1-a)x2, a<[0,1], € enemeHTOM
MHOXUHN X.

Bpaxosytoun onyknicTe dyHKUin fi(x), i=0,1,...,m, oTpUMaEMO

fi(x)=Ffi(ax?+ (1-a) x2) < afi(x1)+(1-a) fi(x2) <
<ayi’+(1-a)yi?= yi.

Omxe, fi(x) < y;, i=0,1,...,m, T06T0 y €Y(x) c Y, W0 03Hayae ONyknicTb
MHOXWHMN Y.

[oBegemo, LWo MHOXUHM Z | Y He nepeTuHarTbcs. Po3rngHemMo ABa BMNAOKW:
1) xeD¢ i2) x¢Dg, ane xeX.

1) Ona poBinbHUX xeD Maemo:

e 3a ymoBamu Teopemu: fO(x*)<f0(x),

e 3@ 03HAYEHHSIM MHOXMUHU Z: Z < fO(x*),

e 3a O3HaYeHHsIM MHOXMHK Y: FO(x)< y .
OcTaToyHo, Ans AoBiNbHUX X € Do oTpumaemo: zo<fO(x*)<fO0(x)<y,, TOBTO
Zp<Yo-

Lle i o3Havae, Wo MHOXMHN Z Ta Y He NepeTuHaoTbCS.

2) Ockinbkn x ¢ D, TOo 3HanaeTbes Xxoda 6 oanH iHAEKC i, ANA AKOro BUKOHYETLCA
0 < fi(x). B Ton xe 4ac 3a O3HAYEHHAM MHOXMHU Y: fi(X)<y;, a 3a 03HAYEHHSIM
MHOXWHWN Z: Z;<0.

Takum YMHOM, 3aBXAW iCHYE iHAeKC i, Ans Akoro z;<0<fi(x)<y;, To6T0 z;<y;. A
Le O3Ha4ae, WO i B LbOMYy BMMaAKy MHOXMHN Z Ta Y He NnepeTUHarTbCS.

Omxe, MHOXMHM Z Ta Y onykri i He MaltTb ChiflbHUX TOYOK. ToAi Ha OCHOBI
TeopeMu Npo pPO3Ainsdy rinepnnowuHy Ta 1 Hacnigky iCHye HEHyNbOBWUW BEKTOP
c=(cp,C1,...,Cm)#0 TakMN, WO

(c.z)<(c.y), (9.13)

AN OOBINbHUX Z € Z ye 7, ae ZiY — 3aMUWKaHHS, BiANOBIAHO, MHOXWH Z i Y.
Ockinbkn MHOXMHI Z Hanexatb TOYKM 3 SIK 3aBrogHO BENUKMMW MO MOAYIIHO
Bi'EMHMMM KOOpAMHATaMU, TO i3 TOro, WO HepiBHICTb (9.13) Mae Mmicue Ana OOBINbHUX

y € Y, Bunnueae ymosa: ¢ =(c¢gp,C1,...,Cm)=0.
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B iHwomy Bunagky, T06TO, KONMM 6 3Hanwmnoca xova 6 opgHe ¢;<0 cepen
KoopauHaT BEKTopa €, TO fiBa 4YacTuHa HepiBHOCTI (9.13) ctana 6 HeoOMeXeHOo Ha

MHOXWHI Z 3BeEpXY, a, 3Ha4nTb, cTana 6 HeMOXNMBOKO AN OOBINbHUX y € Y HEpPIBHICTb
(9.13).
3a3Haunmo, WO HepiBHICTb (9.13) BUKOHYETLCS i B rPAHUYHMX TOYKaX MHOXWH Z Ta

Y. Tomy, BubpaBLwm Ans oBinbHUX x e X: yo = f0(x), zg = fO(x™), yi=fi(x), z;=0,
i=1,...,m, otpumaemo i3 (9.13) ansa AoBiNbHUX X € X

m .
cof(x*) < cof(x)+ Y cif! (x). (9.15)
i=1

BnesHumocs, wo cp> 0. MNpunyctumo npotueHe, To06TO, Wo cp=0. Toai 3 (9.15)
Ans JOBiINbHUX X € X OTPUMaEMO

m ,
0<> cif' (x). (9.16)
i=1

Tum BinbLue HepiBHICTb (9.16) MmaTume Micue Ana AoBiNbHUX X € D cc X.
3 iHwWoro 60Ky AnsA AoBiNbHUX X € D ¢ 3aBxan
fi(x)<0,i=1,...,m. (9.17)
MoMHOXMBLUM KOXHY 3 HepiBHOocTen (9.17) Ha BignosigHe c¢;=0 i popaswn X,
oTpUMaEMO AN AOBINbHUX X € D

m .
> cif! (x)<0. (9.18)
i=1
13 (9.16) Ta (9.18) BuTiKae, Wo ansa AosBinbHUX X € D mMae micue piBHICTb
m .
> cif! (x)=0. (9.19)
i=1
KoxxHuii gogaHok Uiel cymun HegogaTHuK, TOMy cyma Oyae AOpiBHIOBATM HYIO nulie
TOAi, KONu BCi Ti AoaaHkn ans 6yab-akmx X € D¢ [OPIBHIOOTL HYIMIO
cifi(x)=0,i=1,...,m. (9.20)
Ockinbkn ¢=(cq,Cq,...,Cm)#0 i BCi ¢;=20, i=1,....m, 10 ymoBa (9.20) 6yne

BMKOHYBAaTUCh TiNbKW TOAi, KONW ANsa TUX i, Ansa akux ¢;>0, byae fi(x)=0 Vxe Dc. A
Lue cynepeuuTb yMOBi perynspHocti Cnenrtepa Ana MHOXWHM D, 3a AKOWO iCHye
aonyctMma Touka )_(eDC Taka, Lo fi()_()< 0, i=1,...,m. OTXe, Hawe nNpUNyLLEHHS
HeBipHe i cp>0.

Moknagemo u;j*=cj/cp, i=1,...m, u*=(u4*,...,um”). OueBngHo, wo u*>0. Togai
HepiBHICTb (9.15) Habyae Takoro BUrnsAy And AoBinbHUX X € X

FO(x*) <fO(x)+ Eufff (x) (9.21)
< (%), .
i=1
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Moknagemo B (9.21) x =x *. OTpumaemo

m .. .
0<> uif'(x). (9.22)
i=1
3a ymoBoto Teopemun x *e D¢, T06TO fi(x*)< 0, i=1,...,m, HacnigkoM 4Yoro npu
AOBINbHUX U j>0, i=1,...,m, € HEPIBHICTb

m .,
> uif! (x)<0. (9.23)
i=1

Npuuj=u;* i=1,...,m, i3 (9.23) oTpumaemo
m * 7 *
> uif!(x)<0. (9.24)
i=1

Cuctema HepiBHocTen (9.22), (9.24) fae yMmOBY JOMOBHIOKYOI HEXOPCTKOCTI
m * 7 *
> ujf!(x)=0. (9.25)
i=1

BpaxoBytoun (9.25) i3 (9.21) oTpumaemo ansa goBinbHMX x € X
m ., . m , .
FOLxry+ Sl (x*) <fO(x)+ S ujf! (x)
i=1 i=1

abo
L(x*u*)<L(x,u”*). (9.26)

Bpaxosytouun (9.23), (9.25) otpumaemo Yu >0, i=1,...,m,

m m , .
FO ()t S uif! (x*) <FO(x *)+ S ujf! (x*)
i=1 i=1
abo
L(x*u)<L(x*u"). (9.27)
MopiBHAHHA (9.26) i (9.27) oae noaBiHY HEPIBHICTb
L(x*u)<L(x*u*)<L(x,u”™)

VxeX tavVu>0, 10670 (X * U™) € CianoBot ToYKO yHKLUiT JlarpaHxa 3agadi C.
Teopema goBeaeHa.

3ayBaXMmo, WO HeobXigHOK i AOCTaTHBbOK YMOBOK iCHYBaHHS CigfiOBOI TOYKM
ckansapHoi pyHKUiT OBOX BEKTOPHUX aprymeHTiB, sik Oyno AOoBeAeHO paHiwe (auvB.
po3ain 5), € piBHICTb MiHIMaKCIB
min max L(x,u) = max min L(x,u), (9.28)
xeX u=0 u>0 xeX
NPUYOMY KOMMOHEHTU CianoBoOl TOYKM X* Ta u™ €, BiONOBIAHO, TOYKAMWU 30BHILLUHIX
eKCTpeMyMiB B MiHiMakcax
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x *=arg min (maxL(x,u)),
xeX uz0 (929)
u *=argmax(min L(x,u)).
u>0 xeX
3HayeHHs QyHKUiT L(x* u*) B CignoBi ToYui AOPIBHIOE CMifIbHOMY 3HAYeHHIO
MiHIMaKciB.

§ 2. Teopis gBOICTOCTi MaTeMaTU4YHOIO NporpamMmyBaHHSA

IcHytOTb pi3Hi BapiaHTM Teopemu KyHa-Takkepa, pi3Hi i y3aranbHeHHS i
3aCToCyBaHHSA B Teopil ekcTpemanbHuUX 3agad. Lis Teopema noknageHa B OCHOBY Teopil
ABOICTOCTi MaTeMaTUYHOro NporpamyBaHHs, BOHA TaKOX 3HAXOAUTb 3aCTOCYBaHHS i B
yncenbHMX MeTodax pO3B'A3yBaHHA 3aday MaTemaTMyHoro nporpamyBaHHA (MIT).
3okpema, Teopema KyHa-Takkepa [03BOSSiE NPU MEBHUX YMOBAX 3aMiHUTU BUXIOHY
3agadvy Ml 3agaveto BigllyKaHHA CignoBmx TOYOK 1T pyHKuil JlarpaHxka, To6To ABOMa
3agadamu Burnsgy

min max L(x,u), (9.30)
xeX u=0
max min L(x,u). (9.31)
u>0 xeX

Beegoemo yHkuii
F(x)=max L(x,u), G(u)= min L(x,u)
>

u>0 xeX
Ta po3rngHemMo 3agadi
min {F(x): x € X}, (9.32)
max {G(u): u>0}. (9.33)

3adauyi (9.32), (9.33) Hasusaromb, 8i0rno8IOHO, rNPsIMor ma 08oicmor 3adavyamu
MI1.  3minHi  3adayi (9.33) uy,...,uym Ha3usaoms d0goicmumu 3MIHHUMU abo

MHOXHUKamu JlagpaHxa.

Jlema 9.1 (npo ekBiBaneHTHicTb BMXigHOI 3aaadi MI i 3agayi npo MiHiMakc Ti
dyHKuUii JlarpaHxa). 3adava (9.32) ekeieaneHmHa 3adayi

C: min {fo(x): fi(x)SO, i=1,....,m, xeX}.
[JoBeneHHsi. Maemo

. f9(x), Dc,
F(x) = max L(x,u)=max3 fO(x)+ Y u;f/(x) = (x) xeDc
ux0 ux0 i—1 o0, xeDg, x eX.

Toai MiHiMyM dyHKUiT F(Xx) gocsaraeTbcs Ha AonycTUMin MHOXUHI Do 3apadi C i
3biraetbes 3 MiHimymom dyHKuiT FO(x ), Tomy 3aaava (9.32) Ta 3agava C piBHOCUIbHI.
Jlema poBegeHa.

Jlema 9.2 (npo HepiBHICTb, fiKa 3B'A3y€ 3Ha4YEeHHA UiNboBUX (BYHKUIN npaMol
Ta ABoicToi 3agayd MI). lMpu e6cix xeX, u>0 BUKOHYeMbCS HEepIieHICMb
G(u)<F(x).
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HoeeneHHs. Mpu BCix u> 0 oMeBMAHA HEPIBHICTb

min L(x,u)<L(x,u).
Xe

Tum BGinbwe Byae cnpaBennmMeoto Npu BCiX X € X, U > 0 HEPIBHICTb

min L(x,u) < max L(x,u).
xeX u>0

T06T0 G(U)<F(xX).
Jlema poBepeHa.

Teopema 9.4 (aBoictocTti MIN).  Skwo ¢yHkuis JlagpaHxa 3adayi C mae
cidnogy moyky (x*,u*), mo onmumarsbHi po3g8'a3ku npsmoi (9.32) ma deoicmoi (9.33)
3aday icHytomb i rpu ybomy

maxG(u)= min F(x).
u>0 xeX

HoBefieHHsA. Ha ocHOBI JOCTaTHIX YMOB OMTUMarnbHOCTI

x*=arg min fO(x).
xeDc

Topai Ha ocHoBi nemun 9.1 x * 6yae onTuManbHUM PO3B'A3KOM NpsiMol 3agadi (9.32)

x*=arg min F(x).
xeX

Hani, 3a ymoBamu Teopemu (x* u*) — cignoBa Toyka yHkuii JlarpaHxa, T06T0
x*eX,u*>0 iana poBinbHux xe X, u=0
L(x*u)<L(x*u*)<L(x,u”™).
Topgi, 3 ogHoro 60Ky Ansa OoBINbHUX U>0

min L(x,u)<L(x*,u)<L(x*,u*),
xeX

a 3 iHworo 60Ky Anga ooBinbHUX X € X

L(x*,u™)<min L(x,u*)<L(x,u*).
xeX

OTxe, anga noBinbHUX u>0
G(u)=min L(x,u)<L(x*,u*)<min L(x,u*)=G(u"*),
xeX xeX

TO6TO
u*=argmax G(u)
u>0

€ onTUMarnbHMM PO3B'A3KOM ABOICTOl 3agadi (9.33).
[lani, i3 03Ha4YeHHs CianoBOI TOYKM BUNNKUBAE Ang AoBinbHUX x € X, u>0

L(x*u)<L(x,u™).

Topgi Hacnigkom uiel HepiBHOCTI Byae
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max L(x*,u)<min L(x,u*),
u>0 xeX

i TUM BinbLue Bbyae BUKOHYBaTUCh

min maxL(x,u)<max min L(x,u). (9.34)
xeXu=0 u>0 xeX

3a nemoto 9.2 npm BCiXx X X, u>0 BWUKOHYETBHCA HepiBHICTb G(U) < F(x), TO6TO npwu
Bcixxe X, u=0

min L(x,u)<maxL(x,u),
xeX u=0

3BigKu BUNNInBae

max min L(x,u)< minmaxL(x,u). (9.35)
u>0 xeX xeX u>0

MopiBHAHHSA (9.34) i (9.35) nae piBHICTb MiHIMaKCIB

max min L(x,u)=minmaxL(x,u),
u>0 xeX xeXu>0

npu4oMy 3a NemMoro Npo PIBHICTb MiHIMAaKCIB iIX CnifbHe 3Ha4YeHHA OOpPIBHIOE L (X ™, u™).
OTxe, oCcTaToOMHO MaemMo

maxG(u)=min F(x)=L(x*,u*).
u=0 xeX

Teopema goBefeHa.

3ayBaxeHHA Ao Teopemu KyHa-Takkepa Ta Teopil ABOICTOCTi.

1. Teopema KyHa-Takkepa gae HeoOXxigHi i goctaTHi yMOBWM ONTUMAanbHOCTI B
3agayax onykrnoro nporpamyBaHHa (Of1). Axkwo ymoBy Cnentepa BiOKMHYTW, TO
TeopemMa KyHa-Takkepa Aae€ Tinbkn OCTaTHi yMOBM ONTUMAarbHOCTI.

2. [lpo ponb ymoBu perynspHocTi Cnentepa B Teopil ABOICTOCTi. Teopemu
ABOICTOCTi MalTb Micue nuwe Toai, konn dyHkuia Jlarpadxa 3agadi M1 mae cignosy
TO4Ky. HeobxigHO nigkpecnuTn, WO MaeTbCA Ha YyBa3i 3agadya MaTtemMaTU4yHoro
nporpamMyBaHHs, TO6TO BiNfbL 3aranbHa 3agada HiX 3agadya OnyKrnoro NporpaMmyBaHHS.

Akwio icHyBaHHSA CignoBOi TOYKM Hanepen He rapaHToBaHe, TO [MMOBWHHI
BUKOHyBaTUCb YMOBU Teopemun KyHa-Takkepa, ToOTO 3agada noBuvHHa ByTu 3agadeto
Of1, a il gonycTuMa MHOXMHa MOBUHHA 3a0BOSILHATU YMOBY perynsipHocTi CrnenTtepa.
Axkwo ymoBa Cnentepa He BUKOHYETLCS, TO AOYHKUIA JlarpaHxa Moxe B3arani He maTtu
cionoBoi TOYKM, xoya 3agada Of1 6yae matv OoNnTUMAanbHU PO3B'A30K. ACHO, WO Y
LbOMY BUMAaKy Teopemun ABOICTOCTI ANA TaKOl 3a4adi CEHCY He MatoThb.

Mpuknapn 9.1.  Hexal maemo 3adayy
C:min{-x: x2<0, x>0}.

