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1 LECTURE 1: SETS and RELATIONS

1.1 Complete process of development

The software development process has interactive character, the main purpose of which
is to build a solution algorithm for a given task. Progress in achieving high process pro-
ductivity programming is not visible and it can not be compared with progress in hardware
development. No technology since inception civilizations not less than 50 years of such
growth of the ratio “productivity/prise” as hardware technology – in six times!!!

If we analyze the most significant steps in software development technology, they are
reduced to the following three steps:

a) High-level programming languages (is the most important step);

b) The distribution of time during execution in the debugging of software products;

c) Integrated programming environment (for example Unix and Interlisp).

The main problem of programming is increasing productivity of programming
process. The ideal should be so that the user writes the specification on which is buildt
the solution program of a given task. To achieve such an ideal as follows from the main
problems to be solved (at least from today’s point of view) two problems:

1) build a program generator for specification and

2) build an intelligent translator that identifies semantic errors, i.e. perform a detailed
semantic analysis of programs.

Concerning the first problem, the opinions of the specialists were divided: what specify
a problem or a method of solution?

Concerning the second problem, there is an opinion about perfection use of expert
systems in verification systems for completing of a set of rules of construction, recommen-
dations regarding strategies adjustment, memorizing the frequency of errors of each type,
hints regarding optimization, signalization about non-fulfillment of verification conditions
(failure to meet the conditions set by the annotations, or invariant assertions) in certain
states of the program.

To build a solution algorithm of a given problem, respectively with the generally accepted
opinion, it is necessary know how to:

a) perform problem statement (initially specification),

b) build an algorithm for solving all problems,

c) implement the constructed algorithm in the form of a program or software systems,

d) evaluate the efficiency of the algorithm,

e) write appropriate documentation.
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These items form the basis of such a concept as complete algorithm design process
or complete algorithm construction. In more detail, the complete construction of the
algorithm includes such basics stages:

1. Statement of tasks,

2. Construction of (mathematical) models,

3. Algorithm development,

4. Analysis of the algorithm and estimating its complexity,

5. Proving the correctness of the algorithm,

6. Implementation of the algorithm: programming,

7. Testing and updating the program,

8. Preparation of documents.

The discussion of these steps is a main goal of this presentation. In special
case central objects of discussion are mathematical foundations of development
process.

1.2 Sets

In this section will be consider transfinite induction and recursion and limits of its
activity.

Intuitive definition:

Set: A family of any objects which are satisfied of some property P and we can define
are two objects identical or they are different.
Operations:

Subset: A ⊆ B ⇔ (a ∈ A⇒ a ∈ B)).

In this case the set B is called a superset of the set A. It is obviously

A = B ⇔ (A ⊆ B) ∧ (B ⊆ A).

Strong subset: A ⊂ B ⇔ A ⊆ B ∧A 6= B.

If A ⊂ B, then set A is called proper subset of B and B is called proper superset of A.

Union: A ∪B = {a|a ∈ A or a ∈ B}.
Intersection: A ∩B = {a|a ∈ A and a ∈ B}. If A ∩B = ∅, then sets A and B is called

disjoint.

Difference: B \A = {a|a ∈ B and a /∈ A}. It is obviously B \A = B \ (A ∩B).

If A ⊆ B, then B \A is called complement of a set A in the set B and denoted as A′.

Symmetric difference: A÷B = (A \B) ∪ (B \A) = {a|a ∈ A ∪B ∧ a /∈ A ∩B}.
From this definition follows: A÷B = (A ∪B) \ (A ∩B).

Power set of a set A is set of all subsets of A.

Properties:
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M1) A ∪B = B ∪A, A ∩B = B ∩A (commutativity);
M2) A ∪ (B ∪ C) = (A ∪B) ∪ C,

A ∩ (B ∩ C) = (A ∩B) ∩ C (associativity);
M3) A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C),

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C) (distributivity);
M4) A ∪A′ = U, A ∩A′ = ∅;
M5) A ∪ ∅ = A, A ∩ U = A;
M6) A ∪A = A, A ∩A = A (idempotency);
M7) A ∪ (A ∩B) = A, A ∩ (A ∪B) = A (absorbtion laws);
M8) A ∪ U = U, A ∩ ∅ = ∅;
M9) (∅)′ = U, U ′ = ∅, (A′)′ = A;
M10) (A ∪B)′ = A′ ∩B′, (A ∩B)′ = A′ ∪B′ (de Morgan’s laws).

From these properties follows that power set with respect to intersection and complement
operations forms boolean algebra.

Covering: If a set A is union of itself subsets A1, . . . , An, . . ., then sets A1, . . . , An, . . .
are called covering of A.

Partition: If subsets of covering of a set A are parwise disjoint.

Cartesian product: A1×A2×. . .×An = {(a1, a2, . . . , an)|a1 ∈ A1, a2 ∈ A2, . . . , an ∈ An}.

1.3 Relations

Definition:

A subset R of cartesian product A1 × A2 × . . . × An is called relation which is defined
on set A1, A2, . . . , An. Number n is called arity of relation R.
Operations:

(a1, . . . , an) ∈ R ∪R1 ⇔ (a1, . . . , an) ∈ R or (a1, . . . , an) ∈ R1;

(a1, . . . , an) ∈ R ∩R1 ⇔ (a1, . . . , an) ∈ R and (a1, . . . , an) ∈ R1;

(a1, . . . , an) ∈ R \R1 ⇔ (a1, . . . , an) ∈ R and (a1, . . . , an) /∈ R1;

(a1, . . . , an) ∈ R′ and A1 × . . .×An ⇔ (a1, . . . , an) /∈ R.

R′ is denoted as ¬R and is called negation or complement of relation R.

Central role between families of relations plays family of binary relations.

Denotations: aRb means (a, b) ∈ R or R is true for a, b.

Inverse relation: Let R ⊆ A × B, R1 ⊆ B × C, then inverse relation to relation R is
R−1 = {(b, a)|aRb} is defined on the set B ×A;

Product relations R and R1 is relation R ∗R1 = {(a, c)|a ∈ A, c ∈ C ∧ (∃b ∈ B) aRb and
bR1c}, is defined on the set A× C.
Properties:

If R,R1, R2 are binary relations defined on a set A, then

a) (R1 ∪R2) ∗R = (R1 ∗R) ∪ (R2 ∗R); R1 ⊆ R2 ⇒ R1 ∗R ⊆ R2 ∗R;

b) (R−1)−1 = R; R ⊆ R1 ⇒ R−1 ⊆ R−1
1 ;

c) (R ∗R1)−1 = R−1
1 ∗R−1;

d) (R ∩R1)−1 = R−1 ∩R−1
1 ;

e) (R ∗R1) ∗R2 = R ∗ (R1 ∗R2) (associativity).

3



1.3.1 Main binary relations

Identity relation. iA = {(a, a)|a ∈ A}. It is obviously that (∀R) iA ∗R = R ∗ iA = R,
where R ⊆ A2 is a binary relation.

Reflexive relation: R ⊆ A2 is reflexive iff iA ⊆ R.

Antireflexive (irreflexive) relation: R ⊆ A2 is called antireflexive, if aRa is false
for all a ∈ A.

Symmetric relation. R ⊆ A2 is symmetric, if aRb implies bRa (R ⊆ R−1).

Asymmetric relation. R ⊆ A2 is asymmetric, if (a, b) ∈ R implies (b, a) /∈ R.

Transitive relation. R ⊆ A2 is transitive, if aRb and bRc implies aRc (R2 ⊆ R).

Intransitive relation. R is intransitive, if (a, b) ∈ R and (b, c) ∈ R implies (a, c) /∈ R.

Antisymmetric relation. R ⊆ A2 is antisymmetric, if aRb and bRa implies

a = b (R ∩R−1 ⊆ iA).

1.4 Equivalence relation

Binary realtion R ⊆ A2 is called equivalence relation, if R is reflexive, symmetric and
transitive, that is ∀a, b, c ∈ A

a) aRa (iA ⊆ R);

b) aRb⇒ bRa (R ⊆ R−1);

c) aRb and bRc⇒ aRc (R2 ⊆ R), wher iA – identity relation and R2 = R ∗R.
It is easely to see that conditions a), b), c) are equivalent such conditions:

iA ⊆ R,R = R−1, R2 = R.

FACTS:

1) There is bijection between equivalence relations on a set A and partitions of set A.

2) If R,R1 ⊆ A2 are equivalence relations, then

2.1) R−1 is equivalence on A;

2.2. R ∗R1 is equivalence on A iff R ∗R1 = R1 ∗R, (R and R1 can permutate);

2.3) R ∩R1 is equivalence on A;

2.4) R′ is not equivalence on A;

2.5) R ∪ R1 is equivalence on A iff intersection any equivalence clase of R and any
equivalence clase of R1 is empty or is equal to one of them.

2.6) If R ∪R1 is equivalence, then R ∪R1 = R ∗R1.

If f is a map form A to B (f : A→ B), then relation ker(f) = {(a, a′)|(a, a′) ∈ A×A
and f(a) = f(a′)} is called kernel of f .

3) If f1 is mapping from A onto B (surjection) and R is kernel of f1, then map f2 : B →
A/R is bijection and f1 ∗ f2 = f , where f is called natural mapping the set A onto A/R.

Practical result of this theorem: a set A can be infinite, but A/R can be finite set (hence
A/R is consructible).
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1.4.1 Closure binary relations

Reflexive closure. A relation Ri is called reflexive closure binary relation R ⊆ A2, if
Ri = R ∪ iA, where iA is identity relation on A.

FACT:

1) Let R is a binary relation on A, then

1.1) (Ri)i = Ri;

1.2) Ri = R iff R is reflexive.

Symmetric closure. A relation Rs is called symmetric closure of a binary relation R,
if Rs = R ∪R−1 (if (a, b) ∈ R, then (a, b) ∈ Rs and (b, a) ∈ Rs).

FACT:

Let R is a binary realtion on A, then

1) (Rs)s = Rs;

2) Rs = R iff R is symmetric;

3) if R is reflexive, then Rs is reflexive.

Transitive closure. Relation Rt is called transitive closure of R, if Rt = R ∪ R2 ∪
R3 ∪ . . . ∪ Rn ∪ . . . ((a, b) ∈ Rt iff there are elements a1 = a, a2, . . . , an = b ∈ A such, that
(a1Ra2, a2Ra3, . . . , an−1Ran).

FACTS:

Let R is a binary relation on A, then

1) Rt = R iff R is transitive;

2) (Rt)t = Rt;

3) if R is reflexive, then Rt is reflexive;

4) if R is symmetric, then Rt is symmetric;

5) if R is transitive, then Ri is transitive;

6) if A has n elements, then Rt = R ∪R2 ∪ · · · ∪Rn =
n⋃
k=1

Rk.

1.4.2 The minimal equivalence relations

Let R be any binary relation on A. Is there a minimal equivalence relation on A which
includes realtion R? Answer is YES.

FACT:

For any binary relation R on A there is the minimal equivalence relation S which includes
relation R and S = ((Ri)s)t.
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1.5 Partial ordered relation

Binary relation O ⊆ A2 is called partial ordered (poset) on A, if it is refelexive, transitive
and antisymmetric (∀a, b, c ∈ A):

a) aOa (iA ⊆ O) (reflexivity);

b) aOb and bOc⇒ aOc (O2 ⊆ O) (transitivity);

c) aOb and bOa⇒ a = b (O ∩O−1 ⊆ iA) (antisymmetric).

Denotation: order ≤, set (A,≤) poset. If a ≤ b for some a, b ∈ A, then say that
elements a and b are comparable.

An element a in poset A is called minimal (maximal), if for each element b ∈ A
comparable with a is hold a ≤ b.

Minimal element a in poset A is called smalest, if it comparable with each elments
b ∈ A and a ≤ b.

Minimal (maximal) elements in poset can be more that one and even infinite many.
Smalest (greatest) element in poset is only one.

Transitive and antisymmetric realtion is called strong order relation (denotation <).

Transitive and reflexive realtion is called quasiorder (denotation �).

With any partial order is connected strong order <:

(a < b)⇔ a ≤ b and a 6= b.

On other side with any strong order < is connected partial order relation ≤:

(a ≤ b)⇔ a < b or a = b.

With any quasiorder � is connected strong order relation < and equivalence realtion ∼:

(a < b)⇔ a � b and ¬(b � a), (a ∼ b)⇔ a � b and b � a.

Each quasiorder relation � induced on a set A partial order relation ≤ on quotint set
A/ ∼:

([a]∼ ≤ [b]∼)⇔ a � b.

Property: let A be any set.

Duality principle: Inverse relation R−1 to partial order relation R on A is partial order
relation on A.

Linear order: Partial order on A is called linear order if any two elements of poset A
are comparable. Any leear ordered subset is called chain.

Well founded order: Linear order on A is called well founded, if each non empty suset
of A has smalest element. In this case A is called well founded set (wfs).

FACT:

Transfinite induction: Let e be the smalest element of wfs A and P (x) some property
of element x ∈ A. If P (e) and P (x) are true for all x < a and from this follows P (a) is true,
then P (x) is true for all x ∈ A.
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Let A is a wfs and B is a set. Partial functions f : A → B and g : A → B are called
consistent if f(x) and g(x) are either undefined or defined and and f(x) = g(x), where
x ∈ A.

Reccurence relationship: if a function f is defined on a set A and satisfy some relations-
hips, such that for all a ∈ A f(a) defined by f(b) for all b ∈ A where b < a.

Building by induction. There is unique function f(x) defined on a wfs A, and satisfies
the given recurrence relations, and has given value on minimal element of A.

Let A be a poset then next fact are true:

Inductive condition. All elemnts from a poset A satisfy a condition P if

1) all minimal elements of A satisfied P (if such elements exist) and

2) P (x) is true for all x < a and P (a) is true too, where a, x ∈ A.

Building by induction. There is unique function f(x) defined on a poset A, and
satisfies the given recurrence relations, and has given values on all minimal element from
A.

Definition 1 . Let A be a wfs and B is any set. Partial functions f : A → B and
g : A → B are called consistent functions, if f(x) and g(x) are either undefined or
defined and f(x) = g(x) for all x ∈ A.

The following theorems are true.

Theorem 1 (transfinite principle). Let F (x, f(0,x)) be a partial mapping, i.e. for
some x function g : [0, x) → B can be indefinite. Then there is only one function f, which
is

1 ) defined on the set A and consistent with recursive definition, i.e. f(x) = F (x, f[0,x));

2 ) or defined on some initial interval [0, a) of A and is consistent with the recursive
definition, and for a point a ∈ A and function f recursive rule not applicable (mapping F is
indefined).

Transfinite recursion: Let F (x, f[0,x)) is a partial mapping, where g : [0, x)→ B can
be undefined for some x. Then there is unique function f such that

1) f is defined on a set A and consistent with recursive definition f(x) = F (x, f[0,x));

2) or f is defined on some initial interval [0, a) and on this interval is consistent with
recursive definition F and for some poin a the recusive rule F does not applied (mapping
F undefined).

FACTS:

Next conditions of posets are equivalent:

1) any not empty poset has minimal element;

2) in poset does not infinite strong decreasing sequence of elements a0 > a1 > a2 > . . .;

3) in poset is true principle of transfinite induction.

These facts are useful to proof of program termination.

Zorn’s lemma: Let A is a poset where every chain has upper bound. Then in A exists
maximal element and for any a ∈ A there is an element b ≥ a which is maximal in A.
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2 LECTURE 2: MULTY, MANY-SORTED and FUZZY SETS

2.1 Multysets

Definition:

Multysets: Let A is a set. The set M(A) is multyset of the set A if it includes more
then one copy of elements from A. For example, if A = {a, b, c}, then M(A) = [a, b, a, b, c].
kA(x) is number of copies of element x in M(A).

Set M(A) is not ordered, and M(A) is finite if for each x number kA(x) is finite.
Moreover M(A) = M(B) ⇔ kA(x) = kB(x) for each x ∈ A, x ∈ B and M(A) ⊆ M(B) ⇔
kA(x) ≤ kB(x) for all x ∈ A and x ∈ B.

Operations:

Let M(A), M(B), M(C) are multysets of the sets A,B,C respectively, where A,B,C
are subsets of some universal set U . Then

Union: M(A) ∪M(B) = [x|k(x) = max(kA(x), kB(x))],

Intersection: M(A) ∩M(B) = [x|k(x) = min(kA(x), kB(x))],

Sum: M(A) +M(B) = [x|k(x) = kA(x) + kB(x)],

Difference: M(A)\M(B) = [x|k(x) = kA(x)	kB(x)], where 	 is truncated difference
between natural numbers:

m	 n =

{
m− n, if m ≥ n,
0, if m < n.

Properties:
Main identities: For all multysets M(A),M(B),M(C) of the subsets A,B,C of some

universum U are true such identities:

MM1) M(A) +M(B) = M(B) +M(A),M(A) ∪M(B) = M(B) ∪M(A),
M(A) ∩M(B) = M(B) ∩M(A) (commutativity);

MM2) M(A) ∪ (M(B) ∪M(C)) = (M(A) ∪M(B)) ∪M(C),
M(A) ∩ (M(B) ∩M(C)) = (M(A) ∩M(B)) ∩M(C),
M(A) + (M(B) +M(C)) = (M(A) +M(B)) +M(C) (associativity);

MM3) M(A) + (M(B) ∩M(C)) = (M(A) +M(B)) ∩ (M(A) +M(C)),
M(A) + (M(B) ∪M(C)) = (M(A) +M(B)) ∪ (M(A) +M(C)),
M(A) ∪ (M(B) ∩M(C)) = (M(A) ∪M(B)) ∩ (M(A) ∪M(C)),
M(A) ∩ (M(B) ∪M(C)) = (M(A) ∩M(B)) ∪ (M(A) ∩M(C))
(distributivity);

MM4) M(A) ∪ (M(B) ∩M(A)) = M(A), M(A) ∩ (M(B) ∪M(A)) = M(A),
M(A) ∪ (M(A) \M(B)) = M(A), M(A) ∩ (M(B) +M(A)) = M(A)
(absorbtion laws);

MM5) M(A) ∪M(A) = M(A), M(A) ∩M(A) = M(A) (idempotency).

Multysets are used in Colored Petri Nets and Combinatorics (finite sets with repetition)
and in other areas of informatics.

2.2 Many-sorted sets

Let I be a set. Elements of this set is called sorts or types.

An I-sorned set A = {Ai|i ∈ I} is an I-indexed family of sets Ai, where Ai is a set of
elements of i-sort, i ∈ I.
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The I-sorted set A is empty (A = ∅), if Ai = ∅ for all i ∈ I.

The I-sorted set A is finite, if Ai is finite for all i ∈ I and there is a finite set I ⊆ I such
that Ai = ∅ for all i ∈ I \ I.

Operations:

Let A = {Ai} and B = {Bi} be an I-sorted sets. Then

Union: A ∪ B = {Ai ∪Bi|i ∈ I};
Intersection: A ∩ B = {Ai ∩Bi|i ∈ I};
Difference: A \ B = {Ai \Bi|i ∈ I};
Uplus: A ] B = {Ai ]Bi|i ∈ I} (where Ai ]Bi = ({1} ×Ai) ∪ ({2} ×Bi));
Symmetric differences: A÷ B = {Ai ÷Bi|i ∈ I};
Cartesian product: A × B = {Ai × Bi|i ∈ I}, with pair written (x, y) ∈ Ai × Bi, when

x ∈ Ai and y ∈ Bi};
Subset: A ⊆ B = {Ai ⊆ Bi for all i ∈ I}; A = B ⇔ A ⊆ B and B ⊆ A;

A ⊂ B = A ⊆ B ∧A 6= B.