Lle 3agpaua Ofl. YmoBa Cnewntepa ana pgonyctmmoi obnacti 3agadi C He

BUKOHYETBLCS, OCKINIbKN MHOXWHA Ti BHYTPILLHIX TOYOK MOpoxHsa {x: x2<0}=y. Cama
AONYyCTUMa MHOXMHA CKNagaeTbesl i3 ogHiei Toukn x=0. OnTumanbHUA PO3B'A30K
3apaui C icHye i piBHUA Hynto: x*=0.
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PoarnsHemo dyHkuito Jlarpanxa L(x,u)=—-x+ ux2 ujei 3agavi B obnacti x>0,
u>0. B cignosin Touui (x*u*), SKWO BOHaA IicHye, dyHKUia JlarpaHxa pocsrae
MiHIMyMY MO X NpW U= U™ i MakCUMyMy MO U Npu X = x*.

3Hangemo ctauioHapHi TOYkM PyHKUii L (X, u)

oL
—=2xu-1=0
X xu ’
oL 2
—=x“=0.

ou X

Maemo x=0, ane He icHye Takux u>0, Ons SKMX BUKOHyBasrocb Ou nepuie
piBHAHHA. OTxXe, dyHKUia Jlarpanxa L(x,u) He Mae CTauioHapHUX TOYOK, a TOMY BOHa
He Mae i CianoBMX TOYOK.

| we npo 3B'dA30k cignoBoi Toukn dyHKUiT Jlarpanxa 3agadvi OfT i ymoswu
perynapHocti Cnentepa. Ha nutaHHA Npo Te, 4n He BunnuBae ymoBa Cnentepa i3
iCHyBaHHS cignoBol Toukn dyHkuii Jlarpanxka 3agadi Ofl, B 3aranbHOMYy BUNagKy
NnoTpibHO [aTu HeraTUBHY BIANOBIAb, OCKINbKW ICHYBaHHA CignoBOl TOYKM B TakoMy
BMnagky Oyno © HeobxigHOW | AOCTATHLOK YMOBOK onTuManbHOCTI (amB. [15], cTop.
65). Akwo X cuctema obmexeHb niHiMHA, TO ymoBa CrenTtepa 3amBa, i iCHyYBaHHSA
CiQnoBOI TOYKM € HeobXigHOK | A4OCTaTHBOK YMOBOK ONTUMAanbHOCTI (gpyra Teopema
ABOICTOCTI MiHINHOrO NporpaMyBaHHS).

OTxe, OCTaTOYHO, pPO3B'A3yBaHHA 3ajadi MaTemMaTU4HOro nporpamyBaHHS
eKBiBanieHTHe BiALLYKaHHIO CiAnoBol TOYKM (PyHKUii JlarpaHxa uiei 3agadi 3a ymoBu, WO
Taka TouKa iCHYE.

TomMy BaxXnuBMMK N9 NPaKTUYHOrO 3aCTOCYBaHHS € HeobXigHi i JocTaTHI yMOBU
iCHyBaHHA Yy YyHKUIT cignoBol Toyku. Haragaemo, wo y 3aranbHOMYy BUNagky
HeobXigHO | 4OCTAaTHLOK YMOBOHK ICHYBAHHSA CiASI0BOI TOYKM Y cKansapHOI OYHKLIT ABOX
BEKTOPHMX apryMeHTIB € PiBHICTb MiHIMaKCIB.

Cdopmynitoemo Taki ymosu ana 3agadi Of1

C:min {f0(x): fi(x)<0,i=1,...,m, x>0}

y BUNagKy andepeHuinoBHOCTI OyHKLin fi(x), i=0,1,...,m.

Teopema 9.5 (HeoOXiaHi i AocTaTHi yMOBM iCHYBaHHSA CignoBol TOYKU hyHKUIT
Narpanxa 3apgayi OM). Skwo ¢pyHKuii fi(x)e C;( , 1=0,1,....,m, de X={xeEN:
x>0}, mo HeobxiOHO | OOCMamHbOK YMOBOK MO20, WO moyka (X *,u™*) e cidnogor

moykor ¢pyHKUji [TagpaHxa 3adayi C 8 obriacmi x>0, u>0 € 8UKOHaHHS yMO8
VyL(x*u*)>0, (x*VyL(x*u*)=0, x*>0, 0.36
VyL(x*u*)<0, (u*"VyL(x*u*))=0, u*=0, (9.36)

O0e VyL(x,u) iV, L(x,u)— epadienHmu ¢yHkuii L(x,u) 8idrnosidHo rno x ma ro u.
bes noseneHHs (noBeaeHHsa ame. [15], cTop. 64).

3a3Ha4yMmo, L0 SKLWO AonycTMMa MHOXUHA 3agadi C

Dc ={xcEN:fi(x)<0,i=1,...,m, x>0}
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3a0BONbHAE YMOBY perynsipHocTi Cnentepa, To ymou (9.36) 6yaytb HeobXigHUMM i
AOCTaTHIMM YMOBaMu iCHyYBaHHSA ONTUMarbHOI TOYkM X * 3apgadi C. BpaxoBywouu ue,
MOXHa BKasaTu Takuh crocib pose’asyeaHHs 3adayqi Ol pgna Bunagky, Wo
pO3rnNagaeTbCa:

a) nobyaysatu dyHkuito JlarpaHxa 3agavi C;

0) 3anucaTu onsa Hei gocTaTHi YMOBKM onTuMarnbHOCTI (9.36), siki BAKOPUCTOBYHOT,
AIK NpaBuIIo, B eKBiBarieHTHOMY BUrNsAai

oL(x,u) . oL (x,u) :

——20, j=1,... —=0, j=1,...
8XJ L] j 3 ana Xj an L] j 3 ana

oL(x,u) oL(x,u)

Fl(x)<0, i=1...m —0, i=1,...m  (9.37)

Gu,- 8u,-

X;20, j=1...n u;20, i=1..m;

B) pos3s'a3atn cuctemy (9.37) BiAHOCHO X (3BMYaNHO, AKLO BOHA Mae PO3B’SI30K
B3arani) i, TMm camum, 3HanTK PO3B’A30K X * 3aaui C .

§ 3. 3apaua onykrnoro KBagpaTU4HOro nporpamMmyBaHHs

3ayBaxxmmo, WO npouenypy poss'adyBaHHA cuctemu (9.37) Ona  [OOBiNIbHUX
ONyKNUX ANEepPEeHLINnOBHUX OYHKL N ff(x), i=0,1,...,m, peanidyBatM MpPaKkTU4YHO
HEMOXNMBO (MaeTbCA Ha yBasi aHaniTmyHo). B Ton xe vac ua cucrtema edpekTMBHO
PO3B'A3YETLCA, SKWO BOHA € JiHiMHOW. Ane BoHa Oyae niHiMHOW nuwe gnga 3agadi
NIHINHOrO NporpamyBaHHA, HAKy B3arani HedouisilbHO pPO3B’A3yBaTW TakUM  LUSISIXOM.
OpnHak cuctema (9.37) moxe 6yTn 4acTKoBO niHinHot. Lie 6yae y Bunaaky, komm f0(x)
— KBagpaTuyHa yHKUig, a fi(x), i=1,...,m, — TniHINHI QYyHKUiT, TOBTO, KONU
onTuMmi3auinHa 3agadva byae 3agadeto KBagpaTUYHOro NporpamyBaHHS.

OTxe, po3rnsgHeMo 3adayy OryK020 kKeadpamu4yHO20 rpogpamysaHHs y BUrnagi

fO(x) =(¢,x)+ (x, Dx)— min, (9.38)
Ax-b<0, (9.39)
x>0, (9.40)
pe ceEN xeEN, D=||d,-j||, i,j=1,...,n, — CUMETPUYHA HEBIA'EMHO BW3HA4YeHa
MaTpuus, A=||a,-j||, i=1,...,m, j=1,...,n, — NPAMOKYTHa MaTpuusa BUMiIpy mxn,

be EM,
Mobyayemo dyHkuito Jlarpanxka 3agadvi (9.38)—(9.40)

L(x,u)=(c,x)+(x,Dx)+ (u,Ax —-b).
3Hangemo rpagieHTn yHkuii JlarpaHxa no x Ta no u
VyL(x,u)=c+2Dx +ATu, V,L(x,u)=Ax-b
Ta 3anuemo HeobXigHi i 4oCTaTHi YMOBW iCHyBaHHS Cign0OBOI TOYKK
c+2Dx +ATu >0, (9.41)
Ax-b <0, (9.42)
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(c+2Dx +ATu,x)=0, (9.43)
(Ax —b,u) =0, (9.44)
x>20,u=>0.

BBegeMo HeBig'eMHi  BekTOopyM  BanaHCHUX 3MiHHUX V=(Vy4,...,Vp)>0 Ta

w=(wyq,...,Wn)>0, 3a pgonomoro fAkux HepiBHocTi (9.41), (9.42) nepetsBopumo B
piBHOCTi. OTpmMaemMo cuctemy

c+2Dx +ATu-v=0, (9.45)
Ax-b+w=0, (9.46)
x>0,u>0,v>0,w=>0. (9.47)

I3 (9.45), (9.46) maemo v=c+2Dx+ATu, w=—Ax+b. Tomy piBHoCTi (9.43),
(9.44) HabyBatoTb BUrMNALY

(v,x)=0,(w,u)=0
abo B cuny ymos (9.47)
vj xj=0,j=1,...,n, (9.48)

wj uj=0,i=1,...,m. (9.49)
3ayBaxumo, wWo geski 3 obmexeHb (9.39) MoxyTb ByTu piBHOCTAMMW. Toai Ha
BiQNOBIOHI TM MHOXHWKW JlarpaHxa u; He HaknagawTbCsd YMOBM HeBig'€eMHOCTI. Kpim

TOro, OCKINIbKM B LbOMY BWNAgKy BiAMNOBigHI TakMm obBMexeHHsaM ymoBu (9.49)
BMKOHYBaTUMYTbCA TOTOXHO, TO Hema noTpebu ix BpaxoByBaTh i TOMY iX MOXHa
BIOKNHYTN.

Orxe, 3agava BifgLykaHHA cianoBol ToYkn dyHKLUiT Jlarparxa 3agavi (9.38)—(9.40)
3Benacb A0 BigwykaHHs po3B'a3ky cuctemn (9.45), (9.46) 3a ymoB (9.48), (9.49).
Cuctema (9.45), (9.46) cknapaeTbCca 3 m+n NiHIMHUX PIBHAHb BIAHOCHO 2(m+n)
HeBigomux X, v; (j=1,...,n), uj, w; (i=1,...,m). Kpim Toro, sik Bunnmeae i3 (9.48),
(9.49), nOBINbHUI PO3B'A30K LiET CUCTEMU MNOBUHEH 3a40BOSIBHATA YMOBMW :

Vj, sikwo x>0, 1o vj =0, abo, akuwo vj>0,T0X;=0; (9.50)
Vi, akwo u; >0, To w; =0, abo, akwo w;>0, To u; = 0. (9.51)

Topgi wykaHum poss'askom cuctemu (9.45), (9.46) moxe OyTM [OBINbHWUIA
ponyctummi 6asmcHui 1l po3B'A30K, ANA SKOro  3MiHHi Xj Ta Vj 3 OfHaKOB/MU

iHOekcamn j, a TakoX 3MiHHI U; Ta W, 3 OOHaKoBMMW iHOeKcamu i, He € BoAHoYac

6asncHUMN. 3HaNTM TakM PO3B'AI30K MOXHa LWNAXoM nobyaosBu ana cuctemun (9.45),
(9.46) ponomixkHOT 3agadi MeToaoM LUTYYHOro 6asncy 3 noganslumMM po3B'd3yBaHHAM 11
CUMMEKC-METOOO0M.

OnTmanbHU pPO3B'A30K [OMOMDKHOI 3adadi MOXe He 3a40BOSIbHATU YMOBU
(9.50), (9.51). Togi noTpibHO HOBGUTUCE BUKOHAHHA ymoB (9.50), (9.51) npoBeneHHsM
HeobXigHOI KINbKOCTI A404aTKOBUX iTepauin cumniekc-meToay no 3aMiHi Bektopis 6asuncy
ONTUManbHOro po3e'asky. MNMpu ubOMy Ana BBEAEHHSA B 6a3nc MoXxHa BMOMpaTn nuwwe Ti
Heba3ncHi BekTopW, $AKi MawTb HynboBi OuiHKW. Lle rapaHTyBaTMMe HeE3MIHHICTb
3HAYEeHHS LiNboBOI (OYHKLIT.

Mpuknapn 9.1. Poss'sszamu 3adayvy
Z=—5X1—2Xp+ X412 = X1 X5+ X52 — min,
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2X1 +3X2S15,
X1 +2X2= 8,
X1ZO,X2ZO.

PyHKUIA Z=Z(X 1, X ) ONYKNa, OCKINbKK

2 -1
102

z z 0%z
zy1=2>0, "o ‘=3>0, nez; =

Y 8X,-8Xj ’

Z21 Z22
i 3a kpuTepiem CunbBecTpa maTpmus

1 -1/2
-1/2 1

[0oOaTHO BM3HadeHa, a, OTKe, [04aTHO BM3HAYeHOW € i kBagpaTuyHa dopma X 12 —
X1Xo+ X92. ToMy 3adaya, WO PO3rNsA4acTbCs, € 3a4ayelo OMyKnoro KBagpaTuyHoro

nporpaMmyBaHHs.
Byayewmo T1i dyHkuito Jlarpanxka: L(Xx4,Xo,Uq4,Up) =

=—5X1—2X2+X12—X1X2+X22+U1(2X1+3X2—15)+U2(X1+2X2—8)

Ta 3anMcyemMo HeobXigHi i 4OCTaTHI yMOBM iCHYBaHHS CianoBOi TOYKM

aa—):=—5+2x1—x2+2u1+u220, aa—):x1=0,
a—L:—2—x1+2x2+3u1+2u220, ix2:0,

X2 X2 (9.52)
8—L:2x1+3x2—15£0, a—Lu1=0,

ouy ouy

oL

—=X;+2Xx,-8=0, x;20, x,20, u; 20.
8u2

oL , 0
3ayBaxumo, Wo ymoBa ——U, =0 BUKOHYETbCH TOTOXHO, OCKiNbkn —— =0,
6U2 8U2
TOMY 1I MOXXHa BiAKUHYTMW.
Beseaemo 6anaHcHi 3miHHi vy > 0, vo 2 0, w4 > 0 Ta nepenuwiemo cuctemy ymoB

(9.52) y Burnagi cuctemu piBHAHb

2X;— Xo+2U;+ Uy —Vy =95,

— Xy +2Xo+3U;+2U, -V, =2,

2Xq + 3Xo +w,; =15, (9.53)
X1+ 2X, =8,

X4, X2,Uq,Vyq,Vo, Wy 20,

Ta ymMOB
X1 V1=0,X2 V2=0, U4 W1=0. (954)
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3MiHHa U BiNnbHa 3a 3HaKoM, TOMY NnoAaamo 1y BUMNAai Uo=Ugz— Uy, Ae U320,
u4>0, Ta nepenuwiemMo cuctemy (9.53)

2X;— Xo+2U;+ Uz — Uy —Vq =9,
—Xg+ 2%, +3Uy +2U3-2Uy -V, =2,
2Xx1 +3X5 +wy; =15,
X; +2X%, =8,
X4, Xo,Uq,U3,Uq,V1,Vo,Wyq 2 0.

[onomikHy 3agady Ans BidllyKaHHA OonycTUMOro 6asncHOro posB'asky  Ui€el
cuctemu Byayemo metogoMm wTy4Horo 6asmcy. Maemo

y1+y2+y3z —>min,

2X1— Xp+2U1+ U3— Ugq—Vq + Y1 =5,

— X1 +2X2+3uUs+2u3 -2uq4 -V +tyo, =2,

2x1 +3x9 + Wy =15, (9.55)
X1+ 2X2 +y3 =8,

X1,X2,Uq,U3,Uq,vV1,V2,W1,¥1,¥2,¥3 2 0,
¥1,¥2,Y3 — WTY4YHi 3MiHHI.

3a3Ha4ymmo, L0 LWYyKaHU PO3B'A30K MOBMHEH 3a40BONbHATU YMOBU (9.54).

3apayy (9.55) po3B'sasyemo cumnnekc-metogom (ame. Tabnuuyto 9.1). Cumonom
"x" no3HayeHi gaHi, ki MoxxHa He obuncnioBatn. OCTaHHS iTepauia 34iMCHEHA 3 METOO
3a00BOSEHHA yMOBUN U4 W4 = 0.

OnTumanbHUN Po3B'A30K JOMNOMDKHOI 3afavi X 1= 24/7, xo=16/7, u3z=3/7, w1=9/7,
Uq=Ug=V{=Vo=y1=yo>=y3=0 BU3HA4Ya€e ONTMMaNbHUA PO3B'A30K BWXiOHOI 3agaui
KBagpaTUYHOro MporpamyBaHHA: X 1= 24/7, xo,=16/7. OnTumanbHe 3Ha4YeHHSA LinboBOI
dyHKUiT piBHE Z=— 88/7.