2.2.1 Many-sorted functions

Let A = {Ai|i ∈ I} and B = {Bi|i ∈ I} be the I-sorted sets. An I-sorted function
f : A → B is an I-indexed family of functions {fi|i ∈ I} such that fi : Ai → Bi.

The set A = {Ai|i ∈ I} is called the domain and the set B = {Bi|i ∈ I} is called its
codomain (or target).

An I-sorted function f : A → B is an identity (respectively an injection, a sur-
jection, a bijection), if for every i ∈ I the function fi : Ai → Bi is an identity (respectively
an injection, a surjection, a bijection).

The identity I-sorted function on a I-sorted set A denoted εA : A → A.

If f : A → B and g : B → C are I-sorted functions, then its superposition is I-sorted
function f ∗ g = {fi ∗ gi|i ∈ I} : A → C such that if i ∈ I and x ∈ Ai, then

gi(fi(x)) ∈ Ci.

Let f : A → B be an I-sorted function and A1 ⊆ A and B1 ⊆ B are the I-sorted subsets
of I-sorted sets A and B respectively.

The image of the set A1 under f is the I-sorted set f(A1) = {fi(A1
i )|i ∈ I} ⊆ B,

where fi(A
1
i ) = {fi(x)|x ∈ A1

i } ⊆ Bi for all i ∈ I.

The coimage of B1 under I-sorted function f is the I-sorted set f−1(B1) = {f−1
i (B1

i )|i ∈
I} ⊆ A, where f−1

i (B1
i ) = {x ∈ Ai|fi(x) ∈ B1

i } ⊆ Ai for all i ∈ I.

2.2.2 Many-sorted relations

Let A = {Ai|i ∈ I} and B = {Bi|i ∈ I} be I-sorted sets. An I-sorted binary relation
defined on the sets A and B (denotationR ⊆ A×B) is called I-sorted family binary relations
R = {Ri ⊆ Ai×Bi|i ∈ I}. If for i ∈ I, x ∈ Ai and y ∈ Bi relation Ri is true, then we write
xRiy or (x, y) ∈ Ri.
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If R ⊆ A×B is a I-sorted binary relation then its inverse is the I-sorted binary relation
R−1 ⊆ B ×A such that for i ∈ I (y, x) ∈ R−1

i iff (x, y) ∈ Ri, x ∈ Ai, y ∈ Bi.
If S ⊆ B × C is an I-sorted binary relation, then the product or the composition of

R and S is the I-sorted binary relation R ∗ S ⊆ A× C such that for i ∈ I (x, z) ∈ R ∗ S iff
there exists some y ∈ Bi such that (x, y) ∈ Ri and (y, z) ∈ Si.

Similar definition is for n-arity relations, where n > 2.

Let f : A → B be an I-sorted function. Kernel of many-sorted function f is the
I-sorted binary relation ker(f) = {ker(fi)|i ∈ I} ⊆ A × A, where ker(fi) = {(x, y)|x, y ∈
Ai ∧ fi(x) = fi(y)} ⊆ Ai ×Ai is the kernel of function fi for all i ∈ I.

Let A = {Ai|i ∈ I} be an I-sorted set. An I-sorted binary relation R ⊆ A × A is an
I-sorted equivalence relation on A if it is:

– (x, x) ∈ Ri (reflexive);

– (x, y) ∈ Ri ⇒ (y, x) ∈ Ri (symmetric);

– (x, y) ∈ Ri and (y, z) ∈ Ri ⇒ (x, z) ∈ Ri (transitive) for all i ∈ I and x, y, z ∈ Ai.
If R = {Ri|i ∈ I} is an I-sorted equivalence relation on A = {Ai|i ∈ I}, then for i ∈ I

and x ∈ Ai equivalence classes of relation R are sets Ki(x) = {y ∈ Ai|(x, y) ∈ Ri}.
The quotient set of the set A with respect to equivalence R is the I-sorted set A/R =

= {Ai/Ri|i ∈ I}, where Ai/Ri = {Ki(x)|x ∈ Ai} for all i ∈ I.

Example 2.1. Let I = {m,n} and A,B are two I-sorted sets defined as follows:

A = {Am, An}, where Am = {a, b}, An = {♣,♥,♦},
B = {Bm, Bn}, where Bm = {1, 2, 3}, Bn = {1, 2, 3}.

Let f : A → B is the I-sorted function such that

fm(a) = 1, fm(b) = 3, fn(♣) = 1, fn(♥) = 2, fn(♦) = 2.

Then the kernel of f is the I-sorted equivalence relation R = {Rm, Rn} ⊆ A×A, where

Rm = Am/ker(fm) = {(x, y) ∈ Am ∧ fm(x) = fm(y)},
Rn = An/ker(fn) = {(x, y) ∈ An ∧ fn(x) = fn(y)}.

Then Rm = {(a, a), (b, b)}, Rn = {(♣,♣), (♥,♥), (♥,♦), (♦,♥), (♦,♦)}, and quotient set A/R are:

Am/Rm = {{a}, {b}}, An/Rn = {{♣}, {♥,♦}}. ♠1

2.3 Many-sorted algebras

Let U = {Ai|i ∈ I} is a I-sorted set, which in theory of many-sorted algebras is called
complect or collection. In one-sorted algebras with each operation associated its arity, in
many-sorted algebras with each operation associated its arity and sort. A sort or type of n-
ry operation ω is sequence of elements from I of the form s = (i1, i2, . . . , in; j). An operation
ω of sort s on complect U = {Ai|i ∈ I} is mapping

ω : Ai1 ×Ai2 × . . .×Ain → Aj .

1♠ means end of example, � means end of proof
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If n = 0, then sort s is form s = (j) and ω is zero-arity operation, which is denoted the
element s in the set Aj .

Definition 2. Many-sorted algebra is a pair G = (U,Ω), where U is a some I-sorted
complect, Ω is signature of operations on complect U .

Let U = {Ai|i ∈ I}, V = {Bi|i ∈ I} be two I-sorted complects. A complect V is
subcomplect of complect U (V ⊆ U), if Bi ⊆ Ai for all i from I. Teoretical-set operations
over complects acts under the corresponding sets with the same sort. For example, for
I-sorted complects U = {Ai|i ∈ I} and V = {Bi|i ∈ I} we have U ∪ V = {Ai ∪ Bi|i ∈ I}
and U ∩ V = {Ai ∩Bi|i ∈ I}.

Let U = {Ai|i ∈ I}, V = {Bi|i ∈ I} be the I-sorted sets and V ⊆ U . Subset V of
set U is closed with respect to n-ry operation ω ∈ Ω of sort (i1, i2, . . . , in; j) if for any
b1 ∈ Bi1 , b2 ∈ Bi2 , . . . , bn ∈ Bin is true ω(b1, b2, . . . , bn) ∈ Bj ∈ V .

If U, V are I-sorted sets and V ⊆ U , then algebra G1 = (V,Ω) is subalgebra of algebra
G = (U,Ω), when complect V is closed with respect to any operation from Ω. Many-sorted
algebras G = (U,Ω) and G1 = (V,Ω′) is called algebras of the same kind, if they have the
same signature of operations, i.e. Ω = Ω′ and their complects are the same sorts, that is
U = {Ai|i ∈ I} and V = {Bi|i ∈ I}.

Example 2.2. a) Let I = {real, char} are the set of sorts, Ω = {ω1, ω2, ω3, ω4} is signature of
operations, where ω1; real, ω2; char, ω3 : real → real, ω4 : real × char → char and complect of algebra is
I-sorted set

A = {Areal, Achar|real, char ∈ I},

where Areal = {1, 2}, Achar = {a, b, c}.
Then we obtain finite two-sorted algebras define as follows: ω1 = 1, ω2 = b, ω3(1) = 1, ω3(2) = 1 and

operation ω4 defined by table

ω4 a b c

1 a c b

2 b c a

.

b) Example of infinite two-sorted algebra is T (Ω, X,E) – a vector space over set of real numbers D. ♠

Let U = {Ai|i ∈ I}, V = {Bi|i ∈ I} be I-sorted complects. An I-sorted mapping ϕ of
algebra G = (U,Ω) in algebra G1 = (V,Ω) of the same kind, is homomorphism, if for any
operation ω ∈ Ω of sort s = (i1, i2, . . . , in; j) and any elements a1 ∈ Ai1 , . . . , an ∈ Ain the
equality is true

ϕj(ω(a1, a2, . . . , an)) = ω(ϕi1(a1), ϕi2(a2), . . . , ϕin(an)),

where ϕj : Aj → Bj , ϕik : Aik → Bik for all j, ik from I, k = 1, 2, . . . , n.

If for any i ∈ I mapping ϕ is bijective, then it is called isomorphism of algebras G
and G1.

If V = {Bi|i ∈ I} is any subcomplect of complect U , then intersection of all subalgebras
of algebra G = (U,Ω) with nonempty Ai, i ∈ I is subalgebra (V,Ω) of algebra G generated
by complect V . If V generates U , then it denoted as {V } = U .

11



Definition 3. Let A = (U,ΩA) and B = (V,ΩB) be two I-sorted algebras. The I-sorted
algebra A = (A× B,Ω) is cartesian product of algebras A and B, if

– A× B = {Ai ×Bi|Ai ∈ U,Bi ∈ V, i ∈ I},
– for any operation ω = (ωA, ωB) ∈ Ω of sort (i1, i2, . . . , in; j) and for (a1, b1) ∈ Ai1 ×

Bi1 , (a2, b2) ∈ Ai2 × Bi2 , . . . , (an, bn) ∈ Ain × Bin is true ω((a1, b1), (a2, b2), . . . , (an, bn)) =
(ωA(a1, a2, . . . , an), ωB(b1, b2, . . . , bn)) ∈ Aj ×Bj, where ωA ∈ ΩA, ωB ∈ ΩB.

Let G = (U,Ω) be a many-sorted algebra, where U = {Ai|i ∈ I} is an I-sorted complect.
An I-sorted equivalence relationR on U is the I-sorted congruence with respect to operation
from Ω, if for all w ∈ Ω of sort (i1, . . . , in; j) and a1, a

′
1 ∈ Ai1 , . . . , an, a′n ∈ Ain such that

(a1, a
′
1) ∈ Ri1 , . . . , (an, a′n) ∈ Rin is true (w(a1, . . . , an), w(a′1, . . . , a

′
n)) ∈ Rj , where Rj is an

equivalence relation on Aj .

Let G = (U,Ω) be a many-sorted algebra and R is a I-sorted congruence relation on U .
The quotient-algebra under congruence relation R is algebra G/R = (UR,Ω), where

– UR = U/R,

– for each operation w ∈ Ω of sort (i1, . . . , in; j) and for all a1 ∈ Ai1 , . . . , an ∈ Ain is true
w([a1], . . . , [an]) = [w(a1, . . . , an)], where [x] means equivalence class under corresponding
equivalence relation.

In case of many-sorted algebras by induction define algebra of terms. Let Ω be any set
of many-sorted operations and X = {Xi|i ∈ I} is an I-sorted complect.

Definition 4. The set of many-sorted terms define by induction:

a) all elements from Xi and all zero-arity operations of sorts (i) are terms;

b) if ω ∈ Ω is operation of sort s = (i, j, . . . , k; l) and t1, t2, . . . , tn are terms of sorts
i, j, . . . , k respectively, then ω(t1, t2, . . . , tn) is term of sort l;

c) terms are only and only such expresions which are builded by using rules a) and b).

Many-sorted algebra of many-sorted terms is called absolutely free many-sorted
algebra of terms.

There is same connection between algebraic systems (AS) A = (A,Ω,Π) and many-
sorted algebras. Each AS can considere as two-sorted algebra.

Realy, if A = (A,Ω = {wk1
1 , . . . , w

kn
n },Π = {πm1

1 , . . . , πmrr }) is an AS, where wkii : Aki →
A, πj : Amj → {true, false}, i = 1, 2, . . . , n, j = 1, 2, . . . r, true and false are boolean
constants, then with this AS associated two-sorted algebra

A = (U = (A ∪ true ∪ false),Ω = {wk1
1 , . . . , w

kn
n , πm1

1 , . . . , πmrr }).

In this many-sorted algebra each operation wkii has type of elements of set A and each
predicat πmii has type boolean. Hence, we can consider AS as many-sorted algebras.

2.3.1 Algebra of algorithms

Definition:

Glushkov’s algebra appeared with question about basis of operators of procedural pro-
gramming languages. Glushkov showed that all variants of operators of procedural pro-
gramming language reduced to the compositions of such four operators:

12



– asignment opeartor,

– sequential composition of operator,

– condition operator,

– cycle condition operator.

Let B is a set which is called informational environment. We can connect with the set
B two algebras OP and CON are called respectively algebra of operators and algebra
of conditions.

Elements of algebra OP are (partial) transformations of set B, which are called operators,
elements of algebra CON are (partial) predicates are defined on B and called conditions.

Besides superposition operation (product) of mapping in algebra OP are defined two
operations: α-disjunction and α-iteration which are connected of algebra OP and CON.

Result α-disjunction (αP ∨Q) of two operator P and Q is such operator R which for any
b ∈ B associates with P (b) when α(b) = 1 or Q(b) when α(b) = 0, or undefined in another
case.

Result α-iteration {αP} of operator P is operator R such that ∀b ∈ B R(b) is equal to
first state of memory in series b, P (b), P 2(b), . . . , Pn(b), . . . where the condition α is true. If
such state does not exists, then result of application of operator R to state b undefined.

Operations in algebra CON are disjunction (∨), conjunction (∧), negation (¬) and (left)
product of condition from CON and operator from OP.

Explain some details of these operations: besides values 0 and 1 we have value undefined,
denoted *. The rules of performing of these operations are:

1 ∨ ∗ = ∗ ∨ 1 = 1; 0 ∨ ∗ = ∗ ∨ 0 = ∗; 1 ∧ ∗ = ∗ ∧ 1 = ∗;
0 ∧ ∗ = ∗ ∧ 0 = 0; ∗ ∨ ∗ = ∗; ∗ ∧ ∗ = ∗; ¬∗ = ∗.

Note, for these relationships the expression ∗ ∨ ¬∗ is equal to *, but not 1, because of
∗ ∨ ¬∗ = ∗ ∨ ∗ = ∗ (this logic is 3-valued logic, which will be consider later).

Let α ∈ CON, P ∈ OP be any condition and operator and b ∈ B. Then condition
β = Pα such that β(b) = 1⇔ α(P (b)) = 1, β(b) = 0⇔ α(P (b)) = 0 and β(b) = ∗, if P (b)
or α(P (b)) is undefined.

Properties:

If in algebra of algorithms fixed some system of generators (basis), then elements of
each algebras can be defined by expressions which are build from generators and symbols
of operations of system Z = (OP, CON) and described them by using regular expressions.
System Z = (OP, CON) is called algebra of algorithms (AA).

In this case in such algebra we can use transformations over programs. These transfor-
mations are based on identity relationships and quasiidentity relationships of AA.

Definition 5. Each identity relationsip is a relationship which is satisfied for all ope-
rators and conditions independent on the states of informational environment B.

Quasiidentity relationship is relationship which is satisfied for the given constraints over
operators and conditions independent on the states of informational environment B.

Examples of identity of AA.
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(αP ∨Q) = (¬αQ ∨ P ); P (αQ ∨R) = (PαPQ ∨ PR);
(αQP ∨RP ) = (αQ ∨R)P ; (α(βP ∨Q) ∨R) = (α&βP ∨ (α&¬βQ ∨R));
{αe} = e, {α{αP}} = {αP}

.

Examples of quasiidentities of AA.

Pα = α⇒ (αPQ ∨ PR) = P (αQ ∨R);
Pα = α, PQ = QP ⇒ P{αQ} = {αQ}P ;
Pα = α, PQ = QP, P 2 = P ⇒ {αPQ} = {αQP} = (αe ∨ P ){αQ}.

Consider simple example of representation procedural program in AA:

Example 2.3. Procedural program of computation of GCD:

proc GCD(x, y).

Input: x, y ∈ N.
Output: d ∈ N.

Method:

a := x;

b := y;

while a 6= b do

if a > b then a := a− b else b := b− a; fi;

od;

d := a;

end proc

The regular expression of GCD:

GCD(x, y) = PQ{α(βR ∨ S)}T ,

where operators are P = (a := x), Q = (b := y), R = (a := a − b), S = (b := b − a), T = (d := a), and

conditions are α = ¬(a = b), β = (a > b). ♠

2.4 Fuzzy sets

Definition:

Let U is a universum, x ∈ U and A is a subset of U . Ordinary (bold) subset A has
elements which are satisfy some property P – A = {x|P (x) = 1}. If x /∈ A, then P (x) = 0.
Difference between fuzzy set and ordinary set A is: the elements of fuzzy set include to the
set with some degree of membership with respect to property P .

A ⊆ U is defined as set of pairs A = {µA(x)|x}, where µA(x) is membership function
and its values belongs to linear ordered set M = [0, 1].

The set M is called valuation set. If M = {0, 1}, then fuzzy set consider as ordinary
set or ordinary bold set.

For example, if U = {x1, x2, x3, x4, x5}, M = [0, 1] and µA(x1) = 0, 3;µA(x2) =
0;µA(x3) = 1;µA(x4) = 0, 5;µA(x5) = 0, 9, then the fuzzy set A is A = 0, 3|x1 + 0|x2 +
1|x3 + 0, 5|x4 + 0, 9|x5, where + is union operation.

Value sup
x∈U

µA(x) is called altitude of fuzzy set A.

Carrier of fuzzy set A is ordinary subset A ⊆ U with property µA(x) > 0, that is
A = {x|µA(x) > 0}. Elements x ∈ U with µA(x) = 0, 5, is called crossover points of set A.
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Operations:

Logical operations:

Inclussion. Let A,B ⊆ U be any fuzzy sets, then A is subset of B or B is dominating
over A, if ∀x ∈ UµA(x) ≤ µB(x) (denotation A ⊂ B).

Equality. A = B iff µA(x) = µB(x) for all x ∈ A and x ∈ B.

Complement. LetM = [0, 1], A,B ⊆ U are fuzzy sets, then sets A and B are complement
to each other, if ∀x ∈ UµA(x) = 1− µB(x) (denotation B = A or A = B).

Intersection. A ∩B is greatest fuzzy subset which is including to both A and B, where
µA∩B(x) = min(µA(x), µB(x)).

Union. A∪B is smalest fuzzy subset which is include both A and B, where µA∪B(x) =
max(µA(x), µB(x)).

Difference. A−B = A ∩B, where µA−B(x) = µA∩B(x) = min(µA(x), 1− µB(x)).

Symmetric difference. A ⊕ B = (A − B) ∪ (B − A) = (A ∩ B) ∪ (A ∩ B), where
µA⊕B(x) = max(min(µA(x), 1− µB(x)),min(1− µA(x), µB(x))).

Algebraic operations:

Algebraic product of any fuzzy sets A and B is the fuzzy set A · B with membership
function ∀x ∈ UµA·B(x) = µA(x) · µB(x).

Algebraic sum of any fuzzy sets A and B is the fuzzy set A+B with membership function
∀x ∈ UµA+B(x) = µA(x) + µB(x)− µA(x) · µB(x).

Power. Let A be a fuzzy set, then Ad is the fuzzy set with membership function
µAd(x) = µdA(x).

Special cases: CON(A) = A2 is called operation of condensation or concentration and

DIL(A) = A
1
2 is called operation of tension.

Product by number. If d > 0 is a real number such that d ·max
x∈A

µA(x) ≤ 1, then fuzzy

set dA has membership function µdA(x) = dµA(x).

Convex combination of fuzzy sets. Let A1, A2, . . . , An ⊆ U are fuzzy sets, a1, a2, . . . , an
are nonegative real numbers, sum of them is equal to 1. Convecs combination of the sets
A1, A2, . . . , An is called fuzzy set A with membership function ∀x ∈ UµA(x) = a1µA1(x) +
a2µA2(x) + . . .+ anµAn(x).

Cartesian product. Let A1, . . . , An are fuzzy subsets of universums U1, . . . , Un respecti-
vely. Cartesian product A = A1×. . .×An is the fuzzy subset of universum U = U1×. . .×Un
with membership function µA(x1, x2, . . . , xn) = min(µA1(x1), . . . , µAn(xn)).

Operator of increasing of power fuzziness using ordinary sets for transformation in fuzzy
sets and for increasing of fuzziness of fuzzy set.

Let A ⊆ U is fuzzy set and for all x ∈ U is defined fuzzy sets K(x). Family of all K(x)
is called kernel of operator for increasing fuzziness. Rezult of action of operator on fuzzy
set A is fuzzy set (A,K) =

⋃
x∈U

µA(x) ·K(x), where µA(x) ·K(x) is product of number and

fuzzy set.

Ordinary (bold) set of level d ∈ D of fuzzy set A is the set Ad ⊆ U such that Ad =
{x|µA(x) ≥ d}, where d ≤ 1.
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2.4.1 Fuzzy relations

Definition:

Let U = U1× . . .×Un is cartesian product of some universums U1, . . . , Un and M=[0,1]
is valuation set. n-arity fuzzy relation is fuzzy subset R ⊆ U with membrship function into
set M . In special case, if n = 2 and M=[0,1], then fuzzy binary relation R between elments
of the sets U1 and U2 is called function R : U1×U2 → [0, 1] mapping of each pair of elements
(x, y) ∈ U1×U2 number µR(x, y) ∈ [0, 1] (denotation xRy). If U1 = U2, then fuzzy relation
R on U is called binary fuzzy relation on U .

For example, if U1 = {x1, x2, x3}, U2 = {y1, y2, y3, y4}, M=[0,1], then binary fuzzy
relation R between elements of these sets is defined by the table:

R y1 y2 y3 y4
x1 0 0 0,1 0,3
x2 0 0,8 1 0,7
x3 1 0,5 0,6 1

.

Operations:

Union of fuzzy relation R1 and R2 (denotation R1∪R2) is called fuzzy relation set with
membership function

µR1∪R2(x, y) = max(µR1(x, y), µR2(x, y)).

Intersection of fuzzy relation R1 and R2 (denotation R1 ∩ R2) is called fuzzy set with
membership function µR1∩R2(x, y) = min(µR1(x, y), µR2(x, y)).

Algebraic product of fuzzy relation R1 and R2 (denotation R1 · R2) is called fuzzy set
with membership function µR1·R2(x, y) = µR1(x, y) · µR2(x, y)).

Algebraic sum of fuzzy relation R1 and R2 (denotation R1 +R2) is called fuzzy set with
membership function

µR1+R2(x, y) = µR1(x, y) + µR2(x, y))− µR1(x, y) · µR2(x, y)).

Complement of relation R (denotation R) is called fuzzy set with membership function
µR(x, y) = 1− µR(x, y).

Inverse relation to fuzzy relation R ⊆ U1 × U2 is called fuzzy relation R−1 ⊆ U2 × U1

with membership function µR−1(y, x) = µR(x, y).

Disjunctive sun of fuzzy relation R1 and R2 (denotation R1 ⊕ R2) is called fuzzy set
defined by identity R1 ⊕R2 = (R1 ∩R2) ∪ (R1 ∩R2).

A relation R is nearest (close) to fuzzy relation R is fuzzy relation with membership
function

µR =


0, if µR(x, y) < 0, 5,
1, if µR(x, y) > 0, 5,
0 or 1, if µR(x, y) = 0, 5.

Superposition of fuzzy relations R1 ⊆ U1 × U2 and R2 ⊆ U2 × U3 (denotation R1 ∗ R2)
is called fuzzy relation between U1 and U3 with membership function

µR1∗R2(x, z) = max
y

(min(µR1(x, y), µR2(y, z)), where x ∈ U1, y ∈ U2, z ∈ U3.
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Example 2.4. a) Let U = {0, 1, 2, . . . , 10},M =[0,1]. Fuzzy set “Some” defines as: “Some” = 0, 5|3 +
0, 8|4 + 1|5 + 1|6 + 0, 8|7 + 0, 5|8. Find characterisrics of this set.

For given definitions high of this set is equal to 1, carrier is equal to {3, 4, 5, 6, 7, 8}, crossover points are
{3, 8}. Set is normal because of its high is equal to 1.

b) Let A = 0, 4|x1 + 0, 2|x2 + 0|x3 + 1|x4, B = 0, 7|x1 + 0, 9|x2 + 0, 1|x3 + 1|x4, C = 0, 1|x1 + 1|x2 +
0, 2|x3 +0, 9|x4. Find the sets which are included other sets, incomparable, is equal to each other A,B,A∩B,
A ∪B,A−B,B −A,A+B.

Sets A ⊂ B, C are incomparable with A and B.

A 6= B 6= C. A = 0, 6|x1 + 0, 8|x2 + 1|x3 + 0|x4, B = 0, 3|x1 + 0, 1|x2 + 0, 9|x3 + 0|x4.

A ∩B = 0, 4|x1 + 0, 2|x2 + 0|x3 + 1|x4,

A ∪B = 0, 7|x1 + 0, 9|x2 + 0, 1|x3 + 1|x4,

A−B = A ∩B = 0, 3|x1 + 0, 1|x2 + 0|x3 + 0|x4,

B −A = 0, 6|x1 + 0, 8|x2 + 0, 1|x3 + 0|x4,

A+B = 0, 82|x1 + 0, 92|x2 + 0, 28|x3 + 1|x4.

c) Let U = {1, 2, 3, 4}, A = 0, 8|1 + 0, 6|2 + 0|3 + 0|4, K(1) = 1|1 + 0, 4|2; K(2) = 1|2 + 0, 4|1 + 0, 4|3;
K(3) = 1|3 + 0, 5|4; K(4) = 1|4. Find (A,K).

(A,K) = µA(1)K(1) ∪ µA(2)K(2) ∪ µA(3)K(3) ∪ µA(4)K(4) =

= 0, 8(1|1 + 0, 4|2) ∪ 0, 6(1|2 + 0, 4|1 + 0, 4|3) = 0, 8|1 + 0, 6|2 + 0, 24|3.

d) Let A = 0, 2|x1 + 0|x2 + 0, 5|x3 + 1|x4, find ordinary (bold) sets: A0,2 and A0,7.

Sets are such: A0,2 = {x1, x3, x4}, A0,7 = {x4}.
e) Let fuzzy relations R1 and R2 are defined by the tables:

R1 y1 y2 y3

x1 0,2 0,8 0,3

x2 1 0,6 0,1

,

R2 z1 z2 z3 z4

y1 0,9 0 0,9 0,2

y2 0,4 0,6 0 0,8

y3 0,1 1 0 0,5

.

Find R1 ∗R2.

By definition of suberposition we obtain such fuzzy relation:

µR1∗R2(x1, z1) = max[min(µR1(x1, y1), µR2(y1, z1)),min(µR1(x1, y2),

µR2(y2, z1)),min(µR1(x1, y3), µR2(y3, z1))] =

= max(min(0, 2; 0, 9),min(0, 8; 0, 4),min(0, 3 : 0, 1)) = max(0, 2; 0, 4; 0, 1) = 0, 4.

The values of membership function for other elements of relation R1 ∗ R2 we find similar. For example,

µR1∗R2(x1, z4) = max(0, 2; 0, 8; 0, 3) = 0, 8, µR1∗R2(x2, z4) = max(0, 2; 0, 6; 0, 1) = 0, 6. ♠
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3 LECTURE 3: ALGEBRAS IN COMPUTER SCIENCE

3.1 Classical algebras

Consider a number of algebras

G1 ⊃ G2 ⊃ G3 ⊃ G4 ⊃ G5 ⊃ G6 ⊃ G7, G71, G8 ⊃ G9, (1)

whose theory have already been created. Algebras of this kind are interesting for their
applications in computer science and programming, both in theoretical and applied terms.

Recall that a universal algebra is a tripleG = (X,Ω, E), whereX is the basic set (carrier)
of the algebra on which are defined fixed arity operations from the set Ω (algebra signature)
and these operations satisfy identical relations from the set E. The concretization of the
set E defines some family of algebras (semigroups, groups, rings, lattices, etc.) [22, 23].

The first algebra in the series (1) is the algebra of the form G1 = (X, Ω,Ø), which is
called the algebra of terms over the alphabet X of the signature Ω with empty set of
identical relations. The emptiness of the identical relations means that every element in
this algebra identical only to himself.

The algebra of terms is also called Ω-algebra or absolutely free algebra of the signature
Ω.

The second family of algebras in the series (1) is semigroups

G2 = (X,Ω = {∗}, E = {x ∗ (y ∗ z) = (x ∗ y) ∗ z}

– algebras of terms over the alphabet X, signature which includes a single binary multi-
plication operation that satisfies the law of associativity. A special case of semigroups is
monoids – semigroups with unit.

Next in series: G3 – groups, G4 – Abelian groups, G5 – rings, G6 – solid, G7 – fields,
G71 – vector spaces, G8 – lattices, G9 – Boolean algebras.

3.2 Algebras in Computer Science and Programming

Consider the application and role of these algebras in computer science and programming.

3.2.1 Algebra of terms

The formal definition of the algebra G1 has the form. Alphabet X algebras G1 are symbols
divided into three groups: T0, Ω and {(, )}. Symbols a, b, x, y, . . . from T0 are called subject
variables and constants, the symbols w3

2, w
5
2, w5, . . . of Ω are called functional (top the index

indicates the arity of the symbol wni – ar(wni ) = n) the third group – left, right brackets
and comma.

Definition 6. Terms are words in the alphabet X, built on the following rules:

1) all characters from T0 are terms ;

2) if t1, . . . , tn are terms, then the word is of the form wn(t1, . . . , tn) is term (wn ∈
Ω, n ≥ 1);
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3) terms are those and only those words that are built according to rules 1), 2).

The algebra of all terms in the alphabet X of the signature Ω is denoted T (Ω, X).

If t = ω(t1, . . . , tn) ∈ T (Ω, X), the terms t1, . . . , tn are called direct subterms of the term
t. Transitive closure of the relationship “direct subterm” is called the relation “subterm of
term”.

Algebra of terms T (Ω, X) can be considered as universal Ω-algebra, if we determine the
operations of zero arity, since when definition of T (Ω, X) it was assumed that ar(ω) ≥ 1 for
arbitrary operation ω ∈ Ω. This is achieved by expansion alphabet X algebra terms with
zero characters operations Ω0 and consideration of the algebra T (Ω′, X ′), where Ω′ = Ω\Ω0,
X ′ = X ∪ Ω0. Received thus universal algebra will be denoted as before, T (Ω, X) = G1,
having on mean the transition described, and call its term algebra.

Let be an arbitrary algebra G = (A,Ω) and an algebra T (Ω, X). If Ω0 6= ∅, then let
a(w) mean the element with A, which corresponds to the operation w of Ω0. Consider
mapping ϕ : T0 → A such that ϕ(w) = a(w) for w ∈ Ω0. You can continue map ϕ on all
algebra T (Ω, X), if for p1, p2, . . . , pn ∈ T (Ω, X) and wn ∈ Ω (n ≥ 1) put ϕ(w(p1, . . . , pn)) =
w(ϕ(p1), . . . , ϕ(pn)).

The mapping ϕ is called the interpretation of the algebra T (Ω, X) in the algebra G.

It is said that in the algebra G the identical relation holds (or just identity) p1 = p2

when ϕ(p1) = ϕ(p2) in G with an arbitrary interpretation of ϕ.

If given the set of identities E, then set of all algebras of signature Ω, in which all
identities from E are hold, is a class of algebras that will be denoted by K(Ω, E).

Let p1 = p2 ∈ E, p, q ∈ T (Ω, X) and the term p obtained from the term q in the result
of substituting p1 instead some occurrence of the term p2 in the term q. In this case, we say
that the term p is derived directly from the term q using identical relation p1 = p2 with E.
The transitive closure of relationship of direct derivation is simply called derivation. The
terms q1 and q2 are said to be equivalent with respect to E if one of them is derived from
another (q1 ≡E q2). It is well know that the relation ≡E is congruence.

Definition 7. Let T (Ω, X,E) be the quotient algebra T (Ω, X)/ ≡E in relation to ≡E.
The algebra T (Ω, X,E) is called free algebra of class K(Ω, E), and the set X is its system
of free generators (basis). The algebra T (Ω, X,E) is called hereditary free, if its
arbitrary subalgebra is also a free algebra.

From the definition of T (Ω, X,E) it follows that T (Ω, X,E) ∈ K(Ω, E). The importance
of the concept of free algebra shows

Theorem 2. An arbitrary algebra G of class K(Ω, E) is homomorphic image of the
free algebra T (Ω, X,E) of this class [22].

Algebra of terms, despite its ”poor” identity set, is included in almost every program-
ming language. This inclusion is based on the fact, that concretization of the X alphabet
of the programming language and signature operations, gives us absolutely free algebra.
Indeed, we fix the signature of operations

Ω = {+,−, ∗, /,∧,∨, <<,>>,÷,¬, 0(false), 1(true)},
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where the first eight operations: addition, subtraction, multiplication, division, conjuncti-
ons, disjunctions, left and right shifts – binary, minus ÷ and negation ¬ – unary operations,
and 0 and 1 – zero operations. Then this algebra is described by the following grammar:

< exp >::=< var > | < opu >< exp > | < exp >< bop >< exp >

< opu >::= ¬|÷
< bop >::= +| - | ∗ |/| << | >> | ∨ |∧
< var >::=< ident >:< type >

< type >::= int|real|char|bin|bin float|bin fixed
< ident >::=< symbol > | < ident >< cypher > | < ident >< symbol >

< cypher >::= 0|1|2|3|4|5|6|7|8| 9,

where symbol means an element of the alphabet X of the programming language, which
includes zero operations 0 (false) and 1 (true) (usually the alphabet is fixed for a given
language).

All other algebras of the series (1), starting with the algebra G1, have their own pe-
culiarities, which vary from algebra to algebra, and therefore it is generally impossible to
describe them using a formal grammar. These features need to be programmed.

3.2.2 Semigroups

Semigroups and monoids are a particularly important family of algebras, which plays a
key role in both algebra and programming. One of the most used algorithmic ones is
built on these algebras systems – a system of normal Markov algorithms [24]. At one time
the occurrence of this system played an important role in the formation of the theory of
algorithms and the solution of some problems in algebra and mathematical logic.

In programming based on this algorithmic system, the conditions for algorithmic com-
pleteness of functional programming languages [19, 10] and substantiation of their semantics
were found.

Semigroups and monoids play an important role in coding theory, theory of formal
languages and signal processing. In particular, the codes are considered as submonoids of
free monoid and on their basis classification is entered formal languages. It is built on the
basis of finite free monoids algebraic theory of automata (Crohn-Rhodes theory) [11].

Semigroups play a key role in general algebras, because they accumulate the properties
of most algebras from series (1). From this it follows, that everything that is studied in
general algebra ultimately finds its way into semigroup theory. This is based on the following
considerations.

Let there be given a semigroup P = (A, {·}). Let’s fix in it element a, a natural number
n and consider the word x1x2 . . . xna, where the characters x1, x2, . . . , xn are unknown.
An arbitrary system of values b1, b2, . . . , bn ∈ P unknown x1, x2, . . . , xn we correspond to
an unambiguously defined element b1b2 . . . bna semigroup P , that is defining on P n-arity
operation.

If the signature Ω is set, we will put it in accordance every n-arity operation ω ∈ Ω
(n ≥ 1) some element aω semigroup P (these elements are optional different for different
ω). Define on set P the operation ω by using the words x1, x2, . . . , xnaω, and for all zero
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operations with Ω we will fix elements aω in P . After that, on the semigroup P , an algebra
of signatures Ω will be defined. This algebra is called special derivative algebra signatures
Ω on the semigroup P . This algebra, as follows from the construction, is determined by the
choice of the elements aω for ω ∈ Ω.

Definition 8. It is said that the algebra G of the signature Ω has a special exact image
in semigroup P if it is isomorphically embedded in some special derivative of the signature
algebra Ω on the semigroup P.

Hens is true

Theorem 3 (Kohn, Rebane). An arbitrary algebra G of the signature Ω has a special
exact image on some semigroup P [18, 22].

3.3 Information security, computer geometry and algebra

Groups, rings, fields, vector spaces and other algebras have wide applications not only in
computer science, but also in other areas of science and technology. In particular, they find
their applications in crystallography, nuclear physics, optics, astronomy, instrumentation
etc.

3.3.1 Information security

One of the widely used algebra application is protection of informational systems and con-
struction of cryptographic algorithms. In particular, groups substitutions were and are
one of the main sources of construction reliable encryption algorithms and information ex-
change. Based on groups, the most commonly used key exchange algorithms (algorithms
Diffie-Hellman, El Gamal, Shamir).

As example, we consider Diffie-Hellman’s algorithm for key exchange.

Let p be a large prime number, and let g be some number from the interval 1 < g < p−1
such that all numbers from sets {1, 2, . . . , p− 1} can be given in different degrees numbers
g modulo p (about the method selection of such numbers is given below):

g mod p, g2 mod p, . . ., gp−1 mod p.

The numbers p and g are known to all subscribers.

DIFFY-HELLMAN KEY EXCHANGE PROTOCOL

Input: (p, g), where p is a large prime number, g – generating element of the multiplicative group of
the field Fp.

Exit: The element k to exchange subscribers A and B.

1. A generates the element a ∈ (1, p − 1), calculates the number ga = ga mod p and sends it to the
subscriber B.

2. B generates the element b ∈ (1, p − 1), calculates the number gb = gb mod p and sends it to the
subscriber A.

3. A calculates the number k = gab mod p.

4. B calculates the number k = gba mod p.
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Thus, the exchange of the key k between subscribers A and B has been done.

The foundation of this method follows from such a simple statement.

Theorem 4. ZAB = ZBA.

Basic properties of Diffie-Hellman’s algorithm are as follows:

– A and B received the same number Z = ZAB = ZBA;

– person unwanted number XA and XB unknown and it does not have the ability to
calculate the number Z (at least for a reasonable interval of time).

Select number g. Stability of Diffie-Hellman’s algorithm is based on the complexity of
the discrete logarithm function. In order for such stability to be high, it is necessary choose
the number p as follows:

p = 2r + 1 or p− 1 = 2r.

where r is also a prime number. If the number p is selected as have been sad, then the
element g can be an arbitrary element satisfying inequality: 1 < g < p−1 and gr mod p 6= 1.

3.3.2 Computer geometry

The second area of application of group theory, fieds and vector spaces is computer
geometry. Based on group properties of vector transformations spaces systems of transfor-
mations that preserve distances were built and they are classified according to these group
properties (group parallel transfers, rotations, different types of symmetries etc.) [27].

Next, to illustrate the use of groups, a two-dimensional space L2 is considered, which
is called the plane. But if the definition or the statement is also valid for the dimension
n ≥ 2, then the notation Ln is used.