Tabnuuys 9.1.
Xg | X1 X2 uq us Uy Vq vo W1 |yq|lyal|ly3]|l B o
% 2 -1 2 1 -1 -1 0 171010 5 5/2
yo | -1 2 3 2 -2 0 -1 o|o| 1|0 2 2/3
Wy 2 3 0 0 0 0 0 1 0 0 0 15
¥3 1 2 0 0 0 0 0 o|o]|o|1 8
A -2 -3 -5 -3 3 1 1 o|lo]|o0]|oO 15
y1| 83 | -78 0 -1/3 1/3 -1 2/3 o | 1| = |0] 113 11/8
usg | -18 | 273 1 2/3 -2/3 0 1310 |0]|=|0] 283
wq 2 3 0 0 0 0 0 1 0| =120 15 15/2
y3 1 2 0 0 0 0 0 o|0| = |1 8 8
A | =113 133 0 1/3 -1/3 1 -2/3 0 0 * 0 35/3
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X1 1 —-7/8 0 —-1/8 1/8 -3/8 2/8 0 * * 0 11/8
uq 0 3/8 1 5/8 -5/8 -1/8 | -2/8 | © « | = | 0 9/8 3
Wy 0 38/8 0 2/8 -2/8 6/8 | —4/8 1 * « | 0| 988 | 98/38
Y3 0 23/8 0 1/8 -1/8 3/8 | -2/8 0 * * 1| 538 | 53/23
A 0 -23/8 0 —-1/8 1/8 -3/8 2/8 0 * * 0 53/8
X1 1 0 0 -2/23 2/23 -6/23 | 4/23 0 * * * 78/23
uq 0 0 1 14/23 | —14/23 | —4/23 | -5/23 | 0 * * « | 6/23 3/7
Wy 0 0 0] 1/23 | —1/23 | 3/23 | =2/23 | 1 * * « | 30/23 30
X2 0 1 0 1/23 | -1/23 | 3/23 | -2/23 | 0 * * x | 53/23 53
A 0 0 0 0 0 0 0 0 * * * 0
Xq 1 0 * 0 * * * 0| = | =« | =« | 247
us 0 0 * 1 * * * 0 | = | = | = 3/7
w4 0 0 * 0 * * * 1| = | = | = 9/7
X 0 1 * 0 * * * 0 | = | = | = | 16/7
A 0 0 * 1/3 * * * 0| « | = [ = 0

Po3ain 10. [papieHTHI meTOoan

§ 1. lpapieHTHi MmeTOAN GEe3yMOBHOI onTUMi3auil

Y ubomy napaepaghi b6yde po3sarnssHyma 3alaya eiOwykaHHS 6e3yMO8HO20
ekcmpemymy OughepeHuitiosHoi pyHKuii z=f(x), xe EN, f(x)e C1.

Lis 3agava (xoya 6 npvHUMNOBO) MOXe ByTM po3B'A3aHa KNnacMYHUMU METOL4aMW.
Lli meTOAM Ha3nBarTLCSA HEMPAMUMM, OCKISTbKM BOHM BUKOPUCTOBYHOTb HEOBXIOHI YMOBM
ekctpemymy VI(x)=0. OpgHak cnig 3ayBaxuTu, LWO Ans peanbHUX 3agad
PO3B'A3yBaHHA L€l CUCTEMM € HE MEHLU CKagHoK npobnemMoro, HiXK po3B'A3yBaHHSA
BUXiQHOI 3ajadvi. Henpsmi meTtogm 3acToCOBYOTb B OCHOBHOMY TOZi, KON PO3B'A30K
eKkcTpemarbHOl 3afadi HeobxigHO 3HaNTK B aHaniTU4HOMY BUrNAdi. [ns po3s'asyBaHHA
CKNagHWX NpakTU4HUX 3agad, SK NpaBuno, BUKOPUCTOBYIOTb NPAMi METOAM, SKi 3B'A3aHi
3 6e3nocepeHiM NOPIBHAHHAM (OYHKLIT B ABOX YM BinbLue TOYKax.

Hexan maemo pesky Touky xSe E’N. 3'acyemo, sIK Npu po3B'dA3yBaHHI 3agadi
MiHimi3auii
f(x)>min, xe EN, f(x)eCT,
nepenTn Ao HoBoi Toukun xS*+7 tak, o6 BUKOHYBanach HEPIBHICTb
f(xS*1)< f(xS).
Mogamo xS*7 y Burnsapi xS*7=xS+pd, ne Bektop d=(dy,...,d,)"T BU3HAYAE
HaNPSIMOK 3MiLLLEHHS!, @ YNCIO p> 0 — KPOK 3MILLIEHHS i3 TOYKM X S B TOUKY xS+,
O3HauveHHsa 10.1. Hanpsvok d Ha3zeemo nidxoxum (0na 3adadi MiHimMi3auii),
AaKkwo icHye p>0 , ana skoro f(xS+pd)<f(xS).
Ockinbkn doyHKuia f(x) audepeHuinoBHa, TO 3a TeopemMoto Tennopa Maemo
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f(xS+pd)=f(xS)+pVTf(S)d,
ne E=xS+0pd, 0 (0,1). 3Biacu BUTIKaE, WO HaNPSMOK Byae NiaxXoXunMm, SKLLO
VTf(&)d<0. (10.1)
Mpu gocuTb Manux p> 0 Toyka & nonagae B Takui OKin TOYKU XS, B AKOMY (DYHKLiS
V Tf(x)d 36epirae 3Hak sk HenepepsHa (f(x)e C7). Tomy B Touui xS Tex 6yae maTu
Micue HepiBHiCcTb noaibHa (10.1)
VTf(xS)d<O0. (10.2)
Omxe, MK 3'acyBanu, WO Npuv nepexoai Bia Toukn xS go Toukm xS+71=xS+pd,
>0, HanpaMok d NigXOXWK, SKWO Mae Micue HepiBHicTb (10.2), To6TO, SKWO noxigHa
no Hanpamky d Bia pyHKUii f(x) B TouUi XS € Big €MHOI0:

D f(xS)= VTf(xS)d=(Vf(xS),d)<0.

3ayBaxuMmo, WO AKWo d — NigxoXun HanpsMmok, 10 i pd ana OosinbHUX p>0
TaKkoX € MiAXOXMM HanpsMKOM. TOMy MHOXMHA BCIX MiOXOXWX HaMpPSAMKIB YTBOPHOE
KOHYC MigX0XNX HANPSMKIB 3 BEPLUMHOK B TOYL X S.

3'acyemo Tenep eeomempuyHy iHmeprpemauito ymosu (10.2).

Ak Bigomo, rpagieHT V f(xS) € BekTopoM HopMani 4o rinepnoBepXHi PiBHA yHKL,iT
f(x) B TOouui xS (y OBOBMMIpHOMY BMNagKy — JiHil piBHA), cnpsMoBaHuMM Yy 6ik
3pocTaHHA PyHKuii f(x).

i

{(x1,x2): f(x)=2"}
{(x1,X2): f(x)=2°}
z1< 22
, VixS)
5 = X,
Pwuc. 10.1

Mopsag 3 rpagieHToOM po3rnsiHeMO aHTurpagieHT —V f(xS). Bisbmemo 3a HanpssMokK
d [OBINbHWMM BEKTOp 3 MNOYaTKOM Yy Touui XS, SKAA YTBOPKE TFOCTPUN KyT 3
aHTurpagieHtom —V f(xS). Maemo y ubomMy BUnNagKy
AN
~VTf(xS)d=(-VFf(xS),d)=|VFf(xS)||d|cos (Vf(x®),d)>0
abo
VTf(xS)d<O0,

LLIO O3Havae, wo d — niaxoxun Hanpsmok (ams. puc. 10.1).
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Hexan |d|=1. Topai noxigHa 3a Hanpsimkom d
A\

Dyf(xS)=V Tf(xS)d=(Vf(xS),d)=|VFf(xS)||d|cos (Vf(x®)d)

MaTMMe HanMeHLe 3Ha4vyeHHs1, piBHe —|V f(xS)|, akwo Hanpsamok d 3biraTumeTbca 3
7a\

HanNpsaMKom aHturpagieHta —V f(xS) ((VFf(x®),d)=r).

Omxe WBMAKICTb cnagaHHs dyHKuil f(x) y Hanpami aHTurpagieHta —Vf(xS) €
HanBIiNbLUOLO.

SAkwo 3a nioxoxut Hanpsamok d 0ns MiHimi3auii oyHKuii f(x) sukopucmosyemsbcs
aHmuepadieHm (0ns1 makcumidauii — epadieHm), mo 8i0rnogiOHuUt mMemod Hasusarmhb
epadiecHmHum. Noyamkosy mouky x 0 e epadieHmHomy memodi eubuparoms A08iNbHO, a

8Ci iHWI nocnidosHi HabruXeHHsT 00 MOYKU MiHIMyMy 064YUCTFORMbLCS 3@ GhOPMYIIOH
xSt1=xS_p VF(xS),s=1,2,... (10.3)

Takun nepexing Big Toukm xS 00 Touku xS+7T 3MeHwIye 3HaueHHs dyHKUiT F(X),
AKIWO KPOK pg AOCUTb Manuin. PosrnsHemMo cnocobwu perynioBaHHS KPOKYy pg Ha

AOBINbHIV iTepauii rpagieHTHOro meTtoay.
papieHTHMIA MeTOoA 3 NOAPIOHEHHAM KPOKY

dikcyeTbCA AOCUTb Manuim KPok p o> 0 i, NOYMHAIOHM 3 TOYKM x 0, nesike uncno pas
peanisyetbca npoueaypa (10.3) (ame. puc. 10.2). Ha koxHin iTepauii obuymcnioeTbca
3HauyeHHs yHkuii f(xS). [Mpouenypy (10.3) npogoBXyloTb AO0TM, Mokn f(xS)
3MeHLyeTbes. [Mpy ubomy Touka XS, aK NpaBuo, NPAMYE B OKiN NOKanbHOro MiHiMyMmy,

I %2

0 1

Puc. 10.2 B
PO3Mip SIKOro OAHOrO MOPSAKY 3 p. TOYka XS gocarae LpbOro OKorny npu Takomy S, npu
aKkomy byne

Fx ST > F(x 9).

AKWO [0CArHyTa TOYHICTb HEOQOCTATHSA, TO 3MEHLUYHTb KpOK, TOGTO BUBUpaloTb
0<p4<pp, | NPOAOBXYIOTb iTepauii 3 HoBUM Kpokom 3a npasurioMm (10.3) gotu, noku
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TOYKa XS He nonaje B OKifl JIoKanbHOro MiHiMyMy, po3Mip SIKOro He BinbLUMi 3a 3agaHy
noxmoky.

Teopema 10.1 (npo 36iXKHICTb rpagieHTHOro metoay 3 NOAPIOHEHHAM KPOKY).
Hexau:
1) cbyHkuis f(x) onyknaif(x)e C2, xe EN,
2) mHoxuHa R(x0)={ xe EN: f(x) <f(x9)} obmexeHa ;
3) Ha mHoxuHi R(x0) Vn , |n |=1,2ecciaH H¢(x) 3adososnbHsE ymosy
(He(x))n, n) <M (M > 0).
Todi:
AKWO KPOK p MemoOy 3adosorsibHsie ymogy 0 < p < 2/M, mo
lim f(x®) = min f(x).
S—w®
bes noseneHHs (noBeaeHHsa ame. [16], ctop. 314).

MeToa HaMwWBMALWLOro CNYCKy
B ubomy rpagieHTHOMY MeTOAi BenuuMHa KpoKy pg B npoueanypi (10.3)

BUOMpPAETbCA 3a NpaBUIIOM

ps =argminf(xS — Avf(xS)). (10.4)
p>0

Mpu ikcoBaHOMY KpOLi p MU MOBUHHI 3ynuHATUCA B Todui xS*7T Ha KoXHIN

iTepauii, He3Baxawunm Ha Te, WO Hanpsamok —Vf(xS) we Beae A0 3MEHLIEHHS
3HaYeHHS LiNnboBOI PyHKL,T.

sz sz

—= X, — = Xy
) )
KPOK pg dpikcoBaHUM KPOK p g 3apoBoribHsie (10.4)
Puc. 10.3
B MeToai HallBMALLIOrO Crycky pyx nicns Touku xS*7 y HanpsMKy aHTurpagieHTa

—Vf(xS) yxe He npMBOANTb 0O MEHLIMX 3HAYEeHb LinboBoi dyHkuii (ame. Puc. 10.3).
Tomy MeToq HaMLWIBUALIOrO CNYCKY BIAHOCATb A0 TaK 3BaHUX MOBHOKPOKOBUX MemoOis.
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Teopema 10.2 (npo 36iHICTb MeTOAY HAULIBUALIOIO CMYCKY).
Hexadu:
1) pyHkuis f(x)(x e EN) HenepepesHo dugpepeHruitiosHa (f(x)e C1);
2) MmiHiMym f(x) icHye (min f(x) > —-o);
3) mHoxuHa R(x0)={ xe EN: f(x) < f(x0)} obmexeHra.
Todi:
a) SKwo mMemod Halweudwoz20 CrycKy 3aKiH4yembCs 3a CKIHYEHHE 4Yucrio
imepauiti N, mo || Vf(xN) [/ =0;
6) sKwWoO mMemoO He 3aKiH4yembCs 3a CKIHYEHHe 4uc/io imepauyit, mo
nocnidosHicmb {f(xS)} 36icaembcs, | Ons KOXHOI epaHuyHoOi mouku x’
nocnidosHocmi { xS} sukoHyemscsi ymoea ||V f(x”)|| = 0.

JoBeneHHa. MoxnuBi ABi anbTepHatmBu: abo MeTo HaWWBWALLOINO CryCcKy
36iraeTbCA 3a CKiHYeHHe 4ncrno iTepadin, abo He 36iraeTbcs.

PoarnsHemo nepwy anbTepHaTtuBy. Hexan npoueaypa (10.3) 3aBeplumnacb 3a
CKiHYeHHe yucno iTepauin B Touui x N BukoHaHHam ymosm (10.4). Lle o3Hayvae, wo ans
AOBINbHUX p> 0

f(xN-—pVFf(xN))>f(xN). (10.5)

3a Teopemoto Tennopa ansa gosinbHoOro p> 0 icHye #<(0,1) Take, WO
f(XxN-—pVF(xN))-f(xN) =—pVTF(xN-poVF(xN))VFf(xN).

Topai 3a ymosu (10.5) ansa gosinbHUX o >0 npu € € (0, 1) NOBUHHO ByTH
VTi(xN—pVFf(xN))VFf(xN)<0. (10.6)

Ockinbkun f(x)e C7, 1o Vf(x) HenepepsHa dyHKuiA. Tomy V f(x) 36epirae 3Hak

y OBOX A0CUTb BNN3bKMX TOYKax, TOOTO Npy Jocntb Manux p> 0 rpagieHTu

Vi(xN-pVf(xN)) taVvi(xN)

O[IHAKOBI 3a 3HAKOM.
Omxe, npu gocutb Manux p>0 nopsg 3 (10.6) matnme micue ymosa

VTi(xN)VFf(xN) <0, (10.7)
TOOTO

Ivf(xN)yll2<o,
LLIO MOXe ByTn nuwle y Bunagky

Ivi(xN)Il =0.

PosrnaHemo Tenep iHWy anbTepHaTuBy.
3a ymoBu 2) Teopemmn nocnigosHictb {f(xS)} obmexeHa 3HM3y. 3a nobynoBoro

nocnigosHicTb {f(xS)} cnapatoua, ockinbkn f(xS*7)<f(xS). ToMy BOHa € 36iKHOIO.
Hexan

lim f(xS)=f(x").
S—

PoarnsHemo nocnigosHicTb {xS}. Ockinbku {f(xS)} 36iraetbes, 10 3 { XS} MOXHa

. . . . . s
BUOINUTKU 30DKHY, HaNpuknag, A0 TOYKK x’, nignocnigosHicTb {x k}
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lim xSk = x'.
k—x
OueBungHo, Wo nNpu uboMy Byae

lim f(x%)= lim f(xSk)=f(x').

S—w k— o
Bin cynpotuHoro npunyctumo, wo IVFA(x)ll>0. PosrnsHemo Tenep
. . . Sy +1 . . . .
nignocnigoBHicTb  {x k }. Ua nignocnigoBHiCTb oOMexeHa, OCKiflbkM BOHa 3a

nobyaoBo HanexuTb MHOXUHI R(x 0), aka 3a ymoBoto 3) Teopemn obmexeHa. Togi, B

Sk +1 . . Y/ . .
CBOK uyepry, 3 {x } MoxHa BMBpaTn 30iKHY, CKaxiMo, OO X" NiANOCNIAOBHICTb.
OckKinbku

S k+1 S
Xk k

S
=x K- pg VH(xF),

TO, CNpsiMyBaBLLUM k — oo, oTpumaemo x”= x"— /v f(x’), ne
p' =argminf(x'—AVf(x"))..
p>0
Tak sik 3a npunywenHsm ||V A(x))Il >0, To VF(x”)=0, a, otxe, f(x”)<f(x’), wo
cynepeunTb yMoBi Npo 36ixHicTs {f(xS)} ao f(x”).
Teopema goBefeHa.