Moving space Ln is the mapping F : Ln → Ln that preserved the distance between
the points, that is if F is a moving space and A,B are arbitrary points from Ln, then
|AB| = |A′B′|, where A′ = F (A), B′ = F (B), and |AB| is the distance between the points
A and B.

Examples of plane displacements are well known:

– parallel transfer to vector r – Tr;

– rotation around point O at angle θ – TRθ;

– symmetry with respect to the line l – Sl;

– sliding symmetry – Srl .

Consider each of these transformations separately.

The mapping Tr : Ln → Ln is called parallel transfer, if Tr(v) = v+r, where r is some
fixed vector, and v is an arbitrary vector with Ln. In coordinate form this transformation is
written as: Tr(v) = v+ r = (x+x0, . . . , z+z0), where v = (x, y, . . . , z), r = (x0, y0, . . . , z0).

The following properties follow directly from the definition of Tr.

B1. The transformation Tr is nonlinear.

B2. Tr ∗ Tr′ = Tr+r′ , where * is mapping product operation.

Theorem 5. The set of all parallel transfers is an Abelian group with respect to mapping
product operations.
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The group of all parallel transfers Ln is denoted by T (n).

Rotate the plane relative to some point O by the angle θ is called mapping TRθ :
L2 → L2, which transforms the point A(x, y) to the point A′(x′, y′) by rotating L2 relative
to the point O at the angle θ.

The rotation transformation is linear, and its matrix in L2 has like this:

TRθ =

[
cos θ − sin θ
sin θ cos θ

]
.

Using the rotation matrix, it is easy to set such properties.

RP1. The rotation transformation is orthogonal.

From this property and the fact that the determinant of the rotation matrix is equal to
units, it follows: there is an inverse transformation TR−1

θ and the matrix of this transfor-
mation can be obtained from the matrix TRθ by transforming it, that is

TR−1
θ =

[
cos θ sin θ
− sin θ cos θ

]
=

[
cos(−θ) − sin(−θ)
sin(−θ) cos(−θ)

]
and TR−1

θ = TR−θ.

RP2. TRθ ∗ TRθ′ = TRθ+θ′ . Obviously Tr ∗ TRθ 6= TRθ ∗ Tr.

Theorem 6. The set of all rotations of the plane relative to some fixed point O in this
plane is an Abelian group.

The points A(x, y) and B(x′, y′) of the plane L2 are called symmetric with respect to
some line l of this plane, if the segment AB perpendicular to the line l and is divisible by
this line at the point of intersection in half.

Symmetry transformation Sl is called mapping Sl : L2 → L2, which translates each
point A(x, y) into symmetric it has a point B(x′, y′) relative to the line l. The line l is called
axis of symmetry.

It is easy to find that the coordinates of the point B(x′, y′) that corresponds point
A(x0, y0), when converting symmetry, have the form:

x′ = x0 +
ba− ca
a2 + 1

, y′ = y0 +
ba2 − ca2

a2 + 1
, (2)

where the line l′, perpendicular to the axis of symmetry l, is described by the equation
y = − 1

ax + b. From the definition of symmetry and formulas (2) follow the following
properties of symmetry.

BC1. The symmetry transformation is nonlinear.

BC2. Sl ∗ Sl = ε, where ε is the identical transformation.

Sliding symmetry is the product of transformations Tr ∗ Sl, i.e. Srl : L2 → L2, where
Srl (v) = Tr ∗ Sl(v) = Sl(Tr(v)) = Sl(v+ r) and Tr – parallel transfer to vector r, parallel to
the axis l. In this case Tr ∗ Sl = Sl ∗ Tr.

A complete description of the plane displacements is given by
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Theorem 7 (Chasles). Arbitrary plane displacement is one of three transformations:

1) parallel transfer;

2) rotation;

3) sliding symmetry (and when r = 0 is symmetry).

Plane Moving Groups. The displacements of the plane are broken into two subgroups
– the movement of the first kind, to which they belong parallel transfer and rotation, and
movement of the second kind, to which belong symmetry and sliding symmetry.

Proposition 1. The product of two displacements of the first kind is a displacement of
the first kind, the product of displacements of the first and second kind is the displacement
of the second kind and the product of displacements of the second kind is a displacement of
the first kind.

Arbitrary movement of the first kind can be unambiguously represented in the form of
the product of the transformation of parallel transfer and rotation around a fixed point.

Arbitrary movement of the first kind is uniquely decomposed into product of rotation
around a fixed point of the plane and parallel transfer.

Theorem 8. The set of all plane displacements in L2 is a group with respect to mapping
product operations.

This subgroup is denoted by E(2). Group E(2) has an infinite number of subgroups.
Indeed, according to the proposition 1 subgroup will be all movements of the first kind.
This the subgroup is denoted by E0(2). If F is a movement of the first kind, and G is a
movement of the second kind, then according to the proposition 1 the movement G∗F ∗G−1

is a movement of the first kind, that is, the subgroup E0(2) is a invariant subgroup of E(2).
Thus, there are only two classes in this subgroup: she herself and the class of movements
of the second kind. Then E0(2) has an index 2 in the group E(2) and the quotient group
E(2)/E0(2) is a finite cyclic second-order group.

The group E0(2) has an infinite number of subgroups of rotations: the set of all rotations
relative to any fixed point of the plane is a subgroup. All these subgroups are commutative.

The set of all rotations will not be a subgroup. Really, a rotation around the point O
at the angle α, and then rotation around the point O′ the angle 2π − α will be a parallel
transfer.

Theorem 9. The set of all parallel transfers will be a subgroup of E0(2).

Since any transfer is uniquely characterized by the length and the direction of the
transfer vector, the group of all parallel transfers relative to the line l (they are transfers
whose vectors are parallel to the line l) will be an isomorphic group of all real numbers
relative to ordinary add operations. This group is denoted by T (2).

Theorem 10. The group T (2) is the invariant subgroup of the group E0(2).

The importance of these statements is that on their basis it is possible simplify the
sequence of transformations, for example, by replacing products displacements of the second
kind by displacements of the first kind having more effective implementation.

The properties of space displacement are determined and investigated in a similar way.
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3.3.3 Computer algebra

Widespread use of classical algebras (semigroups, groups and their generalizations of so-
called associative-commutative algebras, rings, Boolean algebras) obtained in systems of
automating reasoning by using resolution rule in first-order theories.

In the process of applying resolution rule, it becomes necessary to develop algorithms for
unification and matching of predicate arguments. Unification and its special case matching
are the problem of solving equations of the form t = t′ in a given algebra T (X,Ω, E),
where t, t′ ∈ T (Ω, X,E). Solve the equation t = t′ in a given algebra means to find such a
substitution σ that σ(t) = σ(t′). Matching operation for a given two of the terms s and t
finds a substitution σ such that σ(s) = t.

The solution of the unification problem stimulated the development of algorithmic and
complex research of classical algebras, as well as the extension of the results obtained for
these algebras to many sorted algebras [2].

Unification theory development led to the development of computer algebra, systems
of rewriting terms and the emergence of algebraic systems programming [15]. Let’s briefly
consider the basic concepts of this type of systems.

As mentioned above, with each algebra G = (X,Ω, E) is associated with a congruence
relation ≡E induced by the set of identity relations E.

The elements of the set E are pairs s = s′, the application of which to a given term
t is running by finding the occurrence of the term s in t and substitution instead of s
term s′. Because the identity relationship reflexive, symmetrical and transitive, then such
substitutions can be performed and in the opposite direction (substitution instead of s′ term
s).

Definition 9. The binary relation t(s)→ t(s′) means the reduction of the term t(s) to
the term t(s′), that is substitution instead of entering the term s in t term s′. This relation
is called the reduction relanion.

The term t(s) is reducible ⇔ there is a t(s′), such that t(s)→ t(s′).

The term t is in the normal form (irredusible) ⇔ if it is not reducible.

The term t′ is a normal form of t ⇔ t
∗→ t′ and t′ is in normal form, where

∗→ – reflex-
ive, symmetrical and transitive reduction relation →. If a term has a uniquely determined
normal form, then such a form is called the canonical form of this term.

Term t′ direct subterm (successor) of t ⇔ t→ t′.

The terms t and t′ joinable ⇔ there is a term z such that t
∗→ z and t′

∗→ z (notation
t ↓ t′).

The main task of reductions is to build a normal form of terms in a given algebra.
But the normal form, and even more canonical the form of a term does not always exists.
In order for such forms to exist it is necessary that the rules of reductions satisfy certain
conditions.

Definition 10. The reduction relation → is called

• Church-Rosser ⇔ t
∗→ t′ ⇒ t ↓ t′;

• confluent ⇔ from t
∗→ z and z

∗→ t′ ⇒ t ↓ t′; the relation is called semi-confluent ⇔
from z → t and z

∗→ t′ follows t ↓ t′;
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• terminating ⇔ there is no infinite descending chain t→ t1 → → t2 → . . .;

• normalizing ⇔ every element has a normal form;

• convergent ⇔ it is both confluent and terminating.

Suppose we have two rules for rewriting l→ r and l1[u]→ r1, where u is not a variable.
If there is a unifier σ such that σ(l) = σ(u), then a pair (σ(l1[r]), σ(r1)) is called the
critical pair for rules l → r and l1[u] → r1. The critical pair is called divergent, if
(σ(l1[r])∗ 6= (σ(r1))∗, where t[u] means u is subterm of term t, and t∗ means that term t is
not reducible.

Theorem 11. The following conditions are equivalent:

1) the relation → is the Church-Rosser relation;

2) the relation → is confluent;

3) the relation → is semi-confluent.

The following consequences follow from this theorem.

Corollary 1. If the relation → is confluent and t
∗↔ t′, then

a) t
∗→ t′, if t’ has a normal form;

b) t = t′, if both t and t’ are in normal form;

c) if → is confluent, then element has at most one normal form;

d) if → is normalizing and confluent, then every element has unique normal form.

The terminating relations are often called (well founded) or Noetherian.

Therefore, from the above consequences it follows that the relation t ↓ is well founded
and from here we get such an important theorem.

Theorem 12. If the relation → is confluent and terminal, then t
∗↔ t′ iff t ↓= t′ ↓.

An important rule is structural induction (CI) on arbitrary terminal system of re-
ductions (A,>), which generalizes the usual induction on the set (N,>). Formally, this rule
is written as follows:

∀x∈A(∀y∈A x
+→y ⇒P (y))⇒P (x)

∀x∈A P (x) (CI),

where P is some property of elements of A and x
+→ y means transitive and symmetric

closure of →.

The relationship between → and CI follows from such theorems.

Theorem 13. If → is terminal, then the CI rule is valid. If the CI rule is valid, then
→ is terminal.

For a given algebra G = (X,Ω, E) there is the set of its ordered and oriented identical
relations. Orientation of relations occurs, as a rule, from left to right, that is identity t ≡E t′
is written as t→ t′ relative reduction →.
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Definition 11. The rewriting rule is called the identity t ≡E t′ such that t is not a
variable and V ar(t) ⊇ V ar(t′), where V ar(s) is the set of variables of the term s. In this
case we get the rewriting rule t→ t′.

The term rewriting system (TRS) is called the set of rewriting rules R. The expression
that is reduced (redex expression), is the expression to which the rewrite rules are applied.
In the rewriting rule t → t′ the term t is the left side and is denoted by lhs, and the right
part is the term t’, is denoted rhs.

The reduction (rewriting) →E⊆ T (X,Ω, E)× T (X,Ω, E) is called a relation

s→E t⇔ ∃(l ≡ r) ∈ E, p ∈ Pos(s), σ ∈ Sub, s|p = σ(l) and t = s[σ(r)]p,

where Pos(s) is the set of occurrences of the term l in the term s, Sub is the set of substi-
tutions, s|p p is the occurrence of the term in s.

Theorem 14. If E is the set of identities of the algebra G(X,Ω, E), then the reduction
≡E is closed with respect to substitutions and Ω-operations.

The relation
∗↔E is the smallest the equivalence relation on T (X,Ω), which includes E

and closed with respect to substitutions and Ω-operations.

It follows from the theorem 12 that the relation
∗↔E is algorithmically solved if it is

confluent. Therefore, you can effectively build ↓E , that is, you can find out: whether one
term can be reduced to another term. An important property of the relation →E gives

Theorem 15. If E is a finite set of identities and relations →E is convergent, then the
relation ≡E is solvable.

Hence we get the following property: if R is a finite convergent rewriting system and the
relation ≡R is solvable, then s ≡R t iff s ↓R= t ↓R.

There is a general statement [17].

Theorem 16 (Knut-Bendix). The terminal system of rules for rewriting R is con-
fluent iff there is no divergent critical pair for this system of rules.

It follows from what has been said that in systems of rewriting terms, the important
operations are unifications and its special cases are matching (unification with sample) and
substitution.

The main properties of these operations are described in many articles and monographs
(see [2]), which confirms the influence of computer science on algebra.

3.3.4 Algebraic programming

One of the areas of further influence of programming on the development of algebra was the
algebraic programming paradigm. Data are represented by terms or labeled graphs,
and algorithms represented as systems of rewriting rules (oriented equations or conditional
equations, relations of data algebra). The object, which is determined by the system of
equalities, expressed by the rewriting rules, is a congruence relation on the term algebra
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generated by constants. This relationship is defined as a congruent closure of rewriting
relations, which are considered as identities of term algebra.

The elementary step of calculations in the algebraic paradigm is matching, checking of
conditions and substitution. The rewriting strategy determines the order in which they are
applied rules of rewriting and subterm (subexpression) of the current term for comparison
with the left parts of the relationship. For the canonical systems rules of rewriting the
result does not depend on the strategy. If the system of rules is not canonical, then the
strategy determines not only time rewriting, but also the result. In any case the result of
rewriting, subject to the end of the calculations, is term, which equivalent to the initial
term in relation congruence, which is determined by the system of rules of rewriting. That
is, the strategy chooses result in the class of congruent terms.

The corresponding algebraic program for calculating GCD is given below.
RS(x, y) (

(x, x) = x,

(x > y)→ ((x, y) = (x− y, y)),

(x < y)→ ((x, y) = (x, y − x))

).

3.3.5 Calculation methods

Rings, fields and their varieties are the basis of the algebra of computer systems, because
computer algebra systems include rings of polynomials necessarily. This is due to the fact
that polynomials used for approximation various functions. The simplest example of such
approximation is represtntation of functions in the form of Taylor series. For example, the
calculations of the exponential function ex or trigonometric functions sin(x) and cos(x) are
performed using the Taylor series expansion:

ex = 1 + x
1!

+ x2

2!
+ . . . x

n

n!
+Rn+1(x);

sinx = x− x3

3!
+ x5

5!
− x7

7!
+ . . .+ (−1)

n−1
2 xn

n!
+Rn+2(x);

cosx = 1− x2

2!
+ x4

4!
− x6

6!
+ . . .+ (−1)

n
2 xn

n!
+Rn+2(x),

where Rn+1(x) and Rn+2(x) are residual members of decompositions. For example, pro-
grams for calculating functions ex end sin(x) with a given accuracy ε are constructed as
follows.

The partial sums of decomposition of these functions in the Taylor series are the recur-
rence relations for ex:

t0 = 1, tj = tj−1 · xj for j > 0
and for sin(x):

t0 = x; k0 = 1; tj = −tj−1 · x2

kj(kj−1)
; kj = kj−1 + 2 for j > 0.

Based on these ratios, we obtain a calculation program for functions ex

proc : exp(x, ε);

s, t : real, k : integer;

begin

t := 1; k := 0; s := t;

until t > ε do

(k := k + 1; t := t · x
k

; s := s+ t)
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end

end exp

and for functions sin(x):
proc : sinus(x, ε);

s, t : real, k : integer;

begin

t := x; k := 1; s := t;

until mod(t) > ε ·mod(s) do

(k := k + 2; t := −t · sqr(x)/(k · (k − 1)); s := s+ t)

end

end sinus

Note, that in this computational program of sin(x), the number of members in the series
and the number of iterations are not easy to determine. These numbers depend on the
value of ε and the rate of convergence of the series. Therefore, the use of this type of
recurrence relations requires caution, despite the guarantees of mathematical analysis, since
fast convergence is important in practice.

For example, the partial sum of the variable series for the sin(x) function converges
quickly only for small values of x.

Therefore, the application is recommended to use the following identifiers for large values
of x:

sin(x) = sin(x− 2πn), if 2πn ≤ |x| < 2π(n+ 1),

sin(x) = −sin(x− π), if π ≤ |x| < 2π,

sin(x) = sin(π − x), if π
2 ≤ |x| < π,

sin(x) = cos(π2 − x), if π
4 < |x| <

π
2 ,

sin(x) = −sin(−x), if x < 0.

Thanks to these formulas, in the sin(x) calculation program, we can assume that 0 ≤ |x| <
π
4 . And in this interval, the convergence rate of the series is good from a practical point of
view, and the number of members of the series is relatively small, and the accuracy error is
within acceptable limits.

Programs such as sinus is included in almost all programming languages. This also
applies to other functions (for example, ex, tg(x), lnx, sh(x), ch(x), th(x), cth(x) and inverse
functions).

The ability to calculate trigonometric functions allows us to calculate Fourier series and
expressions that include these functions. The situation is similar with inverse trigonometric
functions.

Fields are used in informatics in connection with systems in which you need to work with
complex numbers. In particular, such work requires theory of complex variable functions.
Calculating the values of functions of complex variable is close to calculating functions of
a real variable, because often it is possible to separate the real and imaginary part of a
complex function and calculate each of them separately. Example, exponential function ez,
where z = x+ iy is complex number, calculated on the basis of the calculations of the above
functions ex, sin(x) and cos(x), because

ez = ex+iy = ex · eiy = ex(cos(y) + isin(y)).
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3.3.6 Lattices

An important property of a lattice as a universal algebra is: it carrier is a poset. This order
is used for proving the terminality (termination) of algorithm work in a finite time; and the
order is related to the height (depth) of the lattice, the elements of which are processed by
algorithm. From theoretical point of view, an important property of lattices gives such

Theorem 17. In the lattice the following conditions are equivalent:

a) the ascending (descending) chain is finite;

b) the existence of minimal elements in the lattice;

c) applicable method of transfinite induction.

There are algebras that are not universal algebras in the sense in which they were defined
above.

Many algebras have properties: intersection, union and sum, defined in algebras not
only for two number of elements and, therefore, for an arbitrary finite number of elements,
moreover, even for an infinite countable number of elements, which is based on the law
of associativity. This class of algebras includes complete lattices. Complete lattices
play important role in the software verification process and substantiating the semantics of
programming languages.

Definition 12. Let A be a poset by using the order ≤. The set A is called complete
lattice if for any nonempty subsets B ⊆ A in the set A there are such elements c and d for
which the following conditions are hold:

(i) for all elements a from B such that c ≤ a and if there is some element c′, such that
c′ ≤ a, then c′ ≤ c,

(ii) for all elements a fro0m B such that d ≥ a, and if there is some element d′, such
that d′ ≥ a, then d′ ≥ d.

Unambiguously determined elements c and d are called the intersection and union ele-
ments of the subset B, respectively, and they are written as c =

⋂
B (or c =

⋂
a∈B

a or

c =
⋂
i∈I

ai if ai runs all elements of the set B), d =
⋃
B (or d =

⋃
a∈B

a or d =
⋃
i∈I

ai).

Obviously, an infinite complete lattice is not a universal algebra, but it is clear that it
will be a lattice. It is also obvious that the complete lattice has zero and unit: these will
be the elements, respectively

⋂
A and

⋃
A.

Theorem 18. If a poset A has a unit and exists a intersection for arbitrary nonempty
subsets, then A is a complete lattice [18, 28].

Let A and A′ be posets by partial order ≤ and ϕ : A→ A′ be a mapping the set A into
the set A′.

Recall that the mapping ϕ : A→ A is called isotonic, if a ≤ b implies ϕ(a) ≤ ϕ(b) and
inversely isotonic, if from a ≤ b, follows ϕ(a) ≥ ϕ(b).

An important property of complete lattices is the existence of fixed points in such
algebras.
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Definition 13. Element a ∈ A is called a fixed point of isotonic mapping ϕ of a poset
A into itself, if ϕ(a) = a.

Theorem 19 (about a fixed point). If ϕ is an isotonic mapping complete lattice A
into itself, then ϕ(a) = a for some element a ∈ A.

The theorem inverse to the fixed point theorem is not true.

The set of fixed points of isotonic mapping also forms a complete lattice. This follows
from the following statement [30].

Theorem 20 (Tarski). If ϕ is an isotonic mapping of a complete lattice (A,≤) into
itself, then the set of fixed points of ϕ is a complete lattice with respect to the same relation
of partial order ≤.

The given properties of lattices are applied at a substantiation semantics of programming
languages [10] as well as in data flow analysis systems and search of invariant assertions in
the states of programs.

3.4 Invariants in program states

Let A be the U -Y -scheme of a program over the memory R [13], which is interpreted on
the data domain D (U -Y -program), and L is the language in which statements about the
properties of information environment B are described. Regarding L we will assume that
arbitrary condition can be expressed by the formula F (r) of the predicate language of the
first order, including free variables from the tuple r =< r1, . . . , rm > and interpreted on the
data area D, where the operations of signature Ω and predicate of signatures Π are defined.
Let u(r) be some condition of L.

Definition 14. The condition F (r) ∈ L is called the invariant of the state a U -Y -
program A with respect to condition u(r), if it is true at state a independent of pass execution
of program A for those and only those initial memory states from B, on which the condition
u(r) is true.

Condition u(r) is called the initial. If it is identically true on D, then F(r) we will simply
call the invariant of state a.

The construction of invariants of the program is performed by the generator of invariants
in L. The concept of generator includes three components:

– function ef : L× U × Y → L is “operator effect”;

– lattice structure on the set of conditions with L;

– iterative algorithm.

The function ef under the conditions u′ and u from L, true before execution operator
y ∈ Y , constructs the condition ef(u′, u, y), which is true on the state of memory converted
by the y operator. Sometimes a simpler version of the ef function is considered when there
is no condition among its arguments u, which causes the transition u/y. The definition of
function ef implies the property of its monotonicity in the first argument, that is from the
fact that the set of conditions N is a logical consequence of the set of conditions N ′, it
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follows that ef(N, u, y) is a logical consequence ef(N ′, u, y). Indeed, ef(N, u, y) is executed
on the sequence y(b) if and only if N and u are executed on the sequence b from B. But
then ef(N ′, u, y) is executed on any sequence y(b) on which ef(N, u, y) is executed, since
N is a consequence N ′.

3.4.1 Search Methods of program invariants

Since N and ef(N, u, y) are some predicates on the set D, then they can be considered as
relations on D, which are determined by these predicates. Then it is convenient to consider
the boolean B(L) as a lattice with respect to operations intersection and union, which
includes zero ∅ and unit L. The expressions ef(N, u, y) ∩ (∪)ef(N ′, u′, y′) in this case is
considered as the intersection (union) of the relevant relations on D, and the set ef(N, u, y)
is a logical consequence of the set formulas of the sets ef(N ′, u, y) as a set-theoretic inclusion
of ef(N, u, y) ⊆ ef(N ′, u, y). We will use these designations below.

The number of different possible paths in the program (including at least one cycle) can
be infinite, and then the process constructing the state condition a can also become infinite.
Despite this, let a1, . . . , ak be all states of the U -Y -program A, and they are connected by
transitions (ai, ui, yi, a) with state a, and Ni is the set of invariants of the state ai with

respect to some condition. Then it is obviously, that
k⋂
i=1

ef(Ni, ui, yi) will be an invariant

state a relative to the same initial condition. This is a simple fact that can serve as a
starting point for constructing invariants of two iterative generation methods [13].

In the first of them, called by the method of lower approximation (MLA), the
iterative process is given by a recurrent relation

N (n)
a =

⋂
(a′,u,y,a)∈S

ef(N
(n−1)
a′ , u, y), n > 0, a, a′ ∈ A, (3)

and the initial approximation {N (0)
a } are equations N

(0)
a0 = {u} and N

(0)
a = ∅ for a 6= a0.

From the property of monotonicity of the function ef it follows that

N
(0)
a ⊆ N (1)

a ⊆ . . . N (m)
a ⊆ . . .

independent on the state of a.

The described iterative process can be completed in a finite number of steps due to
stabilization of the sequence N (n) for all a ∈ A, or continue a infinitely long. But the
advantage of this method is that, without waiting for stabilization of the computational

process, they can be interrupted because each set N
(n)
a is included in the set of invariants

of the state a. In the second method method of upper approximation (MUA), the
iterative process is given by a recurrent relation

N (n)
a = N (n−1)

a ∩ (
⋂

(a′,u,y,a)∈S

ef(N
(n−1)
a′ , u, y), n > 0, a, a′ ∈ A, (4)

and the initial approximation is determined by the equation N
(0)
a0 = {u} and some a set of

simple paths that cover the whole set of states U -Y -program A.
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The calculation of the initial approximation is performed for all such paths, starting

with N
(0)
a0 , if for some a′ ∈ A already known N

(0)
a′ , transition (a′, u, y, a) belongs to one of

the paths of a given system, and N
(0)
a is still unknown, then we assume N

(0)
a = ef(Na′ , u, y).

From the relation (4) it follows that for an arbitrary a ∈ A next inclusions are hold

N
(0)
a ⊇ N (1)

a ⊇ . . . N (m)
a ⊇ . . .

and, therefore, the desired set of invariants can be obtained only after stabilization of the
iterative process. Because the process of searching for invariants can be infinite, then it is
a weakness of the MUA method, which in the case it generates more complete systems of
invariants than the MLA method.

3.4.2 Equality language. Basic tasks

Let A be some U -Y -program with the set of variables R = {r1, . . . , rm}, which is considered
over data algebra (D,Ω), where K(Ω, E) is a class of algebras that includes an algebra
(D,Ω) and is determined by the set of identities E, a TD(R) means the free algebra of
signature Ω over the alphabet R in the class of algebras K(Ω, E).

Consider the problem of finding invariants for language L, which includes conditions
of the type of equality g(r) = h(r), where g(r), h(r) ∈ ∈ TD(R), r = (r1, . . . , rm) (that is
language L not takes into account the conditions of the set U).

Let M be some set of equalities. Every equality is considered as a pair of terms, and
the set M as binary relation on the set of terms TD(R).

An algebraic closure of the set M with respect to E is called the smallest set C(M),
which includes reflexive, symmetric and transitive closure M , all identities with E and
for arbitrary n-arity operation ω ∈ Ω together with pairs (g1(r), q1(r)), . . . , (gn(r), qn(r))
includes the pair (ω(g1(r), . . . , gn(r)), ω(q1(r), . . . , qn(r))). The set M is called algebraically
closed if C(M) = M .

Theorem 21. C(M) = M ⇔M is congruence on TD(R).

The subset P of an algebraically closed set M is called algebraic basis M , if C(P ) = M .

Let M be an algebraically closed set of equalities. Appropriate factor algebra will be
denoted by TD(R)/M , its elements through t(mod M), t ∈ TD(R), and the equality of terms
in the form t = t′ (mod M). With each assignment operator y = (r1 := t1(r), . . . , rm :=
tm(r))(ti ∈ TD(R)) and algebraically closed set M we connect the homomorphism hy :
TD(R)→ TD(R)/M , assuming hy(ri) = ti (mod M).

The congruence of M on TD(R) is called normal if it is the kernel of the endomorphism
of the algebra TD(R), that is TD(R)/M isomorphic subalgebra of the algebra TD(R).

Let ef(M,y) (narrowing ef(M,u, y)) mean the set equations of the form t(r) = t′(r)
such that t(t1, . . . , tm) = t′(t1, . . . tm) ∈M . It is obvious that ef(M,y) is a congruence and
ef(M,y) = ker(hy), where hy : TD(R)→ TD(R)/M is some homomorphism.

Lemma 1. ef(ef(M,y), y′) = ef(M,yy′).

Theorem 22. If M is a normal congruence, then ef(M,y) is also normal congruence.
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The function ef is distributive if for arbitrary M and M ′ takes place ef(M
⋂
M ′, y) =

ef(M,y) ∩ ef(M ′, y)

Theorem 23. If the sets M and M ′ are algebraically closed, then the function ef is
distributive.

Note that the distributivity of the function ef implies its monotonicity. Indeed, if
M ⊆ M ′, then on the basis of distributivity functions ef can be written ef(M ∩M ′, y) =
ef(M ′, y) = ef(M,y) ∩ ef(M ′, y). It follows that ef(M,y) ⊆ ef(M ′, y).

Suppose we know how to construct the set ef(M,y) or its algebraic basis and find the
intersection of such sets or the algebraic basis of this intersection. Then, using one of the
formulas (3) or (4), we can organize the process of finding invariants in states of program,
starting from some initial algebraic closed sets that are associated with program states, and
repeat it until the set ef(M,y) stabilizes. Note that if the set ef(M,y) has finite algebraic
bases, then the stabilization of sets ef(M,y) imply the stabilization of their bases and vice
versa.

Therefore, the problem of constructing sets of invariants in the states U -Y -program over
given algebra of data TD(R) is reduced to the following basic problems.

Relationship problem. On the basis of this set of equations M (or its algebraic basis)
and the operator y ∈ Y , we should construct the set ef(M,y) (or its algebraic basis).

Intersection problem. According to the sets ef(M,y) and ef(M ′, y) construct the
set ef(M,y) ∩ ef(M ′, y) (or its algebraic basis).

Stabilization problem. Show that the set construction process ef(M,y) (or their
algebraic bases), which correlate with program states, is stabilized.

3.4.3 Search algorithms of program invariants

The sequential algorithms of the lower and upper approximations are given below. Concer-
ning the initial U -Y -program we will assume, first, that all its states are accessible, except
for the initial a0 and the final one a∗, are branches or mergers. This can be achieved in
the result of multiplying assignment operators on basis blocks, and, second, each state a is
associated with a set of relations Na. Let S be the set of transitions of the U -Y -program
and Ps(a) = {a′ ∈ A|(a, u, y, a′) ∈ S}. In the following algorithms Na, N,C are variables of
set type, the values which are clear from algorithms, N0 is an initial set of relations, v(1 : A)
is an array of logical values. In these notations, the algorithms for finding invariants can be
written as follows:

MLA (A,N0)

begin

/* the first stage of the MLA algorithm */

Na0 := N0; C := A \ {a0};
for all a from C do Na := ∅;
/* the second stage of the MLA algorithm */

while C 6= ∅ do

pick a from C; N := Na; I := 1;

for all (a′, u, y, a) from S do
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if N = ∅ then

if I = 1 then N := ef(Na′ , y); I := 2 else go out from cycle

else N := N ∩ ef(Na′ , y)

if N 6= Na then Na := N ; C := C ∪ Ps(a)

end

MUA (A,N0)

begin

/* the first stage of the MUA algorithm */

Na0 := N0;

for all a from A \ {a0} do (v(a) := 0; Na := 1 C := {a0}; v(a0) := 1);

while C 6= ∅ do

pick a from C;

for all (a, u, y, a′) from S do

if v(a′) = 0 then Na′ := ef(Na, y); C := C ∪ {a′}; v(a′) := 1

/* the second stage of the MUA algorithm */

C := A \ {a0};
while C 6= ∅ do

pick a from C; N := Na;

for all (a′, u, y, a) from S do

if N = ∅ then go out from cycle else N := Na ∩ ef(Na′ , y);

if N 6= Na then Na := N ; C := C ∪ {Ps(a)}

end

The semantics of the “pick a from C” operator are as follows: fixed element a from
the set C, which is removed from the specified sets, and the operator “go out from cycle”
means the end of the cycle in which it is located. Words in parentheses type /* and */
are comments. Strategy for selecting elements from the set C is generally arbitrary, but is
always considered to be the last the element selected from C is the final state a∗. The set of
simple paths by which the initial approximation is determined, among the input parameters
is not fixed.

Let us now establish some general properties of the above algorithms.

Theorem 24. If the chain condition is satisfied in the algebra T (Ω, R) descending
chains of normal congruences, the set N0 and the intersection normal congruences are
normal congruences, then the MUA algorithm terminates its work after a finite number of
steps.

Theorem 25. If in the algebra T (Ω, R) the chain condition of ascending normal con-
gruences, N0 – normal congruence, and the intersection of normal congruences is normal
congruence, the MLA algorithm terminates its work after a finite number of steps.

Theorem 26. If the MUA algorithm terminates after a finite number of steps and a
set of relations that are obtained in each state of U -Y -program in the process of its work,
algebraically closed, the result of the MUA algorithm does not depend from the way to bypass
the states of U -Y -program (and from the choice of the initial set of simple paths), and the
set of invariants N for arbitrary state a ∈ A coincides with the set

⋂
l=l(a0,a)

ef(N0, yl).

35



The proof of the above theorem is based on the following lemmas.

Lemma 2. If the ef function is distributive and the MUA algorithm terminates after a
finite number of steps, then (∀a ∈ A)(Na =

⋂
(a′,u,y,a)∈S

ef(Na′ , y)).

Lemma 3. If the ef function is distributive and the MUA algorithm terminates after a
finite number of steps, then (∀a ∈ A)(

⋂
l=(a0,a)

ef(N0, yl)).

If the set invariants of any state of U -Y -program is equal to⋂
l=l(a0,a′)

ef(N0, yl),

then it is called complete with respect to the invariant generator, language L and the
initial set N0.

Theorem 26 gives the conditions under which the MUA algorithm generates complete
sets of invariants with respect to the initial set of relations. When the function ef is not
distributive, then the reccurtent relations (4) becomes an algorithmic unsolvable problem.
It follows from such statement (see [14]).

Theorem 27. If the function ef is not distributive, we can build a U -Y -program A
with the initial set of relations N0, for which does not exist generating algorithm a complete
system of invariants with respect to N0 for this U -Y -program.

General characteristics of algorithms for different data algebras follows from such a
statement.

Theorem 28. For the following data algebras U -Y -program MUA algorithm generates
full systems of invariants such as equations

a) the algebra of terms, b) Abelian groups,

c) finitely dimention vector spaces,

d) commutative rings.

For groups, there is only the terminality of the end of the work of MUA algorithm, but
building a complete system invariants is algorithmically unsolvable. The fact is that the
normal congruences in the group are its normal divisors, and the problem of constructing
a basic intersection of two finitely generated normal divisors is reduced to the Post corre-
spondence problem. In this regard, it is necessary to limit yourself within finitely generated
subgroups of these normal divisors that are generateed be their generatives and for which
this problem is solved in polynomial time.

4 LECTURE 4: BOOLEAN ALGEBRA and ADT

4.1 Boolean algebra

Boolean algebra is the basis of computer technology and properties of this algebra are
described in many monographs, some of which are pure mathematical, and the second
relate to the field of computer science.
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Let’s focus on one of the applications algebras of Boolean functions, by which they fight
the “curse of the great dimension”. It is related to the image method and processing Boolean
functions, which is widely used in practice [5] and is based on the concept of ordered
binary decission diagrams (OBDD). This image of Boolean function is convenient,
most important and efficient from the point of view of complexity of its computation

Binary solution diagrams (BDDs) represent Boolean functions in the form of roots
acyclic labeled graphs. Let’s use an example to explain the image.

Example 4.1. Let Boolean function f(x1, x2, x3) = x1x2 ∨ ¬x1x3 is given by the following truth table
(left on fig 4.1). Use this table to build a tree Boolean function, which is called the solution tree. Each
vertex of the decision tree v is denoted by the symbol of the variable var(v) and has arcs that lead to sons:
son l(v) (the dotted arc) corresponds to the value 0 of the variable v, and son r(v) (arc shown solid line)
corresponds to value 1 of the variable v. Then every left son of such a tree will correspond to the value of
the variable 0, and the right son – value 1. All the vertex-leaves of the tree are denoted by constants 0 or 1.
For a given distribution of logical values (interpretation) of variables, path in a tree, corresponding to this
distribution, leads from the root of the tree to the leaf, whose label is the value of the function f .

x1 x2 x3

1 1 1
011

1 0 1
1 0 0

0 0 0
100

0 1 1
010

k
k

x1

x2k

Fig. 4.1. Truth table and solution tree for functionf(x1, x2, x3)

x2

? ?

kkkk? ? ? ?

? ?

x3 x3 x3 x3

? ? ? ?? ?1
1
0
0

f
0
1
1
0

0 10 1 0 0 1 1

For example, the path l(x1)r(x2)l(x3) corresponds to the distribution of logical values of variables

x1 = 0, x2 = 1, x3 = 0, for which the value of the function is equal to 0, and the path r(x1)r(x2)l(x3)

corresponds to the distribution logical values of variables x1 = 1, x2 = 1, x3 = 0, for whose value of the

function is 1. ♠

Ordering and reduction of BDD. From this example, we can see that the variables
of the Boolean function are done in the following order: if u is some inner vertex of the
decision tree, and v its descendant, then var(u) < var(v).

In the tree shown in Fig. 4.1, the variables are arranged as follows: x1 < x2 < x3.
BDD with a given order of variables is called ordered BDD. In general, the order of the
variables can be arbitrary and algorithms for processing such OBDD will be correct, but in
practice the choice of the appropriate order is significant, as the size of OBDD and efficiency
depend on this order manipulations with them. The choice of order will be considered in
the following subdivisions, and now consider the transformations by which reduction of a
tree of decisions to OBDD is carried out. There are three such transformations:

(1) Gluing duplicate leaves (GDL): remove all the leaves of the solution tree, except
one, the leaves that are marked with the same constant, and reorient all input arcs of the
removed vertices to the remaining vertex-leaf.

(2) Gluing of internal vertices of duplicates (GIV): if the inner vertices of the
u and v solution trees are such that var(u) = var(v), l(u) = l(v) and r(u) = r(v), then
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remove one of those vertices and reorient all its input arcs to the remaining second vertex.

(3) Removal of redundant tests (RRT): if the internal vertex v is such that l(v) =
r(v), then we remove the vertex v and reorient all its input arcs to the vertex l(v).

If the first transformation is not in doubt, but the correctness of transformations GIV
and RRT need to be proven. The proof of this correctness for both transformations is
based on the concept of restriction of a Boolean function and the well-known Shannon
decomposition formula.

Boolean function obtained as a result assigning a fixed value k ∈ ∈ {0, 1} to some of
its arguments x, is called decomposition of the Boolean function f relative to the variable x
and is denoted by f|x←k . If two restrictions of the function f with respect to the variable x
are given, then for the function f the following identity holds (Shannon’s formula):

f = ¬x · f|x←0
+ x · f|x←1

. (5)

Example 4.2. Suppose that the function is f(x1, x2, x3) = x1 · x2 +¬x2 · x3. For this function we have

f|x1←0
= f1(x2, x3) = ¬x2 · x3 and f|x1←1

= f2(x2, x3) = x2 + ¬x2 · x3.