TecTu Ha 3yNUHKY npoueaypy HaWLWBUALIOro CNyCKy

Ockinbku 36bKHICTL MeTo4y HaWLWIBUALIOrO CMNYCKY B 3aranbHOMY Bunagky He byae
CKIHYEHHOK, TO HeoOXiAHO BU3HAYUTU O3HAKYy MPUMMHEHHS MNpPOoLEecy iTepauin.
HaBegemo Kinbka HanbinbLL y>XKUBaHUX KPUTEPIIB:

1) max
i=1,...,n

<& (&> 03apaHe);

OXj

n (af )2
2) ||Vf(x)||2 = Z(OT] <& (&> 03apaHe);
i=1 I

3) ‘f(xS” )= (xS )‘< ¢ (&> 03anane).

Heponiku rpapieHTHUX MeToAiB

MabyTb ronoBHUM HeOOMIKOM rpagieHTHOro MeToady € Te, WO BiH Y Hankpaliomy
BUNagky 3abesneyye 30bkHICTb nocnigoBHOCTI {xS} nuwe [o TOYKM noKasrbHOro
MiHIMyMYy QyHKUIT f(X).

B 3aranbHoMy Bunagky nocnigoBHicTb {xS} 36iraetbcs, sk 6yno gosegeHo, OO
cTaLioHapHOT Touky X dpyHkuii f(X), B kit V F(x/)=0.

MoBHy rapaHTito 36iXHOCTI {xS} A0 TOYkM rnobanbHOro MiHiMymy dyHKUii f(X)
MOXe OaTu, Hanpuknag, BMMora onyknocTi pyHKuii f(x).

OaHum i3 cyTTEBUX HEOONIKIB MeTOAYy HaWLWBUALWOro CNYyCKy € Te, WO ANs OesKuX
TMNIB (PYHKUIN 30DKHICTb MOro MOXe BUABUTUCH MOBINbHOW. [iCHO, SAKLIO YUCMO pg

MiHiMi3ye doyHKuito g(p)=f(xS)—pV f(xS), TO NOBUHHO ByTU
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ag(ps)

= (VF(x**T),Vf(x°))=0,
dp

WO O3Ha4ya€e OpPTOroHasibHICTb HanNPsIMKIB 3MiLLEeHHS Ha MOCMigOBHUX iTepauisax (auvs.
puc. 10.4). Toai uucno itepauin, HeobXigHMX ONSA MiHiIMI3auil noraHo OBGymMOBREHMX
dyHKUiM "dpucToro” TUNy Moxe OyTu [OyXe BenuknMm (Xxoya iCHyHTb crnocobu
NnoKpaLLeHHsA 36iXKHOCTI, AWB., Hanpuknaga, [17], ctop. 39).

Heponikom rpagieHTHUX MeToAdiB € TakoX Te, WO HeMoxnuee ix 6esnocepeaHe
3aCToCyBaHHS OO0 ONTMMI3auil HegndepeHUinoBHMX OYHKLiM abo YMOBHOI onTuMi3auii

AndepeHLiNnoBHUX OYHKLIIN.
3aysaxeHHs. 3agaya BigLyKaHHA KPOKY Ha KOXHIN iTepauii MmeToay HanwBnaLworo
CrycKy € 3ajadyerd OAHOBMMIPHOI onTumizauil i Mmoxe OyTu posB'A3aHa OgHUM i3

PO3rMAHYTUX PaHille MeToaiB O4HOBMMIPHOI ONTUMI3aLil.

Mpuknap 10.1.  BusHayumu 3a 0O0romMo20t 2padieHmHo20 Memody MiHIMyM

yHKUIT
f(x) =—4x1—2 X0+ x42+ X2,
noyaswu imepauitiHut npoyec 3 moyku x 0= (4,5).
3HaxoaAMMO YaCTUHHI NOXiaHi
a—f= —4+2X1,8—f= —2+2X2.
5X1 6X2
1-a imepauyisa.  OBYMCNIOEMO rpagieHT PyHKUiT f(X) B MOYaATKOBIN TOMLi
Vi(x0) =(4,8).

BiH BigMiHHWIM Big Hynda, ToMy GyayeMo NpOMiHb x/(p), o BuxoauTb 3 Toukn x0 y
HaNpsIMKy aHTUrpagieHTa

x'(p) = x0-pVf(x0) = (4,5)-p(4,8) = (4-4p,5-8p), p>0.
O6uuncnoemo rpagieHT QyHKUi
VI(x'(p))=(-4+2(4-4p),-2+2(5-8p)) = (4-8p,8-16p)

Ta po3rnagaemMo pyHkuito f(x) B TOYKax NPOMEHS X/(p) npy p>0. PyHkuia f(x) B
LUbOMYy BUNaaKy 6yae pyHKuUie oaHiei 3MiHHOT p. OcKinbku

df(x5—-p VF(x®)

=—(VFf(x%-p VF(x%)),VFf(x%)),

dp
TO B CUNY HEOBXiAHNX YMOB €KCTpeMymy
df(x’
FECLI = (9 1(x! (p)), VHx ) =0,

10670 —((4-8p,8-16p),(4,8)) = 0, 3Bigkn 160p— 80=0 abo py= 0.5. OckKinbku

2 /
f
% =(Z((160p—80)=160>0 ,
Y2,

TO po = 0.5 € TOUKOKO MiHIMYyMYy f(x’(p)). O6uncnioemo x !
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xT=x0-p,VFf(x0)=(4,5)-0.5(4,8)=(2,1).
2-aimepauis.  OBuYUCNIOEMO rpafieHT dyHKLiT f(x) B TouLi x 7.
Vi(x1) =(-4+2x2,-2+2x1)=(0,0).
OcKinbKW BiH piBHUI HYMO, TO Touka x T € cTauioHapHO ToYKow dyHKLiT f(x). Jo Toro
X f(x) onykna BHK3, Tomy x T Byae Toukoto rnoGansbHOro MiHiMymy f(x).

Mpuknapg 10.2. BusHayumu 3a 0Oornomo2oto 2padieHmHo20 Memody MiHIMyM
byHkUiT  f(x)=(x1-3)2+4(x,—2)2, noyaswu imepauitiHuli Mpouyec 3 MOYKU
x0=(0,0).

PesynbTtatn po3B'd3yBaHHA 3ajadi METOLOM HaWWBWALIOrO CrycKy NpuBedeHi B
Tabnuui 10.1 Ta inoctpyetbes pucyHkom 10.4. 3ayBaxkmmo, O pO3paxyHKM BeOyTbCA
3a chopmynamm

Vf(x)=(2x4-6,8x,-16),
xSt1=xSpVF(xS),s=1,2,...,

ps =arg min f(xS — p Vf(x%)).

>0
Tabnuys 10.1
S xS f(xS) VI(xS) Ps | IVF(xS)|
0 (0,0) 25 (—6,—16) 0.138 17.088
1 | (0.826,2.204) 4.893 | (—4.348, 1.632) | 0.365 4.644
2 | (2.412,1.609) 0.957 | (-1.176,-3.128) | 0.138 3.342
3| (2.574,2.041) 0.188 | (-0.852, 0.328) 0.913
0 (3,2) 0 (0,0) 0
A% 2=4.893
\
x1
%3 ' 2=0.188
2| T Al Txr
x2 z=0.957
I \
7 i
z=25/ |
X ' ‘ = x,
@) 1 3
Puc. 10.4
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§ 2. CyGrpapieHTHMX MmeToq

Y po3rnaHyToMy BULLE rpajieHTHOMY MeTOAi BBaXkanocs, WO AOoChigKyBaHa Ha
eKkcTpeMyM YHKLis € andepeHLinoBHoto, TobTo f(x)e C1, x e EN.
MpoTe [ocCuTb 4YacTo BMHMKAE MNpakTudHa noTtpedba onTumisauii Hernagkmx
dyHKUIN, Hanpukniag, PyHKUIN Takoro suay
f(x)=max fi(x),
)

ae fi(x) — niHinHi PyHKUil. Tomy po3rnsHemMo 3agadvy 6e3yMOBHOI MiHiMi3aLii dyHKUIT

f(x), xeEN 3a ymoBW, WO BOHa He € AudepeHuinoBHow. [Npn ubomy 6axaHo
nobyaysatu npoueaypy, noAibHy Ao npouenypu rpagieHTHoOro Metoay

xSt1=xS_pVF(xS),s=1,2,...

Ockinbkn onsa dyHkuii f(x), ska He € gudpepeHuinoBHoto, rpagieHT VI(xS) B
Toylui XS MOXe He icHyBaTM, TO NPUPOAHO 3aMiHUTM WMOro OGinbll 3aranbHO
KOHCTPYKLUiet0 — cybrpagieHTom V f(xS). 3okpeMa, Lie MOXHa 3aBXau 3pobuty, AKLLO
Ha dyHKUito f(Xx) HaknacTn ymoBy onyknocTi. [incHo, akwo f(x) — onykna gyHKUis, TO
MHOXMHa ZS ={xe EN:f(x)<zS}, zS=const, € onyknow. Toai B 4OBiNbHIN To4ui XS
rinepnoBepxHi piBHA f(x)=2zS, sgKka € TrpaHULE MHOXMHU ZS, iCHye oOnopHa
rinepnnoLwimHa, a BEKTOp HOpMani A0 Hel, WO NeXuTb Y NiBNPOCTOpI, SKUA HE MICTUTb
MHOXWUHY Z S, aBnsie coboto cybrpamieHT V f(xS).

OTmxe posrnsaHemo 3agadvy 6e3ymMoBHOI MiHiMi3auii onyknol dyHKuii f(x), xe
EN. 3apgamo cybepadieHmHul memod (Memo0 y3azasibHeHUX 2padieHmig) NpoLeaypoto

xS*t1=xS_psys VI(xS),s=1,2,..., (10.8)
ne Vf(xS) — cybrpagieHT pyHKLUii f(X) B TouLi XS, pg — KPOK 3MILLEHHS 3 TOYKM X S
y HanpsMKy aHTucybrpagieHta —V f(xS), y5 — HOPMYIOUMIA MHOXHMK, X 0 — noyaTkose
HaBNWXEHHA 0O TOYKM MiHIMyMY (pyHKUIT F( X).

BuHukatoTb nuTaHHA BUBOPY KPOKY p g Ha KOXHINM iTepauii Ta 36KHOCTI npoueaypu
(10.8). Y NOpIBHSAHHI i3 3BMYANHUM TPafIEHTHUM METOAOM MPUHLMMN BUBOPY KPOKY pg
NMOBUHHI OYyTU CYTTEBO iHLUNMM.

AincHo, y rpagieHTHoOMy wMeToai f(x)e C?, Togi Vf(xS) Ta p[oTudHa
rinepnnowmHa B Touui xS [0 rinepnoBepxHi piBHA f(Xx)=2zS icHytOTb i €guHi, a pyx no
aHTurpagieHTy —-Vf(xS) 3 Toukn xS B Touky xS*tT=xS—pVF(xS), s=1,2,...,
npuMBOANTL NPW [OCUTbL Manux pg>0 A0 MEeHLWUX 3Ha4eHb LinboBOI YHKUT f(X).
3okpema, B MeTOoAi HalLLBUALLOrO CNYCKY KPOK p g BUOMpatoTb 3a npasuiom

ps = argmin f(x® — p VF(x®)).
p>0

Akwo x f(x)z CT, To VF(xS) Moxe He icHyBaTu. B LbOMy BUMamKy 3amicTb
AOTUYHOI TNEepnioWwnHN A0 rineprnoBepxHi piBHA f(x)=zS B TOouui XS AOOUINBHO
PO3rMAHYTN OOHY i3 HECKIHYEHOI CYKYNHOCTI ONOPHMX FNEPNOLWMH A0 MHOXWUHU Z S, WO
NPOXoAATb Yepes3 TOYKy XS, Ta BEKTOpP HOpMani 4O Hel, SKMi 3agae aHTucyorpagieHT
—~Vf(xS). MNMpu UbOMY, O4EBMOHO, MOXE TaK TPanmUTWCb, WO BekTop —V f(xS) 6yne
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CMPSIMOBAHWIA 30BHI MHOXWHM ZS (auB. puc. 10.5). Tomy pyx y Hanpamky —V f(xS) He
npuBege A0 3MEHLUEHHS 3Ha4YeHb LiNboBOI PyHKLUiT f( X ) HaBiTb NpW SIK 3aBrogHO Manmx
3HaYeHHSAX KPOKY P .

sz {(x1,x2): f(x)=2"} A X5 {(x1,x2): f(x)=2"}

xS*1

A
VixS)
>X1 >X1
(@) 0]
Puc. 10.5

OTxe BUBIp Ta peryntoBaHHA KPOKY pg HE MOXYTb ByTV nocTasneHi B 3anexHicTb
Bif noBeaiHkn doyHKLii f( X ) noaibHO ToMy, AK Le 34INCHIOETLCS B rpafdieHTHUX MeToaax.
Toai BUHMKAE NUTaHHS, Y1 OOUINbHO B3arani pyxaTucsa B HanpsAMKy aHTucybrpagieHTa —

@f(xs), AKWO npy UbOoMy UinboBa (YHKUiS He crnagae. Buasnserbcd, Wwo Ha ue
NUTaHHA NOTPIOHO OaTu CTBepAHY BigNoBidb i OCb YoMy. I3 reomeTpil po3TallyBaHHS

TOYKM MIHIMYMY X *, OMOPHOI riNepnnoWwmnHN O MHOXUHW ZS, aKa npoxoguTb 4yepes
Touky xS, Ta Bektopa —Vf(xS) (ame. puc. 10.5) BMNNMBaE, WO PyX Y HaNpsaMKy
aHTUCcy6rpadieHTa —V f(xS) Ha JOCWTb Mamnuil KpOK pg XOYa i He 3MEHLLYE 3HayYeHb
dyHKUii f(x), ane Bce x Habnukae xS+71 oo x *.

BiaHocHo 36ixHocTi npouenypn (10.8) nonepeaHbO MOXHA 3ayBaXkuTW, LLO MNpwU
ys=|@f(xs)|—7 BOHa [O3BOMSE 3HAXoOAUTU MiHIMyM oOnyknol dyHKUii f(x), SKWo
BEIIMYMHY KPOKY p g Ha S-i iTepauii BubupaTtn 3a BUKOHAHHA YMOB: pg > 0, ps— 0 npu

o0
S—> o, Y pg=o00. Po36iXKHICTL OCTAHHBLOrO PSAY € CYTTEBO, OCKINbKM Y BUNAAKY MOro

s=0
306KHOCTI 3aBXan MoXxHa 6yno 6 BubpaTtu Take ganeke Big X * novaTtkoBe HaGMMKEHHSA
x0, npu akomy Hemoxnmeo 6yno 6 HabnMaMTUCb [0 X * HaBiTb NPU AK 3aBroAHO
Benukux S. [eTtanbHO 36iKHICTb npoueaypu cybrpagieHTHOro MeTody po3rnsiHyTa
HvK4e ansa 6inbl 3aranbHOro BUMNAaAKy y NOpiBHSHHI 3 npoueaypoto (10.8).

BBegemo onepauito 7x(z) MPOEKTyBaHHA TOYKM Ze€ ENN Ha onykny MHOXWHY
Xc ENgK Taky, WO Mae BacTUBOCTI:
1.VzeE" znx(z)elX;
2.vxeX lx-zx(z)ll2<|lx-zl2,
OyeBunaHo, LWo

. 2
argmin | z— x||
xe X
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3agoBorbHAe ymoBu 1 Ta 2. Tomy noknagemo

zx(z)=argmin ||z—x||2 (10.9)
xe X
Hanpuknag;:

a) AKWo X={XEE1Z aSXSb},TO

a npu z<a,
7x(z)=1z npnu a<z<p,
b npu Z>a;

b) siKLLIO X:{x cE™: a;j <xj<bj, i=1,..,n},T0
aj npum Zj <aj,
(7x(2))i =yz; npn a;j <zj <bj,
b;j npwu zj > a;j,

npu uboMy 7x (2)=((7x(2))1,....(zx(Z))pn).
PoarnsHemo 3agayy yMOBHOI MiHiMi3auii:
f(x) — min, (10.10)
xeXcEN, (10.11)

ae f(x) — onykna yHKUis, BU3HAYeHa Ha OnyKnik MHOXMHI X .

Ana BigwykaHHs Ti po3B'a3Ky 3acTtocyemo npoueaypy (10.8), moamdikyBaswwm 1i 4o
noTpibHoro Burnagy 3a gonomorot onepauii npoektyBaHHA (10.9), ockinbku BOHa
[03BOMsE nerko BpaxosysaTn obmexeHHs sugy (10.11). Otpumaemo

XS+1 =7TX(XS_pS}/S©f(xS))’ S=1,2,..., VXOEEn. (1012)

MutaHHa 36ixHoCTI npoueaypwn (10.12) go poss'asky 3agadi (10.10), (10.11)
pO3B'A3y€ HACTyMnHa Teopema.

Teopema 10.3 (npo 36iXKHICTbL MeTOAY NPOEKTYBaHHA CyOorpagicHTIB).
Hexal mHOXuHa X* mo4ok MiHiMyMy onyKnioi QpyHKuii f(X) Ha onyKnit MHOXUHI

X c EN HernopoxHsi

X*=Argminf(x) = J
xeX

i icHye mouka x * € X* 0ns sikoi || x *||< const.
SAkwo 0nsa dosinbHo2o0 dodamHo20 yucna L <o, icHye 0odamHe yucrio Cj <o

make, wo
IV Ff(x)ll<Cp mpullxll<L, (10.13)

a makoX 8UKOHYOMbLCSI YMO8U

7s>0, rsll VF(xS)ll< Cp=const, (10.14)
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Q0
ps>0,ps—>0npus—0, > pg=oo, (10.15)
s=0

mo icHye nidnocnidosHicmb {f(xSk)} nocnidoeHocmi {f(xS)} maka, wo

lim f(xSk)=f(x*). (10.16)
k— o

OoeenenHs. Poarnsvemo |[[x *—xS+7||2. BpaxysaBum BnactmeocTi onepauii
npoektyBaHHsA Ta ymosu (10.13), (10.14), oTpumaemo

[x*—xs*1|2=|lx*— 7 x (xS—psys VI(x5))I2<x *~ xS +pgys Vi(x5)|2=
=llx*=xSlI2+ 2 pgys (VF(xS), x*~xS)+ (psys) 2l VF(xS)[[2<
<llx*~xSlI2+ pgys[2(VF(xS), x*~xS)+ Cpg], (10.17)
ne C=CyC,.
PosrnsHemo Bupas 2( VF(xS),x*—xS)+ Cps. OueBMAHO, WO MNP KOXHOMY
s=0,1,... AnNs OOBINbHOroO oAaTHOro Ynucna o > 0 MOXNUBUIM NULLE OAMH i3 BUNAAKIB:
abo 2( VF(xS),x*—xS)+ Cpg< -5, (10.18)
abo 2( VF(xS),x*-xS)+ Cpg> 5. (10.19)

Mokaxkemo, wWo He icHye Homepa N Takoro, wo npu s> N BUKOHyBanacb 6wu
HepiBHicTb (10.18).

MpunycTnmo Big cynpoTusBHOro, wo npu geskomy N HepisHicTb (10.18) mae micue
ans Bcix s> N. Togi, Bubupatoum B (10.17) npu s=N y>0, ana akoro ys=y>0,
oTpUMaemMo

s
-5y . pk- (10.20)
k=N

Mpn s — o« npasa yactnHa (10.20), a pasom 3 Hew i niBa, BHacCMigok ymMoBWU
(10.15), HeoBmexeHO cnagae (NpAMye 0O —w©), WO CynepednTb HeBid'€MHOCTI BMpasy
| x *~xS*1]|2. OTxe Hale NpUNyLLEHHS HEBipHE i HepiBHICTb (10.18) Micus He mae. Ane
Toai Mae micue ymosa (10.19). Lle o3Hauae, WO iCHYIOTb HOMepU S =S, k=1,2,..., Ao
TOrO X SIK 3aBrofHO BENWKi, ANS SKNX

2(VF(xSk), x *~xSk) + Cpg, >-6

2 2
+

2
srnas| e

Ockinbkn pg> 0, ps— 0 NpN S — oo, TO 3 OCTAHHLOI HEPIBHOCTI BUMMMBAE, WO ANA
A0BiNbHOro ¢> 0 icHyIOTb Take 6> 0 Ta HoMep K, Lo npu k > K byae

(VF(xSk), x *~xSk)>—¢.
3a 03Ha4eHHsIM cybrpagieHTa Maemo
f(x*)—f(xSk)>(VFf(xSk), x *—xSk).
Tomy npu k> K. byae
F(xSk)—F(x *)<e,
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TOOTO

lim f(xSk)=Ff(x*.
k—o

Teopema goBefeHa.

BuHukae nuTaHHA npakTuyHoro obumcneHHsa cybrpagieHTiB. Po3rnaHemo kKinbka
npuknagise.

Mpuknan 10.3. Hexal f(x) — onykna yHKUIA ckanapHo2o apaymeHmy xeET.

[Ons uboro BUNaaKy 3a aHanor cybrpapieHta V f(x) dyHKuii f(X) B TouLi X MOXHa
B3STW OMyKy KOMOiHALi0 NPaBOCTOPOHHLOI Ta NiIBOCTOPOHHBLOI NOXigHMX UiEl yHKUIT B
TouL,i X:

fe(x)= A fig (x)+(1-2)fg (x), 4 €[01]. (10.21)
Tyt fy(x) — aHanor cybrpagieHTa, f;(x) Ta fx_(x) — BIANOBIAHO MPaBOCTOPOHHSA

Ta NiBOCTOPOHHSA NOXiAHi GyHKUIT f(x) B TOYL X.
MpaBomipHicTb nopgaHHa (10.21) BunnuBae i3 TOro dakTy, WO MHOXUHA

cybrpagieHTiB onyknol ¢yHkuil f(x) B Touui X € onyknow, a f;(x) Ta fx_(x) €
enemMmeHTaMm L€l MHOXMHW.

Omxe, SAKWO MU MaAaTUMEMO 3MOry OBYMCINTU B AOBINbHIA NOTPIOHIN Ham Touui
NPaBOCTOPOHHIO Ta JIIBOCTOPOHHIO MOXiAHI yHKUii f(x), TO AN NOWYKY MiHIMymy
dyHKUii f(x) B obnacti Xc ET MM MOXeMo BuUKOpUCTaTy npoueaypy NpOeKTyBaHHS
cybrpagieHTis.

Mpuknap 10.4. Hexad f(x) — cenapabernbHa yHKUiS, mobmo
n
f(x)=> gj(x), x<E",
j=1
Oe g j( X j) — 0nyKri QPYyHKUiI cKansapHUX apayMeHmis.

B ubomMy Bunaaky 3a cybrpagieHT V f(x) dyHKUii f(X) B TOUL X MOXHA NPUIAHATM
BEKTOpP 3 KoopAuMHaTamu

fj(x)z/lj g}“(xj)+(1—lj )9 (xj), j=1...n 4;j e[o/1],
ae g;.r(xj) Ta ng(xj) — BIAMNOBIOHO NPaBOCTOPOHHSA i NIBOCTOPOHHA NOXiAHI PyHKLi

gj(xj) B TOUUI X;.
iINCHO, i3 OMYKNOCTIi HKUi g;(Xx;) BUMNNMBAE iCHyBaHHA AN KOXHOI 3 HUX B
Lii i3 ony I PYHKUIN g (X; ICHY i
TouLi X j aHanora cybrpagieHTa

fj(xj):ﬂ,jg}”(xj)+(1—ij)gf(xj), Aj elos].
Lle o3Hauae, Wwo Vyj e ET,j=1,...,n, BUKOHYIOTLCA HEPIBHOCTI
gj(yj)-gj(xj)= (/Ijg;(Xj)+(7—/1j)g](Xj))(yj' -xj), 4 €[0,1].

MigcymoBytoun ix no j = 1,...,n, OTpPMMaeMo
f(y)-f(x)=(VFf(x),y—x), VyeEN.
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Topni 3a 03HaveHHsaM BekTop V f(X) € cybrpagieHToM dyHKLUii f(x) B TouLi X.
Mpuknan 10.5. Hexau F(x)=g(f(x)), Oe g(t) — onykna gyHKuiA cKanapHo20
apaymeHmy, npagsocmoporHsi g~ (t) ma nisocmoporHs g~ (t) noxidHi skoi & AosinbHitl

mouuyj t Hegid'emHi, a t=f(x) (xe EN) — onykna ¢yHKkuis. Todi cybepadieHmom
yHKUiT F(Xx) 8 moyui x € eeKkmop

A

VE(x)=[2 g*(F(x))+(1-2)g™ (F(x))] VF(x), 2 [01].

HincHo, B Touui x Vy € E maemo
F(y)-F(x)=g(f(y)-f(x)) = [Ag*(f(x)) + (1-2)g~(f(x)) 1 (f(y)-f(x)) 2
> [2g*(F(x)) + (1-A)g~(f(x)) 1 (V(x), y—x)=
= ([Ag*(F(x)) + (1-A)g~(f(x))] VF(x),y-x)=(VF(x),y-x).
Po3B'A3yBaHHA MiHiMaKCHUX 3agad
PosrnaHemo 3agady MiHimMisauii onyknol yHKLii

F(x)=maxf(x,y) (10.22)
yeY

3a ymoB x € X, ne X — onykrna MHOXMuHa.
Cnpasegnvea HacTynHa Teopema.

Teopema 10.4 (npo cybrpagieHT chbyHKUiT F(Xx)= max f(x,y)).
yeY
Hexau:

1) f(x,y) —onyknanox VyeY,

2) 3 y(x) make, wio F(x)=max f(x,y) =f(x,y(x)),
yeY
3) V y e YicHye cybzpadienm V , f(x,y).

Todi cybepadieHm V F(x) ¢yHkuii F(x) e moyui x € X obqucmoemscs 3a
gopmyrioro
[JoBegeHHsi. Maemo V z € X
F(z)-F(x)=1(z,y(z))-f(x,y(x)) 2 f(z,y(x))-f(x,y(x)) =
(Vy f(x,y(x)), zx)=(VF(x), z-x).
Teopema goBefeHa.
Po3rnaHemo nprknaam Ha 3aCToCyBaHHA AOBEAEHOI TEOPEMM.

n
Zanj—b )
Jj=1

Hexan f(x)= Mogamo f(x) y surnagi max f(x,y). HeBaxko

yeY

NOMITUTH, WO

n
f(x)= max |y| 2Xajxj—b||= max f(x,y).
—1<y<1 j=1 —1<y<1
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[MepeBipgemMo BMKOHAHHA yMOB TeopeMn. Maemo:
n
1) dyHkuia f(x,y)=y ( > aj X —b] AK NiHiMHa BIQHOCHO 3MiHHUX Xj € OnyKIot no
J=1
x ona Bcix y e [-1;1];

2) icHye y(x), Ha Akomy gocsaraetbcsa max f(Xx, y ), OCKinbKu
—-1<y<1

n
f(x) = max f(x,y)= f(x,y(x)) = y(x)[z1a,- Xj —bJ,
j:

yeY
n
1, SIKWO Zaj Xj-b>0,
ne y(x)= =1 (10.24)
-1, SKLWO Zajxj -b<0.
j=1
3) Aans Bcix y € [-1;1] icHye cyBrpamieHT no x dyHKLii f(x,y) — Bektop V f(X,y)
of (x, , A
3 KoopaunHaTamu % =ya;,j= 1,...,n, T06TO V f(x,y)= =(yayq,...,yapn).

J
OTxe yMOBM TeopeMun BUKOHYIOTbCS. Toai cybrpafieHT dyHKuUii f(x) mae Burnsag

V f(x)= Ve FOx,y(x)=(y(X)ag,...,y(X)ap)=y(x)(ay,...,an), (10.25)

Ae y(x) BusHavaetbca popmynamu (10.24).
PosrnaHemo Tenep 3agavy npo po3B'A3yBaHHA NepeBU3HAYEHOI CUCTEMM TIHIMHNX
anrebpalvyHux piBHSHb

n
Za,’ij =bj, i=1,...m, m>n. (10.26)
J=1

M.J1.Y4YebuwosmMm 3anpoONoOHOBAHO BBaXaTW PO3B'A3KOM UIET CUCTEMWU BEKTOP

X e EN akmn MiHIMi3ye MakcumanbHy No Mogymni HeB'si3Ky piBHAHb cuctemu (10.26).
Topi 3agaya poss'adyBaHHA cuctemn (10.26) y BigNOBIAHOCTI 3 3a3HaA4YeHNM nonsrae y

noLyKy BekTopa X € EN, akuin MiHiMi3ye dyHKLUi0
n

Za,’ij—b,'. (10.27)
j=1

f(x)= max
i=1,...m

Ona BigwykaHHa MiHiMymMy yHKuiii  f(x) MOXHa BMKOpUCTaTM npoueaypy
cybrpagieHtHoro metogy (10.8). Nepenuwemo (10.27) y Burnagi

f(x)= max f(x,1i), (10.28)
i=1,..m
n
ne f(x,i)=| > ajjXj — b j | — onykni yHKLUIT N0 X ANA KOXHoro j = 1,...,m.
Jj=1
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[Mo3HaumMmo 4epes i(x) HOMEp PIBHAHHSA, AN SIKOFO OOCAraeTbCs MakCUMyM Yy
(10.27), npn ubomy f(x ) Habyae Burnagy

n
2-ai(x) jXj — bi(x)| = F(x,i(x))

j=1

f(x) =

Topi, Sk AoBeOeHO Npu po3rnsdi nonepeaHLOoro npuknagy, iCHye cyorpagieHT
V f(x) dyHKuii f(x) B Touui x (popmynm (10.24), (10.25)), i BiH piBHMIA

VF(x)=yix)(X)(@j(x) 15+ @i(x)n)>

n
1, AKwWo Za,-(x)jxj —bj(x) 20,
=1
neyi(x)(x) = jn
-1, AKwWo zai(X)ij — bj(x) < 0.
j=1

Po3gin 11. MeTtoan moXnmBux HanpsaMKiB

§ 1. Metopn 3onTeHaemnka

Posrnanemo 3agady HJIl
min {fO(x): fi(x)<0, i=1,....m, xe EN} (11.1)
3a yMOBM, Lo dyHKLiT f1(x) andepenuiiosHi, fi(x)e CT,i=0,1,...,m.

3ayBaxumo, wo pgo surmagy (11.1) nerko 3sogutbes i 3HJIMT 3 ymoBamu
HeBig'€eMHOCTI 3MiHHUX Xj= 0, j=1,...,n. Ana ubOro OOCTaTHbO BKMKOYUTU B 3arasibHy
cuctemy obmexeHb fi(x)<0, i=1,...,m, yMmoBY -Xj<0,j=1,...,n.

Hexaii Touka xSe X, ne X={xecEN: fi(x)<0, i=1,...,m}. ObmexeHHs fi(x)<0
Ha3BeMO akmueHuM B TouLi xS, akwo f/(xS)=0. Mo3HaummMo yepes IS={i:fi(xS)=0}
MHOXMWHY IHOEKCIB aKTMBHUX OOMexeHb B Toyui xS. OuyeBMOHO, WO TiNbKM Ui
OOMEXEeHHs1 BM3Ha4aloTb HanpsiMKU MNPOCYBaHHSA i3 AONYCTUMOI TOYKM XS B iHLWWY
[oMnycTUMYy Touky xS*7.

Bynemo, noku-o, Beaxatn xS*7 nosinbHOK Toukow npoctopy EN i nogamo iy
Burnani xS*¥1=xS+prS, ne rS — OOBINbHWIA BEKTOP HANPAMKY 3MILLEHHS i3 TOYKM XS, a
>0 — KpOK 3MilLleHHA. Hanpamok rS Ha3BeMO MOX/IUBUM HarpsiIMKOM, SIKLLO iCHYE p
>0 Take, Lo Touka xS*7 3anoBonbHAE YyMOBY:

xS*1e X abo fi(xS*1)<0, i=1,....m. (11.2)
Ockinbkn xS — ponyctMma Touvka, TOOTO fi(xS)SO, i=1,....,m, 170 ymosu (11.2)
eKBiBaNneHTHi ymoBam

fi(xs*+1)< fi(xS), i=1,...,m. (11.3)
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[ani, ocKinbkn TiNbKM akTUBHI y Toyui XS 0bMeXeHHSa BNnMBatTb Ha BUBIP MOXINMBOIO
HanpsiMKy, To B ymoBax (11.3) cnig BBaxatu, Wo ie /g.

Bynemo Bumaratn, wob rS 6yB HanpAMKOM MOX/U8UM, TOAi BiH  MOBWHEH

BM3Ha4aTnCa yMoBaMu

fi(xS*1)< fi(x9), ielg, (11.4)
i MiOXoxum, ToAi BiH NOBUHEH 3a40BOSIbHATN HEPIBHICTb

fO(xs+1)< fO(xS) (11.5)
npu gocntb manux p>0.