Then,

f(x1, x2, x3) = ¬x1 · f1(x2, x3) + x1 · f2(x2, x3) =

= ¬x1 · (¬x2 · x3) + (x1 · (x2 + ¬x2 · x3)) = x1 · x2 + ¬x2 · x3. ♠

Justification of correctness for GIV follows from conditions of application of this reduction
(var(u) = var(v), l(u) = l(v) and r(u) = r(v)) and Shannon’s formula. Really

fu = xf|x←l(u)
∨ ¬xf|x←r(u)

= xf|x←l(v)
∨ ¬xf|x←r(v)

= fv,

where fu, fv denote functions whose OBDDs have vertex roots u and v respectively.

Justification of correctness for RRT is performed similarly. Indeed, in terms of applica-
tion of this reduction (l(v) = r(v)) and Shannon’s formula we get:

fv = xf|x←l(v)
∨ ¬xf|x←r(v)

= (x ∨ ¬x)f|x←l(v)
= f|x←l(v)

.

Starting from some solution tree, the variables of which are ordered relatively to a certain
order, and applying the transformation of GDL, GIV and RRT, you can always reduce this
tree to OBDD. For example, a solution tree, shown in Fig. 4.1, is reduced to the following
OBDD: m

m
x1

x2mx2? ?

mmmm? ? ? ?
x3 x3 x3 x3
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After GDL
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m m

A
A
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x2 x2
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After GIV After RRT

Fig. 4.2. Reductions of OBDD
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It should be noted that the rules of transformation must be applied again, as each of
the transformations can create conditions to apply another transformation.

The main properties of OBDD are as follows:

1. OBDD is a canonical form of the Boolean function, because for a given order, two
OBDD representing the same function, are isomorphic to each other;

2. Given Boolean function is satisfied iff the OBDD that represents it has a leaf marked
with 1;

3. Boolean function is identically true (false) iff when the OBDD depicting it has a
single sheet marked 1 (0);

4. If the value Boolean function does not depend on the variable x, then its OBDD does
not include any vertices marked with a symbol variable x.

Of these properties it follows that with the help of OBDD are easily solved some impor-
tant questions for Boolean functions. In Fig. 4.1 and 4.2 is demonstrated, how to build a
decision tree from a truth table, and how this tree is reduced to OBDD

Well know, truth tables and tree solutions have exponential complexity with respect to
the number of variables Boolean function, while the image using OBDD often leads to a
much more economical image of this functions.

Dependence on the order of variables. The OBDD sizes, as shown by experiments,
depend on the chosen order of the variables. If this chosen order is unsuccessful, then the
size of OBDD may be large, while for another order, the size of the OBDD may be small.
OBDD depicting Boolean function is shown below in fig. 4.3.

f(x1, x2, x3, y1, y2, y3) = (x1 ∧ y1) ∨ (x2 ∧ y2) ∨ (x3 ∧ y3)

relative to the order x1 < y1 < x2 < y2 < x3 < y3 and order x1 < x2 < x3 < y1 < y2 < y3.
If we generalize this function to 2n variables, that is consider function

f(x1, . . . , xn, y1, . . . , yn) = (x1 ∧ y1) ∨ . . . ∨ (xn ∧ yn),

then OBDD for this function with respect to the order x1 < y1 < . . . < xn < yn has 2n
inner vertices (and all 2n+2) on one for each variable. OBDD for the same function relative
to order x1 < . . . < < xn < y1 < . . . < yn has 2(2n − 1) inner vertices. For n = 4 the
difference in the image is significant: the first OBDD has 8 internal vertices, and the second
has 30.

The question arises: whether there is some way to choose the right one order on va-
riables? The answer to this question is not unambiguous; in one case, one order is good,
and in the second, another order. In most OBDD applications, the order is selected from
the beginning or from some subjective considerations, or for the results of any heuristic
analysis of the system that depicts OBDD. It should be noted, that the choice of order with
any heuristic is not necessarily optimal, but whatever the order is, it does not affect the
correctness of the result.

If an order is found that does not lead to exponential growth of OBDD, then operations
on OBDD become quite effective. This the circumstance is important because with the help
of OBDD it is possible depict sets, relations, graphs, etc.

There is currently a portal on the Internet that provides variable orderings for certain
classes of Boolean functions.
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JĴl






�lx3 x3

@
@@Rllx3 x3

�
�	 ll l lJJĴy1 y1y1y1
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More information about OBDD and their properties can be found at the monographs
[8].

4.2 Programming for Algebra

Here we give the simplest examples of influence of programming on development of algebra.

4.2.1 Abstract data types and interpretations

One of the wide applications of algebras in programming is area of abstract data types. Well-
chosen data structures play an important role in the process of building efficient algorithms
and programs. Informally describing the algorithm for solving some applied problem, based
on selected mathematical model, we have to use such type of data, which is not in any
programming language, but they are inherent in this mathematical model. This type of
data is called abstract data types (ADTs). More formally, we mean by ADT some
formal mathematical model of data together with operations or operators defined on this
model. Simple example of this type of data is a set together with union, intersection and
difference operations. In the ADT model, operators can have operands not only as data,
defined by this ADT, but also as programming language operands and operands defined
by another ADT. The result of execution of operator can also be a data type, which is not
defined in the model of ADT.

But within this ADT it is assumed that at least one operand or the result of an arbitrary
operator has a data type defined in this model of ADT.

ADT are defined, as usually, using axioms, and they differ from data structures imple-
mented in programming languages, in that, when considering the properties of ADT, they
abstract from the way of their implementation and take into account only the algebraic pro-
perties arising from the axioms [27]. The use of ADT gives possibility design algorithms and
programs based on properties of their operations and predicates with subsequent selection
of the most effective way of them implementation. When developing software providing ab-
straction from the method of implementation of ADT has certain benefits. This abstraction
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gives possibility

– group ADT processing operators in one place of the program that significantly facili-
tates its debugging;

– quickly modify software product in case of method change implementation of ADT;

– minimize the number of changes in the main software modules product used by the
processing operators of this ADT [20].

For example, if you need to build an ADT for processing polynomials, then one of the
main operations on polynomials is the operation add(p, q) adding polynomials p and q.
To implement this operation, there are several ways to represent polynomials in computer
memory, but regardless of the choice of such an image, the meaning of the addition operation
does not change.

The ADT theory, in turn, influenced the development of algebra in the sense that it
stimulated the development of research in the algebras of multi-sorted sets and relations
[26].

4.2.2 Algebraic specifications in programming

The needs of programming and, in particular, ADT cause the appearance of a separate
section of modern algebra in the form of algebraic specifications and specification languages,
which form the basis of software development and validation methods [31, 26].

The main idea of using an algebraic approach to software development and justification
is to use the properties of data structures that are selected during software development,
as well as the operations and operators that are performed on this data. Based on these
properties, algebraic specification languages are developed, which describe one or more data
types together with all their properties of operations and operators.

There are three main types of algebras and approaches in this direction to develop
algebraic specifications that based on these algebra:

– initial algebras,

– terminal algebras,

– free algebras of specifications.

The first of these algebras describes those properties that follow directly from the axio-
matics of this type of data. In this algebra we consider the equivalences between different
data types.

The second algebras describes those properties that are fundamentally different for se-
lected data types.

The third algebras deals with properties of data models that are considered as separate
incompatible parts.

Details related to algebraic specifications, you can find in the above works [31, 26].

4.3 Programming and Graph theory

Development of computer systems and programming, which in their own way nature are
discrete, most influenced by graph theory since graphs is a convenient and visual way images
of discrete processes and events that take place in them.
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The pioneers in the use of graphs in programming were the works of A.P. Ershov and
Karp R. about organization of calculations arithmetic expressions, the optimal distribution
of registers for such calculations and optimal use of RAM.

In these works, theoretical graphic model of programs in the form of transition graph
was introduced in practice, which became classical in solving translation problems. Then
graphs of procedure call, data dependency graphs, syntax sort trees, nesting trees came,
and so on.

These tasks, in turn, contributed to the development of research in the field of graph
theory related to the search for efficient graph navigation algorithms (traversing the graph
in depth and width), finding the path in the graph of minimum length, transitive closure
the relation of the reach of the vertices of the graph, checking the graph for planarity,
checking the isomorphism of graphs, decomposition graphs, information storage etc. The
development of data structures for displaying graphical objects became relevant for these
tasks. In particular, trees form the basis of data structures for the image of objects, which
in the process of working with them can change their structure (dynamic objects). This
type of data structure is required databases, knowledge bases, computational optimization,
etc.

In particular, semantics of procedural type programming languages are based on graph
theory, the style of structural programming is substantiated (programming without “goto”
operator), data flow analysis [9], optimization transformation of software code [16], compo-
sition of programs, etc.

4.4 Abstract data types

Short proces of development of algorithms and programs, as we sow above, can be
describe in such way:

- -

Fig. 4.4. Diagram of development proces of programs
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ADT is a mathematical model of data together with operations defined on this model,
that is some formal mathematical model with operations, functions and predicates defined
on this model.

Simple example of ADT is powerset with operations union, intersection and difference.
In model of ADT operators can have operands not only data type are defined in this ADT,
but can have operands programing languages and operans defined by other ADT. As a
result performing of operator can have the data types defined by itself ADT.

Definition of ADT can be done by axiomatic and difference between data structures of
programming languages is abstraction from realizations.

Main consructors for definition a new ADT are primitive recursion and mathematical
induction. In general case definition of ADT comes to the follow:

– definitions of objects ADT,
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– simples operations of ADT,

– constructors of new operations, functions, predicates.

By using of ADT we can develop of algorithms and programs on the base properties of
their operations and predicates and choosing the best method of realization.

Such abstractions give possobility

– concentration of operators performing ADT in some place of program, its simplify
debagging in programs;

– fast modification program products if change method of realization ADT;

– minimization of number of modifications in main modules of program products by
using of operators of ADT.

Consider two types of operations and predicates on ADT which is described by induction
and recursion. We showed that such ADT can be represents as many-sorted algebraic
systems (AS):

A = (A,Ω = {wk1
1 , . . . , w

kn
n },Π = {πm1

1 , . . . , πmrr }),

where wkii : Aki → A, πj : Amj → {true, false}, i = 1, 2, . . . , n, j = 1, 2, . . . r, and true
and false are boolean constants.

4.4.1 Algebraic system of ADT “natural number”

Axiomatization:

1. 0 ∈ N ;

2. s : N → N – unary operation “next natural” with condition: if n ∈ N then s(n) ∈ N ;

3. ∀n ∈ N (¬(s(n) = 0));

4. if s(m) = s(n), then m = n;

5. if A is a set that 0 ∈ A and for all n ∈ A follows s(n) ∈ A, then A = N .

This is Peano’s axiomatization and its algebraic system look like:

A = (N,Ω = {0, s},Π = {=,¬}),

where N is currier AS, 0, s are zero and unary arity operations on N (operation s(x) = x+1),
= is binary predicat of equality on N .

Each natural numbers can be obtain by using operations 0 and s. Really n ∈ N is any
natural number can be presented as

m = s(. . . s(s︸ ︷︷ ︸
m times

(0)) . . .),

where operation s applied m times to number 0.

Axiom 4 used operations s(n) and pr(n) (“precedesor” of number n and pr(0) = 0). It
is obviously pr(s(n)) = n and s(pr(n)) = n, if n 6= 0.

Term set TN is defined by induction.
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Definition 15. Terms define as follows:

a) 0 is term,

b) if n is term, then s(n) and pr(n) are terms,

c) terms are objects are builded by using rules a) – b).

Set of formulae FN is defined by induction in the same manner.

Definition 16. Formulas define by using such rules:

a) true, false are formulae,

b) if m, n are terms, then m = n is formula,

c) if A and B are formulas, then ¬A,A ∨B,A ∧B,A→ B are formulas,

d) formulas are only such expressions which are builded by using rules a) – d).

Corresponding AS can be extended in natural way:

A = (U = (TN , FN ),Ω = {0, s, pr,¬,∨,∧,→},
Π = {true, false,=}),

where

s, pr : TN → TN ,

=: TN × TN → FN ,

∨,∧,→: FN × FN → FN ,

¬ : FN → FN .

Hence, algebraic system obtained above is two-sorted and called as Peano’s model.

Using this model we can describe the complete definition AS ADT “natural number”,
which is first order theory is called formal arithmetic.

Logical axioms:

A1) (A→ (B → A);

A2) ((A→ (B → C))→ ((A→ B)→ (A→ C));

A3) (¬B → ¬A)→ ((¬B → A)→ B);

A4) ∀x(A(x)→ A(t), where term t is free for variable x in formula A;

A5) ∀x(A→ B)→ (A→ ∀xB), if A has not free occurences of variable x.

Derivations rules:

a) MP: A and A→ B infer B (denotation A,A→ B ` B);

b) Gen: A infer ∀xA (denotation A ` ∀xA).

Own axioms:

B1) 0 – natural number;

B2) +, · are binary operations addition and multiplication, and s is unary operation
“next”;

B3) = is binary predicate of equality;

B4) ∀x(x = x);

B5) (x = y)→ (A(. . . , x, . . . , y, . . .)→ A(. . . , y, . . . , y, . . .));
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B6) ¬(s(x) = 0);

B7) (x = y)→ (s(x) = s(y));

B8) (s(x) = s(y))→ (x = y);

B9) (x = y)→ ((y = z)→ (x = z));

B10) x+ 0 = x;

B11) x+ s(y) = s(x+ y);

B12) x · 0 = 0;

B13) x · s(y) = x · y + x;

B14) (A(0) ∧ ∀x((A(x)→ A(s(x)))→ ∀xA(x),
where A is any formula and x, y, z are some terms.

In this AS is true well know

Theorem 29 (Gödel). In any first order theory, which is included formall arithmetic
there is true formula, for its there is no proofs both for A and ¬A in such theory.

4.4.2. ADT “LISTS”

This ADT we presente as many-sorted AS which is called AS of lists (ASL).

Symbolic data: operations.

Lists and symbolic data have common definitions and in future we shall be say only
about lists as symbolic data.

Definitions:

F (X) is free semigroup words with unit over some alphabet X = {x1, x2, . . . , xn}. Unit
is empty word e.

Definition 17. A list in alphabet X is any word in this alphabet which is builded by
using next rules:

a) empty word e is list,

b) if x ∈ X, then x is list,

c) if x ∈ X and p are lists, then x ·p is list, where · is binary operation of concatenation.

Two lists p = s1s2 . . . sm and q = y1y2 . . . yk are equal, if k = m and si = yi for
i = 1, 2, . . . ,m.

From this definition follows F (X) is algebra with one binary operation (·) and one zero-
arity operation (empty word) e. Introduce other operations and predicates over lists from
F (X).

Let N is the set of natural numbers and p = y1y2 . . . ym is any word from F (X), then

(1) head(p) = y1 (head : F (X)→ F (X)).

In other words, function head(p) gives first symbol of word p.

Properties:

head(e) = e, head(y) = y, if y ∈ X, head(head(p)) = head(p).
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(2) tail(p) = y2 . . . ym (tail : F (X)→ F (X)).

It is obviously

tail(e) = e, tail(y) = e, if y ∈ X, head(p) · tail(p) = p.

Sens of the next functions follows from their definitions.

(3) l(p) : F (X)→ N is defined function of length of word:

l(p) =

{
0, if p = e
s(l(tail(p)) = 1 + l(tail(p)), otherwise.

(4) add : F (X)×N ×X → F (X), where

add(p, i, x) = y1 . . . yixyi+1 . . . ym, 0 ≤ i ≤ l(p).
(5) del : F (X)×N → F (X), where

del(p, i) = y1 . . . yi−1yi+1 . . . ym, 1 ≤ i ≤ l(p).
(6) hl : F (X)×N → F (X), where

hl(p, i) = y1 . . . yi, 0 ≤ i ≤ l(p).
(7) tr : F (X)×N → F (X), where

tr(p, i) = yi+1 . . . ym, 0 ≤ i ≤ l(p).
(8) push : F (X)×X → F (X), where

push(p, x) = p · x = add(p, l(p), x).

(9) pop : F (X)→ F (X), where

pop(p) = y1 . . . ym−1 = del(p, l(p)).

(10) isemp : F (x)→ {true, false} is predicate, which is true iff list is empty

isemp(p) =

{
true, if p = e,
false, otherwise.

(11) memb : X×F (X)→ {false, true} is predicate, which is true iff x is element of list
p:

memb(x, p) =

{
false, if p = e,
true, if head(p) = x,
memb(x, tail(p)), otherwise.

(12) rev : F (X)→ F (X) is inverse list (convertation of list).

(13) putlast : X × F (X)→ F (X) is function for addition of element x to list.

(14) conc : F (X)× F (X)→ F (X) is concatenation of two lists.

(15) isatom : F (X) → {true, false} is predicate, which is true iff its argument is an
element of alphabet X:

isatom(p) =

{
true, if l(p) = 1,
false, otherwise.

Theorem 30. All functions and predicates (3)-(15) are present as terms by using of
operations e, head, tail, ·, 0, s, pr, true, false and superposition and primitive recursion.

Proof.
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1) For function l and predicate memb it follows imediately from their definitions.

2) hl(p, i) =

{
e, if i = 0
head(p), if i = 1,
head(p) · hl(tail(p), pr(i)), if i > 1.

3) tr(p, i) =

{
p, if i = 0
tail(p), if i = 1,
tr(tail(p), pr(i)), if i > 1.

4) putlast(x, p) =

{
x, if p = e,
head(p) · putlast(x, tail(p)), otherwise.

5) conc(p, q) =

{
q, if p = e,
head(p) · conc(tail(p), q), otherwise.

6) add(p, i, x) = conc(putlast(x, hl(p, i)), tr(p, i)).

7) del(p, i) = conc(hl(p, pr(i)), tr(p, i)).

8) rev(p) =

{
p, if p = e ∨ p = x (x ∈ X),
putlast(head(p), rev(tail(p))), otherwise.

9) isemp(p) = sg(l(p)).

10) isatom(p) = monus(sg(monus(l(p), 1), sg(l(p))).

From presentations of function hl, tr, putlast, conc and rev follows presentations for ope-
rations push and pop. �

Noted: functions head and tail (push and pop) are operations on set F (X), while other
function are not.

Definition 18. Many-sorted alhebra G = (U = (F (X), N, {true, false}), Ω = {·, head, tail, e, 0,
s, pr}) with operaion superposition and primitive recursion is called algebra of lists.

In this algebra we have such identities:

del(p, 1) = tail(p) = tr(p, 1); del(add(p, i, x),i+ 1) = p;
hl(p, l(p)) = p; tr(p, l(p)) = e;
pop(push(p, x)) = p

.

Now we can introduce other operations and predicates, if we used lexicographic order.
Define by induction binary predicate and ternary operation:

) subword(p, q) : F (X)× F (X)→ {false, true}.

subword(p, q) =

{
false, if p = e and q 6= e,
true, if hl(p, l(q)) = q
subword(tail(p), q), othrwise.

Properties:

subword(p, e) = subword(p, p) = true,

subword(p, q) = false, if l(p) < l(q).
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b) substit(p, q, r) : F (X)× F (X)× F (X)→ F (X).

substit(p, q, r) =

{
e, if p = e,
r · tr(p, l(q)), if hl(p, l(q)) = q,
head(p)substit(tail(p), q, r), otherwise.

Properties:

substit(p, e, r) = rp, substit(p, q, q) = p.

Multylists:

Definition 19. a) e is multylist,

b) p1, p2, . . . , pn are multylists,

c) if q1, q2, . . . , qk are multylists, then q1q2 . . . qk is multylist,

d) multylists is list iff it is builded by using rules a) – c).