Ak 6yno poseneHo Buule (ame. Poaain 10), ymoBa (11.5) 6yae BukoHyBaTUCh npu
AocuTb Manux p>0, To6TO HaANpPsIMOK rS Byae NiaXoXMM, SKLWO MoxXigHa No HanNpPsAMKy
rs Big pyHKuii fo(x) B Touui xS 6yae Big €MHOL0:

Drst(xS)= (VFO(xS), rs)<o0. (11.6)
AHanoriyHo nNpuxogumMo A0 BUCHOBKY, WO ymoBu (11.4) BGyayTb BUKOHYyBaTUCb MNpwu
A0CUTb Manux p>0 TiNbKK gNs TUX HanpsIMKiB rS, ons SKnMx noxigHi Drsff(xs), ielg,
HeJoOaTHI:

Drsfi(x3)= (VFi(xS), rs)<o, ielg. (11.7)

[Onsa obmexeHHa [OBXWH BekTopiB rS pgo cuctemm ymoB (11.6)—(11.7), ska

BM3HA4Ya€ BCi MOXIIMBI i NiAXOXi HanNnpsMKW, O04alTb, K NpaBumo, SKy-Hebyab yMOBY
HOPMYBaHHS, HanNpuknaa, Taky:

—1<rS<, =1, (11.8)

OcTaTo4HO, Ansa BigWYyKaHHA MOXIMBOIO i MiAXOXOro HanpsiMKy rS OTPMMYEMO
3adayy niHIUHO20 rpozpamyeaHHs

Drst(xS)= (VFO(xS), rs) - min,
D,sfi(xS) = (VFi(xS),rs)<0, ielg, (11.9)
—1§rj3§ 1,j=1,...,n.

AKWo onTMmanbHe 3Ha4yeHHs Uiel 3agadi HeBig'eMHe, TO xS — cTauioHapHa Touka
dyHkuii FO(x) 3a ymoB f/(x)<0, i=1,...m, x<EN; B iHWOMY Bunagky BekTop rs
BM3HA4Yae MOXNMBUI i NiAXOXUIN HaANPSIMOK. Toai y 3HangeHomy Hanpsamky rS Gyoyemo

NpoMiHb X (p)=xS+prS (p>0) i, nigctaBnsaum x(p) Yy BCi HEaKTUBHIi OOMEXEHHS,
3HaxoAMMO 4KCHo &, sike obMexye Kpok p 3Bepxy: 0 <p<g¢. KOHKpeTHe 3Ha4eHHs pg

BM3HAYaeEMO SK
ps =argminf?(x® + pr®)
pe(0,¢]
3a [ONOMOroto AKoi-Hebyab npoueaypyv OOHOBMMIPHOT ONTUMI3aLlii.
3ayBaxumo, WO, AK i AN rpagieHTHUX MeToAiB, MeTo MOXIMBUX HaMNpPsIMKIB He
rapaHTy€ Hi4oro GinbLIOro, HiXX 3BKHICTL XS 40 cTaLioHapHOT ToukM dyHKLT FO(x).
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[o eubopy noyamkoeozo HabnuxeHHs x0. 3a x0 moxHa B3ATM [OOBINbHY
[onycTumMy Touky x € X. SAkwo obmexeHHs 3agadi (11.1) niHinxi, To 3a x 0 MoxHa B3aTU
[OBINbHUI 6a31CHNMIA PO3B'A30K cucteMn obmexeHb 3agadi (11.1).

Mpuknap 11.1.  Posg's3amu memodom MOXIu8UX HarpsiMKige 3adady
fO(x1,x2) = x42 — 2x4 + 1 + X22 — max,
f1(x1,X2) = x42+ x5 — 1<0,
x120,x220,

gubuparouu x 0=(1/2,0).

lMepeTBOpPIOEMO 3aaavy Ao NOTpiGHOro BUrNsay :
fO(x1,x2) =~ (x1-1)2 - %52 — min,
f1(x1,X2)=x42+x,-1<0,
f2(x1,x2)=-x71<0,
f3(x4,x2)=—-x2<0.

O6uncnoemMo rpagieHTu:
VFO(xq,x0)=(=2x1+2,—2x5),
VFET(x1,x2)=(2x4, 1),

V f2(xq,x0)=(~1,0),
V f3(xq1,x0)=(0,-1).

1-a imepauis. BusHayaemo akTmBHi obMexeHHs B TouLi x 0
f1(1/2,0)=-3/4 # 0,
f2(1/2,0)=-1/2 # 0,
f3(1/2,0)=0. (AKTMBHE OBMEXEHHS)

Hexan r0=(r,0,r,0) — BEKTOp HEBIAOMOrO MOXIMBOTO i MiAXOXOr0 HaNpPsAMKY.
O6uuncnoemo HeobXiaHi 3HaYeHHA NnapameTpiB

vV £0(1/2,0)=(1,0), V3(1/2,0)=(0,-1),
D rof0(x0)=(V £0(1/2,0),r%) = ((1,0), (r19,r20)) = 19,
D pof3(x0)=(V £3(1/2,0),r%) = ((0,~1), (r19,r20)) = -r50,
Ta 3anucyemMmo gonomikHy 3agady Jif1 ons BUsHa4YeHHs r
L=D ,of0 (x0)= r;0 — min,
D ,of3(x0)=-ry0 <0, (11.10)
-1<r0 <1,
—1<ry0< 1,

3apayva (11.10) nerko po3B’A3yeTbCcA rpadiyHO, BOHA Ma€ anbTepHATUBHUA OMNTUMYM:
r*=(-1,r"), 0 <rp” <1, L*=-1. Ockinbku ii onTMManbHe 3Ha4YeHHs1 piBHe -7, TO
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MOXIIMBI | MiAXOXi HAMPAMKM iCHYIOTb | 3a4al0TbCs BekTopaMun r*=(-1,r"), 0 <ry'<
1. 3a r 0 npuitMaemMo Tom 3 HUX, KU Mae HanbinbLwy AoBXuHY: r0=(-1,1).
Oani, 6yayeMo npomiHb X (p), o BuxoanTs i3 Touku x O B Hanpsimky r 0

X(p)= X0+pr0 = (1/2’0) +p(_111)= (1/2_p!p)!p>0
3a JONOMOro HeakTUBHUX OBMEXEHb BU3HAYaEMO OOMEXEHHS ANs p 3BEPXY.
fl1/2-p, p)=(1/2-p )2 +p -1<0,
f21/2-p, p)=p -1/2<0,
p>0.

PosB'asaBlum Lo cuctemy, otpumaemo: 0<p<1/2. OTxe, npn 0<p<1/2 TOo4Ka X (p)
3anMwnTbCHa B MexXax gonycTumoi obnacrti.

3Haxoanmo
mn fO(x(p)= min fO(1/2-p, p).
0<p<1/2 0<p<1/2
Maemo
d

910 (x(0)) =L 100 + pr9)=( VFO(xO4pr0),r0)=
dp dp

=(VF0(1/2-p, p),(-1,1))=((-2(1/2-p)+2,-2p),(-1,1)) =4 p~1=0.
3Bigcu oTpumyemo: p=—-1/4 <0. Kpim Toro maemo

d?

—f7(x =—-4<0.

. (x(p))

Otxe, p=—1/4 — Touka Makcumymy yHkuii g(p)=f0(x(p))=f0(x0+pr0), aka
€ onyknow naosepxy. Tomy MiHiManbHe 3HauveHHa FO(xO0+pr0) pocsaraetbcs Ha
npaBoMy KiHUi Biapi3ka (0,7/2], TobTto npun po = 1/2.

sz

{(x1,x2): F°(x)=-1}

2
1/2 Xp=—X1+1

ol 1/2 1
Puc. 11.1
OcTtaTo4HO oTpumaemo (gus. puc. 11.1)

x1 =x0+pyr0 =(1/2,0)+ 1/2 (-1,1) = (0,1/2).
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Mepexogmmo oo HacTynHoI iTepauil.
2-a imepauis. BU3Ha4aemMo akTMBHI 06MexeHHs B TouLi x 7 :

£1(0,1/2) = -1 # 0,
f2(0,1/2) =0, (AKTUBHE OBMEXKEHHS)
£3(0,1/2)=-1/2 # 0.

byayemo ponomikHy onTtumisauivHy 3agady [gnd BU3HAYEHHSA MOXIIMBOIO i
niaxoxoro Hanpamky r1=(rq7,rp7):

vV £0(0,1/2) = (2,-1), V £2(0,1/2) = (~1,0),

D,1f0(x7)= (V£0(0,1/2),r7)=((2,~1), (ry7,r27)) = 2 r47 157,
D p1f2(x7)=(V £2(0,1/2),r7)=((-1,0), (r7,r2")) = -r¢7,
L=D,1f0(x7)= 2 ry7 —ro7 — min,

D,1f2(x1)=—r,1 <0,

-1<r1 <1,

~1<ry,! < 1.

3apgaya mae eauHuii poss’sasok: r*=(0,1), L* = —1. Ii onTumanbHe 3HaYeHHs
piBHe —1, Tomy BekTop r 7= (0, 1) € BEKTOPOM MOXMMUBOIO i MiAX0OXOro HanpsaMky.
Byayemo npomiHb X(p), WO BUXoauTb i3 Toukun x T B Hanpsamky r !

x(p)=xT+pr? =(0,1/2) +p(0,1) = (0, p +1/2), p>0.
BusHayaemo iHTepBan MOXNMBUX 3HayYeHb AnNa p , nigctaenawum x(p) y
HeaKTMBHI OOMEXEHHS:
F10,p +112)=p +112 —1<0,
£3(0,p +112)= —(p +112)<0,
p >0,

PosB'aszaBlum U cuctemy, otpumaemo: 0<p<1/2. OTxe, npn 0<p<1/2 TOuYKa
X(p) 3anuwnTbCA B MeXax 4onyctumol obnacri.

3Haxoaumo
mn fOx(p)= min O(p,p+1/2).
0<p<1/2 0<p<1/2

MNoknagemo g(p)=f0(0, p +1/2)= —1-(p +1/2)?2 Ta BMKOPUCTAEMO HEOOXiaHi i
[0CTaTHi YMOBM ekcTpeMyMy ansa dyHKuii g(p). Maemo: g/ (p)=—2p —1=0, 3Bigku p=—
1/2<0.0ckinbkn g 7 (p)=-2<0, TO p=-1/2 — TOYKA MaKCUMyMy PyHKLiT
g(p)=f0%(x(p))=f0(xT+pr?), aka e onyknow gosepxy. TOMy MiHiMarnbHe 3HAYEHHS
fO(x 1+pr1) pocsaraetbes Ha npaBoMmy KiHui Biapiska (0,7/2], To6To npu p 1 = 1/2.

OBYUMCIIIOEMO TOUKY X 2 :

x2=xT+p;r1 =(0,1/2)+ 1/2 (0, 1) = (0, 1).

[Nepexoanmo 00 HACTYMHOI iTepadil.
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3-a imepauis. BusHavyaemo akTUBHI OBMEXeHHS B TouLli X 2

f1(0,1)=0, (AKTUBHE OBMEXKEHHS)
f2(0,1)=0, (AKTUBHE OBMEXKEHHS)
£3(0,1)=-1=0.

byayemo ponomikHy onTtumisauivHy 3agady [gnd BU3HAYEHHS MOXIIMBOIO i
NiAXOXOro HaNpAMKY r2=(rq2,ro2):
V00,1 =(2,-2), Vf1(0,1)=(0,1),Vf2(0,1)=(-1,0),
D ,2f0(x2)= (V£0(0,1),r2)=((2,-2), (r?,r2?)) =2 ry2 =2 ry2,
D p2f 1(x2)=(V £1(0,1),r2)=((0,1), (ry?,rz2)) = 2,
D ,2f2(x2)=(V £2(0,1),r2)=((-1,0), (r12,r2)) = —r42,
L=D,2f0(x2)= 2ry2 -2 ry2 — min,
D, 2f1(x2)=ry2<0,
D ,2f2(x2)=-r42 <0,
-1<r2<1,
~1<ry2<1.

3apgaya mae egumHuin pose’asok: r*=(0,0), L* = 0. Ockinbkn 1i onTumanbHe
3Ha4YeHHs pisHe 0, TO MOXIMBMX i NIAXOXMX HANPAMKIB B TOUL X 2 He iCHYE, a, OTXe,
Touka x2= x*=(0,1) i 6yae onTMManbHUM PO3B'A3KOM BUXiAHOI 3ajadi. 3HauYeHHs
fO(x *) piBHe f0(0,1)=-2..

3ayBaXvMo, WO MOXIMBMI | NIOXOXWA HanpsMok rS, 3HaWOeHWn MeToaoMm

3onTeHaenka, He 3aBxau cnisnagae 3 HanpsIMKom aHTurpagieHTa —VF0(x S), konu Toi
€ MoxnueuMm. Lle moxe npmBecTn A0 3Ha4yHOro 36inblUeHHS KiNbKOCTI iTepauin, a,
3HauYUTb, i Yacy po3B'A3yBaHHA 3agadi. Tomy AOns MokpaweHHs 30DKHOCTI meTtoay
MOXIMBUX HarpsiIMKIiB MOXXHa KOMGiHyBaTWU MOro 3 MeTOAOM HaWWBWALIOrO CrycKy no
aHTUrpagieHTy ToAi, KoM TON € MOXNUBUM HanpsiMkoM. Kpim Toro, y BMnagky, Konun Ha

Aesikii  iTepauil Npu BM3HAYEHHI BeEKTOopa MOXIMBOIO i MiAXOXOro Hanpsmky rS

aKTUBHUMWN € TIiNbKN MiHiiHI o6MexeHHs, To 3/1[T ans Bu3HayeHHsa rS OyaywTb 3a
iHWOtO, Binbll e(PEeKTUBHOK CXEMOIO.

§ 2. MeToa MOXNUBUX HaNPSAMKIB
ana 3JIHIM3 niHintHMMK obMeXXeHHAMU

PoarnsHemo anroputMm KOMGIHOBaHOro MeTody Ha Npuknagi 3agadi 3 HEeniHiNHO
LiNbOBOO (PYHKUIEK | MIHIMHMMKW OBMEXEeHHAMN

f(x) — min,

n

Z a jjx j< b ji=1,..m,
J=1

Xj20,j=1,..,n.
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Hexan f(x) e C. PosrnsiHemo s+1-y iTepauito, BBaXatouu, Lo

n
x®eD=1xeE") a;jx;<b;, i=1..,m x
j=1
1. O6uucnioemo rpagieHT VI (xS) i nepesipsemo ymoBy Vf(xS)=0. Akwo
yMOBa BUKOHYETbCS, TO X S — cTauioHapHa To4ka i KiHeub obuncrneHb. AKWo ymoBa He
BUKOHYETbCH, TO NEPEXOANUMO A0 HACTYMHOMO NYHKTY.
2. [ligctaBnsiemo x S B yci obMexeHHs1 3afadi i PopMyEMO MHOXUHW iHOEKCIB /g

Ta Jg aKTMBHMX OBMeEXeHb B TouLi X S

n
g i:i=1,...,m,Za,-ij=b,' ,
Jj=1
Js={j:j=1,...,n, x;5=0}.

[Nepexoanmo 0O HACTYMHOro NYHKTY.

3. TlepeBipsiemo, un byae aHTUrpagieHT —VF(xS) MOXNMBMM HanpsiMkoMm. [ns
yboro 6yayemo npomiHb x(p) =xS—pVIF(xS), p>0, 9KNA BUXOAUTb i3 TOYKM XS B
Hanpsami aHTurpagieHta —Vf(xS) i nigctaBnsemo x(p) B akTMBHI OOMEXEHHS.
OTpumMyeMO cucTemy MiHINHUX HEPIBHOCTEN BIiQHOCHO p. Po3B'adyemo ii. Akwo p>0, 10
aHTUrpagieHT —V f(x S) € MOXNUBMM HaNpPSMKOM, Nepexoanmo 40 HACTYMHOMO MyHKTY.

Akwo p<0, To aHTUrpagieHT —VFf(xS) He € MOXIIMBUMM HanNpsIMKOM, Nepexoaumo Lo
BM3HAYEHHS MOXITMBUX i MIOXOXMX HANpPsIMKiB, TOGTO 4O NYHKTY 7.
4. Bu3sHa4aeMO MHOXWHY 3HaA4yeHb KPOKY p, ANA SKMX TOoYKa NpomMeHs X (p)

3anvwaeTbca AonyctumMoro. 3 uieto MeTor niactaBnsemMo x(p) =xS—pVF(xS) B yci
HeakTUBHI obmexeHHA. OTpMMyeEMO cucTeMy MiHIMHUX HepiBHOCTEN BIOHOCHO po. BoHa
BU3Ha4vae wykaHumn iHTepsan (0,&] ona Kpoky p. lNepexoanmo 4o HAaCTYMHOrO MyHKTY.

5. 3Haxogumo

ps =argminf(xS — Avf(x®)).
pe(0,¢]

3ayBaxumo, Lo npoueaypa BiAlyKaHHS p g € NpoLeayporo OAHOBMMIPHOT OnNTUMi3aLlii.
BoHa peanisyetbca abo 3a gonomMorow HeobXigHMX i OOCTaTHIX YMOB €KCTpeMymy
dyHKUiT OAHieT 3MiHHOI, abo 3a [ONOMOroK YMCENbHUX METOAIB TUMNY AUXOTOMIl,
30n0Toro nepepisy, PiboHauui. NepexoanMo A0 HACTYMNHOMO NYHKTY.

6. O6uncnroemo

xSt1=xS_p VF(xS).

Mepexoammo 0o NyHKTY 1.
7. byaoyemo 3apadvy JI[1 ona BiglwyKaHHA MNIAXOXUX | MOXITMBUX HanNpsIMKIB.
Hexan rS=(r4S,...,r,S) NOKN-LLO HEBIAOMUI BEKTOP MOXIMBOrO HanpsamMky. byayemo

NPOMiHb X (), AKUN BUXOAUTb i3 TOUKN X S B HAMNPsSIMKY r S:
x(p)=xS-prs, p>0.
MigcTaBnsemo x (o) B akTUBHI 06MexeHHA. OTpUMyeMO cuctemy
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n n
za,‘jX?+p Za,-jrfsb,-, iE/s,
j=1 j=1

H
J

3BidKW, BpaxoByO4YM YMOBU

x5 +pr?, jeJds.

Ta p>0 Maemo

i (11.11)

[0 OCTaHHbLOI CUCTEMM [OOAEMO YMOBY HOPMYBaHHS, ka OOMEXYE [OOBXMHY
BekTopa r S
—1<riS<1,j=1,..,n. (11.12)

Cepen BCiX MOXIMBUX HaMNpPsIMKIB 3HAXoO4MMO HanpsiMOK rS, GKAA MiHiMi3ye
noxigHy no HanpsaMmky rS Big dyHKUil f(x) B Touui x S. BiH € onTMManbHMM pO3B’A3KOM
3agavi MiHimizauji

Drsf(xs)= (VF(xS),rS)y->min, (11.13)

3 obmexeHHamm (11.11) i (11.12).

PosB'asasum 3agayy (11.11)—(11.13), nepeBipsaemo ymoBy::

e SAKWO onTumanbHe 3HayeHHs yHKuii (11.13) HeBig'eMHe, TO KiHeub O64MCrEHb,
OCKIfIbKW MiAXOXMX HanpsiMKIB B Touli XS He icHye; xS — cTrauioHapHa Touka
dyHKUii f(x) B obnacTi D;

e SKLO onTUManbHe 3HadeHHa dyHkuii (11.13) Big'eMHe, TO BUKOHYEMO Aii NYHKTIB 4,
5, 6, 3amiHMBWK aHTUrpagieHT —VF(xS) BEKTOPOM 3HANOEHOro MOXIIMBOTO |
nigXxoXoro Hanpsimky rS.

Mpuknap 11.2.  Posg'szamu 3adady KombiHO8aHUM MeEMOOOM

f(X1,X2) = (X1 - 6)2 + (X2— 4)2—) min,
X1+t Xo< 8,
X1+ 3 X < 18,
X1 2 0, Xo 2 0,
gubuparouu x 0=(2,4).

Po3se’sisysaHHs. Obumcnumo rpagieHT V F(x4,Xo)
Vf(X1,X2) = (2X1 -12, 2X2 - 8)
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1-a imepauisi.
Vi(x0%)=(-8,0)=0.
Bu3HayaemMo akTuBHi obMexeHHs B Toui x 0

2+4=6<8,
2+3x4=14<18,
2>0,

4>0.

AKTVBHUX OoBMexeHb Hemae. Touka x 0 € BHYTPILLUHLOK TOYKOK [AOMNYCTUMOI 06nacTi
3afdadvi, ToMy Hanpsmok aHturpagieHta —V f(x 0) € moxnueum. Bygyemo

X5

ol 1 2 5 6 8 1
Puc. 11.2
NPOMiHb X (p), WO BUXOOMTb i3 Touku X 0 B HanpsaMi aHTurpagieHta —V f(x 0):
x(p) =x0-pVf(x0)=(2,4)-p(-8,0)=(2+8p,4), p>0.
BuaHavaemo iHTepBan onyCTUMUX 3HAYEHb p:
2+8p +4<8,
2+8p +12<18,
2+8p 20,
4>0,
p >0.

3Bigkn maemo p e (0,1/4].
3HaxoauMo HammeHwe 3HauveHHs dyHKUiT g(p)=f(x0—pV Ff(x 0))Ha Bigpisky
(0,1/4]. Ckopuctaemocb HeOBXigHMMIN YMOBaMU EKCTPEMYMY OYHKLUIT O4HIET 3MiHHOI :

dp dp

=—((2(2+8p)-12,0),(-8,0)) = 8(16p-8)=0,
3Bigkn maemo p= 1/2.
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d*g(p)

dp2
OcCKinNbkM LA TOYKa NEeXWTb NpaBopyd Big OONYCTUMOrO iHTepBany, a yHKUis g(p)
onykra oHu3Yy, TO MiHiMarnbHe 3Ha4YyeHHA OYHKLUIT g(p) OOCAraeTbCs Ha NpaBoOMY KiHLUi
AornycTtumoro iHtepsany ansa p. Omxe, po = 1/4.

O6uncnoemo x ' =x0—p,VF(x0)=(2,4)—(1/4)(-8,0)= (4, 4).
2-a imepauis.

Vi(x1)=(-4,0)=0.
Bu3HavyaeMo akTuMBHI 0bMexeHHs B Touli x 7:

Tak sk =128 >0, 10 p=1/2 € TOUKOIO MiHIMyMYy (PYHKUIT g(p) ONA BCiX p.

4+4=8, (AKTMBHE OBMEXEHHS)
4+3x4=16<18,

4>0,

4>0.

MepesipsieMo, un € aHTurpagieHT —VF(x 1) Moxnueum HanpsmkoMm. Byayemo
NPOMiHb X (), WO BUXOOMTb 3 ToUkM X T B Hanpsami aHTurpagieHta -V f(x 7):

x(p) =x1-pVF(x1)=(4,4)-p(-4,0)= (4+4p,4), p>0.
Minctaensemo Touky x ! B akTuBHe obBMexeHHa: 4+4p+4<8, s3siokm p<O0.

BoaHouac nosuHHO 6yTn p>0. Tomy —V f(x 1) HEe € MOXNMBUM HaMPAMKOM.
BusHaunmmo mMoxnmeuin Hanpsmok. Hexanm r7=(rqs7,ro7) — BekTtop Hesigomoro

MOXNUBOrO HanpsMKy. ByayeMo npoMiHb X /(p), WO BUXOAUTL i3 Toukn x T B Hanpsmi
r:
x(p) =xT+pr1 =(4,4) +p(rsT,ry7) = (4+pry7, 4+pry7), p>0.
MigcTaBnsa4YmM TOUKY X /(o) B aKTUBHE OOMEXEHHS, OTPUMAEMO
4+priT+4+pry1<8,
abo
f'11 +r27 <0.
[logaemo 0o OCTaHHBLOI HEPIBHOCTI yMOBY HOPMYBaHHS
-1<ry1 <1,
—1<ry! < 1.
3Haxo4nMo noxigHy 3a HanpsIMKOM r’ Big dyHKUiT f(Xx) B TOYLi X 1.
Dp1f(x?)=(VFxT)r)=((-4,0),(ry7,r21))=~4r7.
OctaTo4yHO oTpuMyemo 3agadvy JI[1 ona BU3HAYEHHSI MiOXOXOro i MOXIMBOro
HaNpPsIMKy
~4ryT - min,
r17 +f'21 <0,
-1<ry1 <1,
—1<ry! < 1.
OnTumanbHMM pPO3B'A3KOM UI€T 3a4adi € BEKTOp r'= (1,-1). BignosigHi 3Ha4eHHs
r{1, ry? nopiBHIoOOTL r17 =1, ry7 =—1. 3HayeHHs noxigHoi 3a Hanpsmkom r '

D,1f(x7)= -4 r;1= —4<0.
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Omxe, Hanpsmok r 1 =(1,—1) € MOXNUBMM i Nigxoxum. Byayemo npoMiHb X (p), Wo
BUXOAUTB i3 Toukn X T B Hanpamky r 7 :
x(p)=xT+prT =(4,4)+p(1,-1) = (4+p,4-p), p>0.
MNigctaBnswoum x (p) y HeakTMBHI OOMEXEeHHS, BU3HA4YaEMO JONYCTUMUI iHTepBan
ans p:
4+p +3(4-p )<18,
4+p >0,
4-p >0,
p >0.
PosB'asytoun cuctemy, otpyumaemo 0<p<4.

O6uncnMMo HaMeHLe 3HaveHHa yHKUiT g(p)=Ff(x T+pr 1) na Bigpisky (0,4].
Maemo

dp dp
=((2(4+p)-12,2(4-p)-8) , (1,-1)) =4p-4=0,
3BigKn 3Haxogumo p=1.

d’g(p)

d,o2
Touka p=1 HanexuTb JONyCTUMOMY iHTepBany ans p. Tomy ps=1i
x2=xT+psr? =(4,4)+(1,-1)= (5, 3).
3-5 imepauis. OB64ncnoeMo
Vi(x2)=(-2,-2)=0.
Br3HayaeMO akTUBHI OBMEXEHHS B ToYL X 2:

5+3=8, (AkTnBHE OBMEXEHHS)
5+3x3=14<18,
5>0,
3>0.
MepesipsieMo, un Byae aHTUrpagieHT —V f(x2) MOXNMBUM HanpsiMkom. Byayemo
MPOMIiHb, L0 BUXOAUTb 3 TOUKM X2 B HanpsMi aHTurpagieHta -V f (x2):
x(p)=x2-pVf(x2)=(53)-p(-2,-2)=(5+2p,3+2p), p>0.
[inctaBnaemo TOUKy X(p) B akTuBHE OOMexeHHs: 5+2p+3+2p<8, 3Bigkn p<0.
B Toi e yac p>0. Tomy —V f(x2) He € MOXIMBIM HAMPSMKOM.
Byayemo ponomixxHy 3JI[T gna BigwykaHHA MOXMAMBOrO HanpsMky. Hexawn
r2=(rq42,ry2) — BEKTOpP HEBiAOMOTO MOXIMBOrO HampsMKy, X’(p) — MPOMiHb Y

HanpaMky r 2. Maemo
x(p) =x2+pr2 =(5,3) +p(rs?,rp?) = (5+pre2,3+pry?), p>0.

Tak sk =4>0, T0 p=1 € TOYKOIO MiHIMYMY OMyKnoi JOHN3Y PYHKUIT g(p) .

MNigcTaHoBKa X /(p) B akTUBHE OOMEXEeHHs Aae HaMm
5+pri2+3+pry2<8, p>0,

abo 3 ymMmOBaMn HOpMyBaHHS
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r12+r22$ 0,
~1<r2 <1,
~1<ry2 <1,
3a uMxX yMOB MW MOBUHHI MiHiIMi3yBaTN (PyHKLiO
D y2f(x2)= (VF(x2),r2)=((-2, -2), (r1?,r22)) = -2 r1? -2 ry2.

Ockinbku r12+ry2<0, 10 —2(ry2+ry2)> 0, TOBTO MIAXOXKMX HaNpsIMKiB He icHye. OTxe,
Touka X * =x 2= (5, 3) € onTumanbH1UM po3B'a3koM 3adadi, f(x*)=£(5,3)=2.

§ 3. MeTtopa npoekuii rpagieHTa

PosanssHemo 3adady rowyKy yMOBHO20 eKCmpeMyMy, siKka rosseac 8 MiHiMizauii
uinboeoi yHkuii z=f0(x), xeEN, f(x)eC?, 3a ymosu, wo x<D, de D — onykna
MHOXUHa, 30Kpema,

D={xeEMN: fi(x)SO, fi(x) — onykni QyHkuii, i=1,...,m, x>0}.

#AK BXe 3a3Hayanoch, B rpagieHTHUX MeToaax y pasi BUXogy TOYKM XS Ha rpaHuLto
AONYCTUMOI MHOXWHW HanpsIMOK aHTUrpagieHta nepectae OyTu, B3arani Kaxyuw,
MOXIMBUM. Y LlbOMY BMNALKY 3aMiCTb nNpoLenypu

XSH1=xS _p VFO(xS), s=1,2,..., (11.14)

NnoBMHHA OyTW po3rnsHyTa iHWa npoueaypa, sika A03BONSE NepenTu Big AOMYyCTUMOI
ToukM xS [0 iHWOoi gonyctumoi Toukn xS*7 Takum ymHOM, W06 3HAYEHHS LiNbOBOI
yHkuii FO(x) 3MeHWwMnock. IHWMMKU cnosamu, y cnissiaHoweHHi (11.14) HeobxiaHo
3aMiCTb HEMOXIIMBOTO HanpaAMKy —V FO(xS) posrnsaHyTM OesKuii MOXIMBUI HaNPSIMOK
rS. s 3HaxoKeHHs! LbOro HanpsiMKy posrnsHemMo Touky xS — pVFO(xS) (p>0) Ta
cnpoekTyemo ii Ha obnacte D. Opgepxumo Touky yS=m,(xS - pVFO(xS)), ne ny —
onepaTtop NPOeKTyBaHHA Ha obnactb D. Ockinbkn MHOXMHa D — onykna, TO Bigpi3ok
[xS,yS] €D, a, oTxe, HaNpAMOK rS=yS—xS — moxnueun (gme. puc. 11.3).

Puc. 11.3
Tenep 3amictb npouenypu (11.14) B mMeToai Npoekuil rpagieHTa po3rfsHeMo
npouenypy

xS*t1=xS_p rS, s=1,2,..., (11.15)

ne ps >0 obupaetbes Tak, wob FO(xS*7)<f0(xS) taxS+7eD.
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Y Bunagky [OBiINbHOI onyknoi obnacti D 3agava nowyky npoekuii yS Haato
CKnagHa. 3 aHaniTU4YHOI TOYKU 30pYy, SK BXe Bia3Hadanocb (ame. Pos3gin 6, §4), BoHa
rnonsrae y s3HaxomKkeHHi Toukn yS €D, Hanbnmx4oi 4o aaHoi Toukn xS —pV FO(xS)g D:

2
yS —arg minH(xS i Vfo(xs))—yH . (11.16)
yeD

Y 3agadvi (11.16) uinboBa yHKLiA — KBagpaTMyHa Ta onykna goHmsy. OTxe, AKLWOo
AonyctumMa MHoXuHa D 3agaeTbca NiHIMHUMUM OOMEXeHHSMN, TO US 3afadva € 3agadveto
OMYKMNoro KBagpaTU4HOro nNporpamMyBaHHSA, dka Moxe OyTu po3B'sidaHa KBagpaTUYHUM
CUMMIIEKC-METO40M.

Mpuknapn 11.3.  Pose'ssamu memodom ripoekuii epadieHma 3adayy
z=f0(x4,x9)=—x4%-x5 —>min,
0< Xq1< 2,
0< Xo< 1.
MpoBegemMo oaHy iTepauito metoay, Bubupatoum xS=(1,1) (aus. puc. 11.4).

) x

—X 14—X 2=-2

—VF(x°)

X*—p VFX®)

Puc. 114
Maemo

FO(xS)=2, VFO(X4,X0)=(~4Xx43~1), VFO(xS)=(-4,~1),
xS—pVIO(xS)=(1+4p,1+p).

AcHo, wo xS—pViO(xS)e D npu 6yab-sikomy p>0, i Tomy Hanpsmok —V FO(xS) —
HEMOXIMBUI. [Na 3HaxomkeHHs npoekuii yS Toukn xS—pVFO(xS) Ha MHOXUHY D
HeobxigHO po3B'A3aTu Taky 3agadvy OMyKroro KBagpaTuYHOro NporpamMyBaHHS :
(1+4p—y1)2+(1+p=y2)2 - min,
0< y1=< 2,
0<yp<T.
Po3B'sa3kom BKkasaHOI 3aavi € BEKTOP
s |[(I+4p, 1), 0<p <1/4,
) {(2, 1), p >1/4,
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3BigKN MAEMO

rS=yS_x5= (4p, 0), 0<p <1/4,
(1, 0), p >1/4.

3po3ymino, Wwo obmasa BapiaHTM OCTAHHBLOIO CMiBBIAHOLWEHHA 3a4al0Tb OAWH | TOM

e HanpsiMok. 3a uen HanpsaMoK MoxHa obpatun Bektop rS=(1,0). licna ob4yncneHHs
BENIMYMHM MOXIMBOrO, a nMoTiM i ONTMMAanbHOro, KPOKYy Yy 3adaHOMy HanpsiMKy

(ps+1=1) otpumyemo: xS*7=(2,1) i npn ubomy fO(xS*7)=—9. MoxHa BNEBHUTUCD,

WO 3HangeHWn po3B'A30K — onTumanbHun. OTXe, ocTaTo4HO MaemMmo: x *=(2,7),
fO(x*)=-9.
3ayBaxumo, wo y eunagky, komm fO(x)e C7, ane fO(x) — onykna dyHKuis,

3amiHa rpagieHta V f0(xS) na cybrpapient VfO(xS) y npouenypax, LLO OnNMcaHi BULLE,
aae memod npoekuii cybepadieHma. LlikaBo, Wwo nNpu LboMy BUXigHa 3agada € 3agaqveto
ONYKIIOro nporpamyBaHHA, i TOMy i pO3B'A30K 3abesnedye rnobanbHUA MiHIMYM
LiNnboBOI (OYHKLIT.