4.4.3 Many-sorted AS of lists

Expand the ASL with the predicates of the equalities – =l and =n for comparing lists
and natural numbers, respectively. If the set of operations and predicates is is not empty,
then we denote the set of terms T and set of formulas F . The set T includes terms of two
types – type integer n (set of terms TN ) and type list l (type of TL).

Definition 20 . The set of terms T consists of the elements build by using such rules:

a) 0, e are terms of type n and l, respectively,

b) if x ∈ X, then x is the term of type l,

c) if p, q are terms of type l, and m is term of type n, then head(p), tail(p), x · p are
terms of type l and s(m), pr(m) are terms of type n,

d) if t1, . . . , tn are terms of types i1, . . . , in respectively, and f is an operation of type
(i1, . . . , in; j) is constructed by using operators of superposition and primitively recursion,
then f(t1, . . . , tn) is the term of type j, where i1, . . . , in, j ∈ {l, n},

e) terms are expression which are build according to the rules a) – d).

Definition 21 . The set of formulas F consists of the elements build by using such
rules:

a) true, false are formulas,

b) if t, t′ ∈ TN , p, q ∈ TL, then t =n t
′, p =l q and isemp(p) are formulas,

c) if A, B are formulas, then ¬A,A ∨B,A ∧B,A→ B are formulas,

d) if A1, . . . , An are formulas, and P is n-ary predicate, then P (A1, . . . , An) is a formula
if P is constructed using operators of superposition and primitively recursion according to
the rules a)–c),

e) formulas are expresions builded by using the rules a)– d).

Based on these definitions, we obtain the following many-sorted algebraic system:
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A = (U = (TN , TL, F ),Ω = {0, e, ·, head, tail, s, pr,¬,∨,∧}, Π = {true, false, isemp,=l,=n})

with the following axiomatic:

a) operations and predicates with axioms for the set N ,

b) isemp(e) =n true,

c) isemp(x · p) =n false, where x ∈ X, p ∈ TL,

d) head(x · p) =l x, where x ∈ X, p ∈ TL,

e) tail(x · p) =l p, where x ∈ X, p ∈ TL
together with operations and predicates

s, pr : TN → TN , head, tail : TL → TL, · : TL × TL → TL,

=l: TL × TL → {true, false}, =n: TN × TN → {true, false},
∨,∧,→: F × F → F, ¬ : F → F .

The AS obtained in this way call the algebraic system of lists (ASL).

Theorem 31 . ASL is algorithmically complete system, i.e. the system in which it is
possible calculate any partially recursive function.

4.4.4 Methods of implementation

Consider methods of implementation ATD “list” in computer memory. The implemen-
tation of methods depends on the set of operations, which are performed on lists.

Realization is based on arrays. This method is using arrays of elements of the list.
The element of list are placed in adjacent elements of array. This implementation allows you
to quickly view the contents of the list to insert new elements into it (operation putlast).
But insert an item in the middle of the list to move all the following elements in one position
to the end of the array. Deliting an element from the middle of the array also needs to move
the elements in order to fill an empty element of the array.

-last

1

2

1-t element

2-d element

last element

list

empty
part

Fig. 4.5. Realization by array

Such realization of the list is defined by change of type record, which has two fields. The
first field elements are elements an array whose size is considered sufficient to place lists
any length, which will be encountered in this implementation in program. The second field
last has the type integer for indicating the position of the last element in the array. As can
be seen from the figure above, the i-th element of list at 1 ≤ i ≤ last is in the i-th cell of the
array. Use the position of the element in the list to determine the integer i-th as position
of the element i.
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From what has been said, it follows that the main shortcoming is the implementation of
the list array and the complexity of the operation of inserting into the list and eliminating
of elements is nit efficient.

Implementation is based on pointers. In such realization of list array, implement
list for using pointers to free us from the necessities of use continuously memory areas to
list. But at the same time it is necessary to use additional memory for storage pointers.
When realizing (linear, single-linked, double-linked) lists of pointers link consecutive list
items. In this case, the list consists of elements in memory, each of which has two fields.

First the field saves the list item ai, and the second pointer to the next element ai1. If
the list includes a1, a2, . . . , an, the memory element in which the element is stored an has
a pointer nil (zero), which means the end of the list. The first element of the list is the
element header, the pointer which points to the first item in the list. In the case of an
empty list this pointer is nil.

header
- a1 - a2 - · · ·- an nil

Fig. 4.6. Realization by pointers

list

The main advantage of this implementation is that it requires so many memories, so
many items in the list, but need extra memory for pointers to list items.

Cursor-based implementation is used in the case where programming languages
there have not variables of type pointer (Fortran,Algol − 60). In this case, the pointers
are modeled integer variables, which play the role of pointers.

4.4.5 Number presentations in ASL

When performing calculations on computers, it is important the problem of calculation
accuracy. This problem has two aspects. One of them is that the exact calculations are
performed in computers only over integers, and most calculations need to be performed over
approximate numbers. This means that such numbers are approaching finite sequences of
integers with a moving comma.

But here the second aspect of the problem of accuracy is manifested. It is known
that than more signs after the comma in the representation of approximate numbers, the
more accurate will be the results of calculations on these numbers. But bit size of the
machine word is limited (usually 32 binary bits) in the emergence of the need to represent
approximate numbers in words which have a higher bit rate than the bit rate of the machine
word.

The solution of the problem of calculation accuracy is performed by use of list data
structures as dynamic structures (which is quite important) give the opportunity to depict
approximations numbers are almost any finite length (it is clear that this the length cannot
exceed the amount of computer memory).

Base operations on lists to represent numbers. Basic operations required for ma-
nipulations with the numbers given in types of lists are as follows: let X = {a1, a2, . . . , an}
is finite alphabet, then basic operations, as practice shows are

– head(p) is first element of p;

– last(p) is the last element of the list p;
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– tail(p) is the tail of the list p;

– e is empty list;

– conc(p, q) is result of concatenation of two lists p and q;

– rev(p) is converted list p;

– tr(p, i) is the right part of the list p from which it was deleted first i elementsv.

It should be noted that the operation last (p) = head (rev (p)), then here in one of the
above properties ASL implies that the basic operations remain operations head, tail, conc, e.

When depicting lists of integers any accuracy in memory computer in performing accu-
rate arithmetic operations on them, the possibility of realization of these operations by
hardware (operations are addition, multiplication, subtraction, etc.). In this regard, it is
necessary development of special software that would perform this job.

Depending on the presentation of the numbers in the computer memory, they devided
on two types. Numbers of the first type are represented by lists called long numbers
or multiples of precision. Numbers, the second type are called short numbers or
numbers unary accuracy. The numbers of the first type are represented as list

n = (n0, n1, . . . , nk), k ≥ 1,

where nj satisffies inequality |nj | ≤ m− 1, m is base, nj is coefficient in series

n = n0 + n1m+ n2m
2 + . . .+ nkm

k,

where nj > 0 or nj < 0 in dependend on n > 0 or n < 0, and m−1 = 2k−1 is the maximal
value which is stored in word of computer.

Each nj is stored in a separate machine word uj , except for nk. The list can be organized
one of two ways, namely, nk – the largest significant figure – can be either at the beginning
of the list or at the end of the list. As a rule, the advantage is given to the second way, as
follows representation is more convenient when performing arithmetic operations because
this operations are performed starting with the lower digits. But in the second method is
also used because the operation is long numbers require a significant number to be at the
top of the list. The sign of the number n is equal to ±1 depending on whether nk > 0, or
nk < 0, i.e. the sign of the number n is preserved only in nk.

For example, let m = 103, i.e. the machine word can save only three decimal digits, you
need to remember the number n = +12356789. This number can be stored in memory as
shown below in the figure.

789 - 356 - 0+12p -

Fig. 4.7. Presentation of number n by list

To the list structure are accessed using of special type variable – pointer (it shown in the
figure under the name p). Similarly, the rational numbers n/d are given list (n, d), where n
and d are numbers, which are represented too in the form of lists.

When choosing a list representation of long numbers arouse interest a technique that
allows high-level languages to convert the value of this list field and/or update the value
without change other information which is stored in this list.
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5 LECTURE 5: COMPLEXITY

5.1 Turing’s model

Informaly, deterministic Turing mashine (DTM) is adaptation with head G, which can
move from left to right on infinite tape (infinite in right side) devided on the boxes (see
Fig. 5.1).

· · ·
6

G

P

Fig. 5.1. Diagram of DTM

?6

. ##yx · · · · ·

Formal definition: The DTM call odered forth objects M = (K,X, δ, s0), where
K is finite set of states, X is finite alphabet – alphabet of DTM (K ∩ X = ∅, where X
includes symbols # (for empty boxes), B (initial symbol) and empty word e), δ : K ×X →
K ′×X×{l, r, t} is tansition function of DTM, where K ′ = K∪{h, “yes”, “no”} and s0 ∈ K
is initial state of DTM.

Symbols h, “yes”, “no” means respectively final state, accepted state and not accepted
state, l, r, t means directions of moving respectively left, right, top.

Let DTM is in one of the states h, “yes”, “no”. If DTM is in state

– “yes”, then we say that DTM accepts input word p ∈ X;

– “no”, then we say that DTM does not accepts input word p ∈ X;

– h, then we say that DTM finish itself work and word is written on the tape is result
of DTM work.

If word q is a result of DTM work on the input word p then we write M(p) = q.

If DTM not finishing then we say that result of work is undefined.

Example 5.1. Consider DTM M = (K,X, δ, s0), where K = {s0, s, s1, s2}, X = {0, 1,#,B}, and transition
function δ of a given DTM defined by table below.
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Table of transition function Steps of computation

k ∈ K x ∈ X δ(k, x)
s0 0 (s0, 0, r)
s0 1 (s0, 1, r)
s0 # (s,#, l)
s0 B (s0,B, r)
s 0 (s1,#, r)
s 1 (s2,#, r)
s # (s,#, t)
s B (h,B, r)
s1 0 (s0, 0, l)
s1 1 (s0, 0, l)
s1 # (s0, 0, l)
s1 B (h,B, r)
s2 0 (s0, 1, l)
s2 1 (s0, 1, l)
s2 # (s, 1, l)
s2 B (h,B, r)

0) s0 B010
1) s0 B 010
2) s0 B 010
3) s0 B 010
4) s0 B 010#

5) s B 010#
6) s1 B 01##

7) s0 B 01#0

8) s B 01#0
9) s2 B 0##0

10) s0 B 0#10

11) s B 0#10
12) s1 B ##10

13) s0 B #010

14) s B#010
15) h B #010

Noted that result of computations can be defined as finished in state “yes” or “no”. ♠

Difference between definition DTM:

6

??

·xi··xjxl#· · · · xr #

Γ

P

Fig. 5.2. DTM with infinite tape in two sides

1–1–2–3· · · 2 3 4 · · ·

Theorem 32. Any DTM with infinite tape in two sides is modelled by DTM M ′ with
infinite tape in one (right) side and via versa.

Central object which is used in complexity theory is DTM with three tapes.

Definition 22. DTM with k tapes (k ≥ 1) is called forth objects M = (K,X, δ, s0),
where K and X the same as in definition of ordinary DTM above, but transition function δ
is called the program of DTM and define new state as follow:

δ : K ×Xk → (K ∪ {h, “yes”, “no”})× (X × {l, r, t})k,

where δ(s, y1, . . . , yk) = (s′, z1, d1, . . . , zk, dk) means that DTM in some moment is in state
s, its head on first tape observe symbol y1 and so on, its head on k-th tape observe symbol
yk, then in next moment DTM wil be in state s′, its head on first tape writes symbol z1 on
the place of symbol y1 and go or remain in the same state depend on the value of d1 an so
on, its head on k-th tape writes symbol zk on the place of symbol yk and go or remain in
the same state depend on the value of dk.
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The first symbol B does not change, that is if yi =B, then di = r. On initial moment
on all tapes are written symbol B, but on the first tape is written input word p (it means
q =B p).

Definition of result of DTM work is the same as for ordinary DTM, only with one differ-
nce – a result of computations after stopping DTM allways is written on the last (k-th) tape.

Example 5.2. Palindroms can be check more effectively by using two tapes DTM.

Table of transition function of this DTM is such:

k ∈ K x ∈ X y ∈ X δ(k, x, y)
s0 0 # (s0, 0, r, 0, r)
s0 1 # (s0, 1, r, 1, r)
s0 B B (s0,B, r,B, r)
s0 # # (s,#, l,#, t)
s 0 # (s, 0, l,#, t)
s 1 # (s, 1, l,#, t)
s B # (s1,B, r,#, l)
s1 0 0 (s1, 0, r,#, l)
s1 1 1 (s1, 1, r,#, l)
s1 0 1 (“no”, 0, t, 1, t)
s1 1 0 (“no”, 1, t, 0, t)
s1 # B (“yes”,#, t,B, r)

♠

Definition 23. Configuration of k-tapes DTM M is called tuple (s, p1, q1, . . . , pk, qk),
where s is actual state DTM, pi, qi are words are written on i-th tape (1 ≤ i ≤ k), head of
DTM observe last symbol of word pi.

We say, that DTM M with configuration (s, p1, q1, . . . , pk, qk) immediately reach of confi-

guration (s′, p′1, q
′
1, . . . , p

′
k, q
′
k) (denotation (s, p1, q1, . . . , pk, qk)

M−→ (s′, p′1, q
′
1, . . . , p

′
k, q
′
k)), if

next condition are true. Let pi = pi−1yi, qi = xqi−1 for i = 1, 2, . . . , k and let δ(s, y1, . . . , yk) =
(s′, z1, d1, . . . , zk, dk). Then for each i = 1, 2, . . . , k

– if di = r, then p′i = pi−1zix, and q′i = qi−1;

– if di = l, then p′i = pi−1, and q′i = zixqi−1;

– if di = t, then p′i = pi−1zi, and q′i = qi.

Transitive closure of immediately reacheble relation for configuration of k-tape DTM is

called reachable relation for configuration (denotation (s, p1, q1, . . . , pk, qk)
M∗−→ (s′, p′1, q

′
1, . . . , p

′
k, q
′
k)).

It means there is such number n ∈ N , that

(s, p1, q1, . . . , pk, qk)
Mn

−→ (s′, p′1, q
′
1, . . . , p

′
k, q
′
k),

and in this case we say that second configuration is reacheble from first configuration by
using n steps.

k-tapes DTM begins of its computations on input word p stay in configuration

(s0,B, p,B, e, . . . ,B, e),

where e is empty word. It means that input word p is written on first tape and on the other
tapes is written symbol B as initial symbol. If

(s0,B, p,B, e, . . . ,B, e)
M∗−→ (“yes”, p1, q1, . . . , pk, qk)
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for some words p1, q1, . . . , pk, qk, then we say M(p) = “yes”. If

(s0,B, p,B, e, . . . ,B, e)
M∗−→ (“no”, p1, q1, . . . , pk, qk)

for some words p1, q1, . . . , pk, qk, then we say M(p) = “no”. To the end if DTM finised in
configuration (h, p1, q1, . . . , pk, qk), then M(p) = p′kqk, where p′k is equal to the word pk,
taken without first symbol B, and qk is word written wihtout empty symbols. Hence, if
DTM with k-tapes finished in state h, then result will be written on the last tape.

5.2 Complexity classes P, PSPACE,L and below

In future we shal be used 3-tapes DTM, If DTM is 3-tapes, then

– on the first tape (called input tape) is written an input word and DTM can only read
symbols from this tape;

– second tape (called inside) is such, that DTM can write and read symbols from this
tape;

– third tape (called output) is such, that DTM can only write on this tape, but not
read.

In complexity theory principal interes have time and memory.

Definition 24. If 3-tapes DTM and an input word p satisfy relation

(s0,B, p,B, e,B, e)
Mt

−→ (H, p1, q1, p2, q2, p3, q3),

where H ∈ {h, “yes”, “no”}, then number t is called time of computations or time
complexity of solution of problem. In other words, time complexity is number of steps
performed DTM under its finish.

Memory or space of computations is called number boxes on worker tape, which is
used DTM during computations.

Definition 25. Let f : N → N is a function. We say that DTM M works in time
f(n), if for all input word p time of computation, needed DTM M for solution of problem p,
is equal to f(l(p)), where l(p) = n is leng of word p. Function f is called time constraint
of DTM M.

Now we can define classes of complexity by using 3-tapes DTM.

Definition 26. Let L ⊆ (X ∪ {#})∗ is a language. We say that language L belongs to
class TIME(f(n)), if there is 3-tapes DTM which is desidable language L in time f(n).
Set of languages TIME(f(n)) is called class of time complexity.

If language L desided 3-tapes DTM in polinomial time, i.e. f(n) = nk, where k is
constant, then class of such languages over all k is polinomial class of time complexity
and denoted P.

P = TIME(nk) =
⋃
j>1

TIME(nj).
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We say that language L belongs to class SPACE(f(n)), if there is 3-tapes DTM which
is desided language L and used no more f(n) boxes of inside tape. The set of lanhuages
SPACE(f(n)) is called class of memory complexity.

If language L desided 3-tapes DTM in polinomial memory, i.e. f(n) = nk, where k is a
constant, then class such languages over all k is polinomial class of memory complexity
and denoted PSPACE, that is

PSPACE = SPACE(nk) =
⋃
j>1

SPACE(nj).

We say, that language L belongs to class SPACE(log n), if there is 3-tapes DTM which
is desided language L and used no more log n boxes of worker tape. The set of languages
SPACE(log n) is called class of logarithmic memory complexity and denoted L (or
LOGSPACE), i.e.

L = SPACE(log n).

Noted, the classes of complexity P, PSPACE, L are very popular classes in complexity
theory of Turing’s model.

5.2.1 Foundation of complexity theory

The next theorems are foundations of complexity theory:

Theorem 33. For any k-tapes DTM M, which is work in time f(n) there is DTM with
one tape M ′ which is work in time O(f(n)2) and for any word p ∈ F (X) M(p)=M’(p).

Definition 27. Let f : N → N is a function of natural argument. We say that function
f is constructive of complexity (in time and memory), if f is monotonic and is true next
condition: there is k-tapes DTM Mf (K,X, δ, s0) such that for all n ∈ N and word p ∈ F (X)
of length n the relation is true

(s0,B, p,B, e, . . . ,B, e)
Mt
f−→ (h, p,B,#j1 ,B,#j2 , . . . ,B,uf(l(p))),

where u is called “quasiempty” symbol. More over, t = O(n + f(n)) and ji = O(f(l(p)))
for i = 2, . . . , k− 1. In other word, on the word p DTM Mf computes word uf(l(p)) and for
any word p DTM Mf finised after O(l(p) + f(l(p))) steps of computations using no more
O(f(l(p))) boxes of inside tape.

Theorem 34. If F1(n) and F2(n) are some constructive functions of time and if

lim
n→∞

F1(n) log2(F2(n))
F2(n) = 0,

then exists language L which is accepted by some DTM in time F2(n), but not acceptyed
any DTM in time F1(n).

Theorem 35. If F1(n) and F2(n) are any constructive functions of memory and if
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lim
n→∞

F1(n)
F2(n) = 0,

then there is language L which is accepted by some DTM with length memory constraints
by F2(n), but not accepted any DTM with length of memory constraints by F1(n).

Theorem 36. If F1(n) and F2(n) are any constructive functions of time and if

lim
n→∞

F1(n)
F2(n) = 0,

then there is language L which is accepted by nondeterministic Turing mashine (NTM) in
time F2(n), but not accepted any NMT in time F1(n).

Between DTM and NTM exists some relation.