Po3pnin 12. Metoau wrpadHux Ta 6ap'epHMUX PyHKLIN

lnes meTtogiB wTpadHMx Ta Bap'epHMX yHKUin nonsirae B 3BeaeHHi 3HJIIM 3
obMexeHHsMM 0 cneuianbHoi 3agadi 6e3yMoBHOI onTumisauii. MNpu LboMy 0BMexXeHHS
BUXIOHOT 3ajadvi BKIOYAKTbCA B UINbOBY (YHKUiO UiEl SOMNOMIKHOI ONTUMI3aUinHOT
3agadi. 3ayBaxnmo, LLO LS iges BXe BUKOPUCTOBYBanach Npu po3s'a3yBaHHI KNacU4HoI
3ajauvi NoLyKy YMOBHOIo ekCcTpeMyMy MeToZoM JlarpaHxa, a Takox B 3agadi onyknoro
nporpamysaHHs (Teopema KyHa-Takkepa).

Hexan maemo 3agavy

min {fO(x): fi(x)<0,i=1,....m, xe EN}. (12.1)
Beenemo o posrnsay pyHkuito

Pix) - {0, xeD={xcE": fi(x)<0,i=1,...m},

12.2
00, x ¢D. ( )

3amiHnmo 3agadvy ymoBHOT onTuMisauii (12.1) 3agadveto 6€3ymMoBHOT onTuMisawii
min {F(x): F(x)=f0(x) + P(x), xe EN}. (12.3)
dyHKUilo P(x) HasuBawTb wmpagHOK, OCKINIbKA BOHA BWUKIUKAE HECKIHYEHHWIA
wrpad 3a Buxig 3 obnacti D.

OueBunaHo, WO onTuManbHi po3B'a3kun 3agad (12.1) i (12.3) ogHakosi.

"eomeTpuyHa iHTepnpeTauia BUKNageHoro Ans gyHKuUil ogHiel 3aMiHHOT NpuBedeHa
HWx4Ye (guB. puc. 12.1).

OueBnagHO TakoX i Te, WO ANA Tak BBedeHOl dyHkuUil wTpady P(x) (avs.
cniBBigHoWeHHSA (12.2)) 3agaya (12.3) po3B'si3yBaHHIO HE NigAaeTbCs. TOMY B LiNCHOCTI
3aMiCTb BKasaHol P(x) po3rnggaeTtbCa MOCMIQOBHICTb WTPadHUX (PYHKUIA, SKi
anpokcMmytoTb P(x) i MaloTb XOPOLUI aHaniTUYHI BNacTMBOCTI.

OsHaueHHs 12.1.  @ynkuis P(f1(x),....,fM(x),r), 8e r=(ry,...,rm) — Oeskuli

8eKMop Kepytoyux napamempie, a fi(x), i=1,...,m, — pyHKuii 06MexeHb 3adayi (12.1),
Ha3ueaembCsi WMpacghHOK, KWO
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0, y;<0,i=1..m,

®, 8 iIHWOoMYy surnadky.
Af(X) AP(X) AF(X)

(00] ‘ ‘ (00]

O X* O o k*
Puc. 12.1

3amictb 3apgavi (12.3) BBegemo Ao po3rnsagy NOcnigoBHICTL 3agad ©6e3yMOBHOI
onTumisauii
min {F(x,r)=fO(x) + P(f1(x),....fM(x),r)}. (12.4)
Memod wmpaghHux yHKuit rnosnseae 8 rnepexodi ei0 3adayi (12.1) 0o

riocniidoeHocmi 3aday4y 6e3ymosHoi onmumisauii (12.4) 3 HacmyrnHuUM ix po38'a3y8aHHSIM
AAKUM-HebyOb memooom 6e3yMo8HOI orimumisauji.

APr(X)

O D
Puc. 12.2
Mpu Boanomy BubGopi wTpadHux GyHKUin  P(f7(x),....fM(x),r) MoxHa

OviKyBaTh, WO MNOCNIAOBHICTL po3B'A3kiB 3agady (12.4) 6yge 3b6iratuca OO poO3B'sI3KY
3apaui (12.1).

BkaxxeMo Ha BigMIHHICTb Memody b6ap'epHux byHKuil Big mMeTody LWTpadHUX
dyHKUIn. B meToai wtpadHMX dyHKUIN anpokcnmauia dyHKUiT P(X) 30iIMCHIOETLCA 30BHI
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obnacti D (amB. puc. 12.2), a B MeToai Oap'epHux dYHKUIN  DYHKLiT
B(f1(x),...,fM(x),r) nabnukatots P(x) 3cepeauHn obnacti D (aus. puc. 12.3).

ABr(X)
1 B3
ay B, |
: \ / K |
I L e X
O D
Puc. 12.3
HanyacrTiwe 3a wrpadgHy BMbupatoTb PYHKLIIO TaKoro BUrNsay
1 m I IO Ly
P(f"(x),...,f " (x),r)= FP(X) = > Pi(f'(x)), (12.5)
i=1

Ae r — Kepyouun napameTp, a dyHKUii Pj(y) BU3Ha4eHi, HernepepsHi i HeBig'eEMHI Ans
AoBinbHOro y, npudomy: Pj(y)=0npn y<0 i Pj(y)— % MOHOTOHHO Mpu y— .
Mpuknagamu dyHKLIA Pj(f1(x)) MoXyTb ByTH Taki dyHKLji:

P;(f(x)) = max {0, f/(x)}, (12.6)
Pi2(fi(x)) = [max {0, f/(x)}]2. (12.7)

3ayBaxumo, WO yHKUia (12.6) B 3aranbHOMYy BuNagky HeauvdepeHuinoBHa,
HaBiTb, SKLLO fi(x)eC7, B TOW 4Yac sk dyHkuia (12.7) — pudepeHuinoBHa, SKLWO
avdepeHLiiioBHa f(x).

Axwio x obmexeHHs 3agadi (12.1) maoTb BUrnsaq piBHAHb fi(x)=0, i=1,...,m, TO
dyHkuii Pj(y) y (12.5) noBuHHI 3agoBonbHATW Taki ymoBu: Pj(y)=0 npu y=0 i
Pij(y)—>o© MOHOTOHHO npu |yl >0. Ona uporo Bunagky yHKUii P;(fi(x))
HangouinbHiwe Bnbupatn y Burnagi

Pi(fi(x))=[f(x)]2.

Teopema 12.1 (npo 36iHiCTbL MeTOAy WTpacHUX PyHKLiIN). Hexad x* €

po3s’a3kom 3adayi (12.1)

x*=argminf?(x), (12.8)
xeD

a x*(r)vr>0 e posg'a3kom 3adauyi (12.4)
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x*(r)y=argminF(x,r). (12.9)
xeE"

Skwo wmpaghHa yHKUiS usHadaembcs  pisHicmio (12.5), yHkuii fi(x),
i=1,...,m, HenepepesHi i iCHye 3aMKHeHa MHoxuHa Yc EN maka, wo x*(r)e Y Vr>0,
mo

lim F(x *(r),r)=f0(x*). (12.10)
r—0
HoBegeHHs. [loBegemo, Wo 0gHOYACHO MakTb MicLe ABi HEPIBHOCTI

lim F(x*(r),r)gfo(x*). (12.11)
r—0
lim F(x*(r),r)= fo(x*). (12.12)
r—-0

Lle i Byae o3HayaTw, WO BMKOHYETbCS piBHICTL (12.10).
fosenemo HepiBHicTb (12.11). Maemo Vro > 0 B cuny (12.9)

F(x*(r7),r1)= min F(x,ry)<F(x*(ro),r1). (12.13)
xecE"

Hexan ry > rp > 0. Ockinbku 3a o3HaveHHsaMm (12.5) P(x)>0, To
(1/r1) P(x*(r2)) < (1/rp) P(x*(r2)).

Topni
F(x*(rq1), r1) <F(x*(rp), rq) =fOox*(rp)) + (¥/ry) P(x*(rz)) <

<FO(x*(rp)) + (Vry) P(x*(rp)) = F(x*(r2), ra).
Omxkenpury>rpo>0
F(x*(rq),rq) <F(x*(ro), ro), (12.14)

TOO6TO Npu cnagaHHi r pyHkuia F(x *(r), r) He cnagae.
3a o3Ha4veHHsaM (12.5) P(x)=0 npu x e D. Tomy P(x *)=0, ockinbkn x*e D, i

F(x*(r),r)= min F(x,r)<Fx*r)=f0(x*)+ (1/r)Px*) = (x*). (12.13)

xecE"
Otxe, Vr> 20
F(x*(r), r) <fo(x*). (12.15)
Topgi icHye rpaHuus
lim F(x*(r),r)=F"* (12.16)
r—0

i BUKOHYETLCA HEPIBHICTb

F*= lim F(x*(r),r)<fo(x*). (12.17)
r—0

[osegemo Tenep HepiBHiCTb (12.12). Maemo Vry> 0

F(x*(ro),ro)= min F(x,ro)<F(x*(r1),ro2). (12.18)
xcE"
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Posnuwemo (12.13) i (12.18). Maemo Vry > 0T1a Vry > 0
FO(x*(rq)) + (V1) P(x*(rq1)) <fOx*(r2)) + (Vry) P(x*(r2)), (12.19)
FO(x*(r2)) + (Vr2) P(x*(r2)) <fOx*(rq)) + (V/ry) P(x*(rq)).  (12.20)
Honamo HepisHocTi (12.19), (12.20). OTpnmaemo
(17r2)(P(x*(r2)) = P(x*(rq))) < (Vr1)(P(x*(r2)) = P(x*(rq))) (12.21)
abo
(1/ry = 1ro)(P(x*(rp)) — P(x*(rq4)))=0. (12.22)
Hexan ry>rp > 0. Topi 1/ry < 1/rp @abo (1/ry — 1/rp) < 0 i, AK HACMiOoOK, i3 HEPIBHOCTI
(12.22) oTpnmaemo
(P(x*(rp)) —P(x*(rq)))<0. (12.23)
I3 HepiBHOCTI (12.19) maemo
FO(x*(rqy)) = FO(x*(rz)) < (¥ry) (P(x*(rz)) - P(x*(rq)))
abo, Bpaxosytoun (12.23) Ta ymosy rq > 0,
fO(x*(rq)) - fO(x*(r2))<0.
Omxe,npury=rp>0
fO(x*(rq))<fO(x*(ro)), (12.24)
TO6TO pyHKLisA FO(X *(r)) He cnaaae npum cnafaHHi .
Hani, 3a o3Ha4eHHaMm (12.5) P(x)>0, Tomy Vr> 0
FO(x*(r))<fO(x*(r))+ (1/r)P(x*(r))=F(x*(r), r). (12.25)

B cBoto yepry doyHkuia F(x*(r), r) (3rigHo cniBeigHoweHb (12.14), (12.16)) Takox He
cnagae npu r — 0 i Mmae rpaHuuto, piBHy F *. Tomy Vr> 0

fO(x*(r)) < F*,
10670 fO(X*(r)) oBbmexeHa 3Bepxy. Ockinbkm npu r— 0 nocnigosHicte fO(x*(r))
HecrnagHa, TO BOHa Mae rpaHuLio npv r — 0, npuyomy

lim fO(x*(r))gF*z lim F(x *(r),r). (12.26)
r—0 r—0
Nokaxemo, Lo
lim fO(x*(r)) = F9(x*).
r—0
Big cynpoTuBHOro npunyctumo, Lo iCHyl0Tb 6> 0 Ta NnocnifoBHICTb rx— 0 npu
k — oo Taki, Wo VK BUKOHYETLCS
[FO(x*(rk)) - FO(x*)| > 6. (12.27)
3a ymoBamn Teopemmn Vr>0 x*(r)eY, ne Y — 3aMKHeHa MHOxuHa. Togai i3
nocnigoBHOCTI X *(ri) 3aBXou MoxHa Bubpatu 36bkHY nignocnigoBHiCTb. He

obmexytoun 3aranbHoOCTi, byaemo BBaxaTw, Wo
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lim x*(ry)=X.
k—x
Ockinbku

(F(x*(rk), ric) =FO(x*(rg)) + (Vrg) P(x*(rg)),
TO
P(x*(rk)) = ri (F(x*(rk), r) — fO(x*(r)))-
®yHKuUia P(x) HenepepBHa, TOMy, Nepexoasayn 4o rpaHuli npu k— co, OTpUMaemMo
lim P(x*(rk))=0=P(x).

k— o
Ockinbkn P(x)=0VxeD, 10

x e D. (12.28)
Mw gosenu (4guB. HepiBHICTb (12.17)), wo
lim F(x *(r),r)<f2(x*).
r—0
Takox 6yrno gosefeHo (AuB. HepiBHICTL (12.26)), Wwo
lim fO(x*(r) < lim F(x*(r),r).
r—0 r—0
Tomy

lim F9(x*(r)) < f2(x*),
r—0

TMM GinbLue 6yae

lim £O(x*(re)) < fO(x*).
k— o0

Ockinbkn fO(x) — HenepepBHa PYHKLisA, TO i3 OCTAHHLOI HEPIBHOCTI OTPUMYEMO
npm k — « B
fO(x)<fO(x*). (12.29)
Taksik x € D, a
x* =argmin fo(x*)
xeD
3a ymMOBaMu Teopemu, TO OTPMMaHa HepIiBHICTb CyrnepevnTtb ymoBaM Teopemu, To6To
Halle NpunyLeHHs Byno HeBIPHUM | TOMY
lim £9(x*(r)) = f9(x*).
r—0
Teopema goBeaeHa.
Mpuknap 12.1. Po3sg'ss3amu 3adaqyy Memodom wmpagHUX byHKUil
min {x2 - 10x: x< 1}.
Noknapemo

P(f7(x),r) = (1/r)(max {0, f7(X)})2= (71/r)(max {0, X—1})2,
ToAi
F(x,r)=fO(x)+P(f1(x),r)=x2-10x+ (1/r)(max {0, x-1})2.
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CxematuyHi rpadikm dpyHkuin fO(x), P(f1(x),r), F(x,r) HasegeHi Ha puc. 12.4.
dyHKuUia F(x,r) onykna i gndepeHuinoBHa No X Npu OOBINIbHUX OOAATHUX 3HAYEHHAX
napameTpar.

AfU(X)
\\ ; /)
olN_p 1 X

P(f'(x,r,

A (f'(x,r) P, P, P,

= x

ol D 1

AF(x,r) 3 2 1

X

Puc. 12.4
Maewmo:
a) BcepeauHi gonyctnumol obnacTi (npu x<17)

F(x,r)=x2-10x,
6) Ha mexi Ta 30BHI gonycTumoi obnacTi (npu x> 1)
F(x,r)=x2-10x+ (1/r) (x - 1) 2.
Ckopuctaemocb HeOBXiAHMMN YMOBaMN EKCTPEMYMY :
a) {dF/dx =2x-10=0, 260 {x =5,

x<1, x <1.

OTtpumaHa cuctema He Mae po3B'si3KiB BCcepeauHi 4onycTuMoi obnacti.
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dF/dx =2x-10+(2/r)(x-1)=0, x*(r)y=(r+10/(r+1),
6) abo
x=>1, x>1.
OcTaHHA cuctema gae crauioHapHy Touky x*(r)=(5r+1)/(r+1), B akin pyHKUiA
F(x,r), sk onykna AOHW3Yy NO X, Mae MiHiMyMm. OnTUManbHUA PO3B'A30K BUXIQHOI
3agaui

= lim x*(r)= lim ((6r +1)/(r +1))=1.
r—0 r—0

Cnig 3ayBaxntin, WO PO3rNAHYTUM MPUKNag po3B'a3aHU aHaniTM4HO B CUNY MOro
NPOCTOTW.

Mpuknap 12.2. Po3ss'szamu 3adadyy Memodom wmpagHUX byHKUil
min{x2+xy+y2: x+y=2}.
Maemo ang uiei 3agaui
P(fT(x,y),r) =(1r)( f1(x,y))2=(Vr)( x+y~-2)2,
F(x,y,r)=fO(x) + P(f1(x,y),r) =x2+xy+y2+(Vr)( x+y-2)2.

[na [oBiNbHOrO A04aTHOrO 3HayYeHHs napameTtpa r dyHKuia F(x,y,r) onykna i
andpepeHuinosHa no x ta y. CkopuctaBwMUCb HEOOXiOHMMW yMOBaMU EKCTPEMYMY,
OTPMMAEMO CUCTEMY:

é’iF(x,y,r) =2x+y+(2/r)(x+y-2)=0,
X

aiF(x,y,r) — X+ 2y +(2/r)(x+y—2)=0,
y
pO3B'ﬂ3aBL|J|/| Fle, MaTnmemo .

x*(r)y=y*(r)=(4/r)(3+4/r)=4/(3r+ 4),

3BigKn
x*=y*=1lim 4/(3r+4)=1.
r—0
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