Theorem 37. Let NTM is any TM which is accepted language L in time f(n), then
there is 3-tapes DTM M which is accepted language L in time O(cf(n)), where c is a constant
depending on NTM, that is

NTIME ⊆
⋃
c>1

TIME(cf(n)).

5.3 Arithmetical model

It is also natural to analyze the complexity of the algorithm in terms of numbers
arithmetic operations required for its implementation. This approach to estimation of the
time complexity of the algorithms is called arithmetical complexity, or arithmetical
model. In arithmetic models the length of the input data code is not taken into account,
and only their number is taken into account, whereas Turing models have a length input
code is an essential parameter. In this regard, the temporary complexity the algorithm
may be full-fledged in Turing models, but it can not to be such in arithmetic models in the
opposite.

Definition 28 . We say that the algorithm has a strictly polinomial estimate of time
complexity, if it has polinomial complexity in arithmetical models and polinomial on the
memory in Turing models.

From this definition it follows that the time complexity of the algorithm depends on how
represent (coded) rational numbers and results of arithmetic operations. We will further
consider that if a and b are two integers and it is known that b devides a without residues,
then the rational number a/b is represented by a corresponding integer. If the number a/b
is not an integer, then we assume that it is given in the so-called coprime forms a/b, where
GCD(a, b) = 1. In other words, coprime form is an image of the number a/b in views
unbroken fraction.

In arithmetic models of solving the question of what to count and how, consists of two
steps. At the first step, the essence is chosen operation or group of operations, and on
the other – which of these operations are in the body of the algorithm, and what are the
overhead costs or are used for registrations in data accounting.
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As essential operations, as a rule, operations are divided on two types: operations of
comparison and arithmetic operations. All of the comparison operations considered
as equivalent, and they act main operations in search and sorting algorithms. Important
element of such algorithms is the comparison of two quantities to determine whether the
given value corresponds to the desired, and when sorting – whether it goes beyond the
specified interval. The main ones operations of comparison are binary relations, as are
practically in each of the programming languages, ≤, <,=, 6=, >,≥.

Arithmetic operations are divided into two groups: additive and multiplicative. Ad-
ditive operations as abbreviated called addition, include addition, subtraction, increase
of values counters. Multiplicative operations, as they are called multiplication, include
multiplication, dividing an taking the remainder for modulus of a given number. This devi-
ding is due to the fact that the operation multiplication are more complexity than addition
operations. In applications some algorithms are considered better than other if they have
less multiplications, even if the number of addition operations is proportional to increase.

When analyzing the complexity of algorithms, the most important is the evaluation in
the worst case, because it gives the opportunity to evaluate maximum operating time. In
the worst case analysis is necessary find the input data on which the algorithm will perform
the most work. The worst case analysis gives the upper estimates for the operating time of
the parts our program depends on the selected algorithms.

Also important is the analysis of the complexity of the algorithm on average and This
process is quite complex, as it requires consideration large quantities of various detals.

When analyzing the arithmetic complexity of algorithms, they are devided on two kinds
– iterative and recursive.
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6 LECTURE 6: n-VALUED LOGICS

6.1 Propositional n-valued logic

Introduce some general definition of n-valued logics.

Definition 29. Mapping h : AP → Ln is interpretation, where AP is alphabet of
atomic formulas of propositional n-valued logic, and Ln = {0, 1

n−1 ,
2

n−1 , . . . ,
n−2
n−1 , 1}.

When specifying interpretations, you can calculate the values of formulas of Ln-logic.
Calculating the values of the formulas n-valued logic similar as for formulas of L2-logic,
performed by applying operations, the rules of calculation of which are using tables. These
tables determine the general method of calculating the values of formulas for any n.

Consider the model (semantic) aspects of n-valued logic on the example of 3-valued logic
using min-max-algebra, since it aspects are characteristic in for logics with n > 3. Well
know three-valued logics are four: Kleene-logic K3, Lukasievicz-logic L3 and two Bochvar’s
logics BI

3 and BE
3 . All of these logics are constructed by varying the values of logic’s

operations, such as are modeled by operations of min-max-algebra.

Recall that the formula P is called entail on the set of formulas Γ, if for any inter-
pretations where the whole formula of the set Γ is true, the formula P is also true for the
same interpretations (ie,there is no interpretation for all formulas in the set Γ are true,
and the formula P for this interpretation is false). Argument is one or more formulas
that are formed of certain assumptions in the additional formula, which is a consequence
of these assumptions. We shall say that the argument is valid if it is a consequence sets of
assumptions. It is also said that the consequence follows from valid assumptions.

Consider L3-logic of Lukasiewicz, the truth tables of it are such

A B A ∧B A ∨B A→ B ¬A
x y min(x, y) max(x, y) min(1, 1− x+ y) 1− x
1 1 1 1 1 0

1 1/2 1/2 1 1/2 0

1 0 0 1 0 0

1/2 1 1/2 1 1 1/2

1/2 1/2 1/2 1/2 1 1/2

1/2 0 0 1/2 1/2 1/2

0 1 0 1 1 1

0 1/2 0 1/2 1 1

0 0 0 0 1 1

Formula A → B, as in L2-logic, is considered to be true if the formula B is no less
true than the formula A, i.e. the logical value of formula B is not less than the logical
value of the formula A. This is consistent so that the formulas 0 → 0, 0 → 1, 1 → 1
are true, as in the case 2-valued logic. If x is the value of the formula A, and y is the
value of the formula B, then the difference x− y shows how much the value of the formula
A → B is deviated from the true. Hence, the formulas of A → B you can set the value of
1 − (x − y) = 1 − x + y. Combining both possible cases x ≤ y and x > y, the formulas
A→ B the value min(1, 1− x+ y) is inserted.

From the given tables the justice obviously follows such laws:

1) A ∧B = B ∧A, A ∨B = B ∨A;
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2) A ∧ (B ∧ C) = (A ∧B) ∧ C, A ∨ (B ∨ C) = (A ∨B) ∨ C;

3) ¬¬A = A;

4) A ∧ 0 = 0, A ∧ 1 = A;

5) A ∨ 0 = A, A ∨ 1 = 1;

6) ¬(A ∧B) = (¬A ∨ ¬B).

Definition 30. The formula A propositionally n-valued logic is called quasi-tautology
(quasi-contradiction), if it does not take value 0 (1) in each interpretations h.

The formula A of propositionally L3-logic is called quasi-entail of the set of formulas Γ,
if for any interpretations, in which formulas from Γ take the value 1 or 1/2, the formula A
also takes the same value in this interpretations.

Example 6.1. a) Show that the formuals are L3-tautologies:

a1) A→ A;

a2) A ∨B ⇔ (A→ B)→ B;

a3) A ∧B ⇔ ¬(¬A ∨ ¬B)⇔ ¬(¬A→ ¬B)→ ¬B);

a4) A→ (A ∨B)⇔ A→ ((A→ B)→ B);

a5) A↔ B ⇔ (A→ B) ∧ (B → A).

Proof. a1) Let h(A) = x is any interpretation, then

h(A→ A) = min(1, 1− x+ x) = min(1, 1) = 1.

On the base of the freedom of interpretation h the formula A→ A is tautology.

a2) Show that in the same interpretation the value of left part of equivalence is equal to value of right
part.

If h(A) = 1 and h(B) has all of other values, then h(A∨B) = 1 an since value h(B) and h(A→ B) are
equal, then h((A→ B)→ B) = 1.

If h(A) = 1/2 and h(B) has all of other values, then h(A∨B) = 1 for h(B) = 1 and h(A∨B) = 1/2 for
h(B) = 1/2. In first case we have h((A→ B)→ B) = 1 for first value B, for second ans third values B we
have value h((A→ B)→ B) = 1/2.

Similar proof for other cases when h(A) = 0.

Proof a3), a4) and a5) left as exersize.

b) Show that the formula ¬A ∨A is not L3-tautology.

Proof. For formula ¬A ∨A
b1) when h(A) = 0 we have max(1, 0) = 1;

b2) when h(A) = 1/2 we have max(1/2, 1/2) = 1/2;

b3) when h(A) = 1 we have max(0, 1) = 1.

Hence, since in interpretation b2) formula is not true, then it is not L3-tautology. ♠

Last example 6.1.b) show that law of “exclussion third” is not satisfy in n-valued logics
(n ≥ 3). It means that such logics assentially differenced from 2-valued. This fact show
that the formulas A→ B and ¬A ∨B are not equivalence in such logics.

6.1.1 Axiomatization of L3-logic

From example 6.1.a) follows: in L3-logic of Lukasiewicz can used only two logical
connections – → and ¬.
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Axiomatization system of L3-logic (denotation L3A) has form:

L31. A→ (B → A);

L32. (A→ B)→ ((B → C)→ (A→ C));

L33. (¬A→ ¬B)→ (B → A);

L34. ((A→ ¬A)→ A)→ A.

Unique derivation rule is MP: from A and A→ B derived B.

Main properties of this axiomatization gives

Theorem 38. a) Axiomatization system L31-L34 is complete and soundedness.

b) A formula A is the theorem of this L3-logic iff it is L3-tautology.

As in L2-logic all of logical connections of L3-logic can be expresed by using only ¬
and → (see examples 6.1.a2),a3),a5)). The axiom L31 is equal to A1 of proposition logic,
the axiom L33 is the theorem of L2. But the axiom A2 of L2-logic does not derived in L3

as theorem, since it is not L3-tautology. Consider some examples justification of theorem
L3-logic, by using above axiomatization.

Proposition 2. The next formulas are theorem of L3-logic:
a) ¬A→ (A→ B);

b) A→ B,B → C ` A→ C – TI (transitivity of implication);

c) A↔ ¬¬A – DN (double negation law);

d) A→ A – RI (reflexive law);

e) ((A→ A)→ B)→ B;

f) A→ ((A→ B)→ B)↔ A→ (A ∨B) – DL (disjunction law)

g) (A→ (B → C))→ (B → (A→ C)) – TRAN (transposition law);

h) (A→ B)→ (¬B → ¬A) – PK (inverse implication);

k) A ∧B ` A – LIMP (left implication).

Proof.

a) ¬A→ (A→ B)

1) ¬A→ (¬B → ¬A) – L31;
2) (¬B → ¬A)→ (A→ B) – L33;
3) (¬A→ (¬B → ¬A))→ (((¬B → ¬A)→

→ (A→ B))→ (¬A→ (A→ B))) – L32;
4) ((¬B → ¬A)→ (A→ B))→ (¬A→ (A→ B)) – MP 1),3);
5) ¬A→ (A→ B) – MP 2),4).

b) (TI): A→ B, B → C ` A→ C

1) A→ B – given;
2) B → C – given;
3) (A→ B)→ ((B → C)→ (A→ C)) – L32;
4) (B → C)→ (A→ C) – MP 1),3);
5) A→ C – MP 2),4).

From this rule follows such generalization of this rule (wich is denoted as UTI):

from A→ B,B → C, . . . ,X → Y follows A→ Y .
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c1) ¬¬A→ A

1) ¬¬A→ (¬A→ ¬(A→ ¬A)) – theorem a);
2) (¬A→ ¬(A→ ¬A))→ ((A→ ¬A)→ A) – L33;
3) ¬¬A→ ((A→ ¬A)→ A) – TI 1),2);
4) ((A→ ¬A)→ A)→ A – L34;
5) ¬¬A→ A – MP 3),4).

c2) A→ ¬¬A
1) ¬¬¬A→ ¬A – theorem b1);
2) (¬¬¬A→ ¬A)→ (A→ ¬¬A) – L33;
3) A→ ¬¬A – MP 1),2).

d) (RI): A→ A

1) A→ ¬¬A – theorem b2);
2) ¬¬A→ A – theorem b1);
3) A→ A – TI 1),2),

e) ((A→ A)→ B)→ B

1) (A→ A)→ ((B → ¬B)→ (A→ A)) – L31;
2) A→ A – theorem d);
3) (B → ¬B)→ (A→ A) – MP 1),2);
4) ((B → ¬B)→ (A→ A))→
→ (((A→ A)→ B)→ ((B → ¬B)→ B)) – L32;

5) ((A→ A)→ B)→ ((B → ¬B)→ B) – MP 3),4);
6) ((B → ¬B)→ B)→ B – L34;
7) ((A→ A)→ B)→ B – TI 5),6).

f) A→ ((A→ B)→ B) – A→ (A ∨B) DL

1) A→ ((A→ A)→ A) – L31;
2) ((A→ A)→ A)→ ((A→ B)→ ((A→ A)→ B)) – L32;
3) A→ ((A→ B)→ ((A→ A)→ B)) – TI 1),2);
4) ((A→ B)→ ((A→ A)→ B)→ ((((A→ A)→ B)→
→ B)→ ((A→ B)→ B)) – L32;

5) A→ ((((A→ A)→ B))→ B)→ ((A→ B)→ B)) – TI 3),4);
6) ((A→ A)→ B)→ B – theorem e);
7) (((A→ A)→ B)→ B)→ ((A→ A)→
→ (((A→ A)→ B)→ B)) – L31;

8) (A→ A)→ (((A→ A)→ B)→ B) – MP 6),7);

9) ((A→ A)→ (((A→ A)→ B)→ B))→
→ (((((A→ A)→ B)→ B)→ ((A→ B)→ B))→
→ ((A→ A)→ A((A→ B)→ B))) – L31;

10) ((((A→ A)→ B)→ B)→ ((A→ B)→ B))→
→ ((A→ A)→ ((A→ B)→ B)) – MP 8),9);

11) A→ ((A→ A)→ ((A→ B)→ B)) – TI )5),10);
12) ((A→ A)→ ((A→ B)→ B))→ ((A→ B)→ B) – theorem e);
13) A→ ((A→ B)→ B) – TI 11), 12).

g) TRAN: (A→ (B → C))→ (B → (A→ C))

1) (A→ (B → C))→ (((B → C)→ C)→
→ (A→ C)) – L32 where A/A,B → C/B,C/C;

2) B → ((B → C)→ C) – DL (B → (B ∨ C)) from 1);
3) (B → ((B → C)→ C)→ ((((B → C)→ – L32, where B/A,
→ C)→ (A→ C))→ (B → (A→ C))) – (B → C)→ C/B,A→ C/C;

4) (((B → C)→ C)→ (A→ C))→
→ (B → (A→ C)) – MP § 2),3)

5) (A→ (B → C))→ (B → (A→ C)) – TI § 1),4)
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h) PK: (A→ B)→ (¬B → ¬A)

1) (¬¬A→ ¬¬B)→ (¬B → ¬A) – L33, where ¬A/A,¬B/B;
2) (A→ B)→ (¬B → ¬A) – DN from 1),

k) LIMP (left implication): (A ∧B) ` A)

1) A ∧B ↔ ¬((¬A→ ¬B)→ ¬B) – given;
2) ¬A→ ((¬A→ ¬B)→ ¬B) – RDIS (p. g);
3) ((¬A→ ¬B)→ ¬B)→ ¬¬((¬A→ ¬B)→ ¬B) – DN from 2);
4) ¬A→ ¬¬((¬A→ ¬B)→ ¬B) – TI 2),3);
5) ¬((¬A→ ¬B)→ ¬B)→ A – PK from 4);
6) A – MP 1),5). �

Let A(A1, A2, . . . , Ak) mean that the formula A depends on the input of the atom
A1, A2, . . . , Ak or that the formula A constructed along these atoms by means of logi-
cal connections. Since any formula n-valued logic A, which depends on atomic formulas
A1, A2, . . . , Ak can have nk interpretations, then is true

Proposition 3 . The number of all formulas n-valued logic, which depends on the input
atomic formulas A1, A2, . . . , Ak, is equal to nn

k
.

Often together with a n-valued logic for a finite n considered in ∞-valued logic (see
section “Fuzzy logics”), where L∞ is the set rational numbers x such that 0 ≤ x ≤ 1.
Calculation values of formulas ∞-valued logic are conducted according to the rules, similar
to those described in the above tables of authenticity. For example, using these tables, it is
easy to see because the following formula L∞ are tautologies:

a) A→ A - rule RI, A→ (A ∨B),

b) A→ (B → A) – axiom L31,

c) (A→ B)→ (B → C)→ (A→ C)) – axiom L32,

d) (A→ (B → C))→ (B → (A→ C)) – TRAN rule,

e) (A→ B)→ B)→ (B → A)→ A),

f) (A→ B)→ (B → A)→ (B → A)).

Definitions of log following in Ln-logics can be given on bases min-max-algebra.

Definition 31. The formula B is called the logical consequence of the formulas A1, A2, . . . , Ak
in Ln-logs or L∞-logics (notation A1, A2, . . . , Ak `Ln B) iff for any interpretations h is true

h(A1) + h(A2) + . . .+ h(Ak)− h(B) ≤ k − 1.

In particular, `Ln B iff h(B) = 1.

Exists other definition that the formula B is a logical consequence of the formulas
A1, A2, . . . , Ak in Ln-logics. Example,

A1, A2, . . . , Ak `n B ⇔ ∀h min
i
{h(Ai)} ≤ h(B).

Consider the connection of the classical logic L2 and 3-valued logic L3.

Deduction theorem which gave a useful rule of inference in L2-logic, is not true in L3A-
logic. But some variant of the deduction theorem in L3A-logic exists.
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Theorem 39 (deduction). The formula B is derived from the formula A iff the for-
mula A→ (A→ B) is theorem of L3A-logic.

Definition 32. A 3-valued logic is called normal if for interpretation h, in which
the formula is 3-valued logic true (false) it will be true (false) in L2-logic in the same
interpretations h.

The justification for this definition is

Lemma 4 (about normalization). In a normal 3-valued logic logical value of the
logic connections of L2-logic behave exactly the same as in L2-logic.

Theorem 40. a) Each L3-tautology and each L3-quasitautology is L2-tautology. Each
L3-contradiction is L2-contradiction and each L3-quasi-entail is L2-entail.

b) Not every classical entailment is quasi-entailment in L2-logic. Not every L2-contradiction
is L3-contradiction.

c) If Γ |=L3 A, then Γ |=L2 A.

Note that exists the extension of the L3-logic, which was proposed by Lukasiewicz by
introducing new logical connections. New connections & i 5, as defined such dependencies:

P&Q = ¬(P → ¬Q), P 5Q) = ¬P → Q,

and the numerical values of these new relationships are given by the following expressions:

1. h(P&Q) = max(0, h(P ) + h(Q)− 1),

2. h(P 5Q) = min(1, h(P ) + h(Q)).

The new logical connections are called respectively bold conjunction and bold disjunction,
and old connections is called respectively weak conjunction and weak disjunction.

Logical valued of these connections in L3-logic of Lukasiewicz defined by next tables:

P&Q

P Q 1 1/2 0

1 1 1/2 0
1/2 1/2 0 0
0 0 0 0

,

P 5Q

P Q 1 1/2 0

1 1 1 1
1/2 1 1 1/2
0 1 1/2 0

.

6.1.2 P-style derivation for L3-logic

Consider the derivation system for the L3-logic that you use style suggested by Jan
Pavelka for truth-values and which is called P-style. This style requires the introduction of
truth constants, which are annotated formulas in the process of derivation in the axiomatic
systems. Thus, the language of the L3-logic of the atomic derive of formula with three
special characters, t, f, n. These characters are assigned formulas, which acquire logical
values T, F, N, corresponded to the level of truth and they are ordered as follows: F ¡N
¡T.

In the process of applying the P-style gives the opportunity to determine the authenticity
the value is given of the formula L3A -log. Let be given constants constants v formula v→
P means that “the formula P has at least the value v”. For, to make it clear, we present
the tables of truth values for this type formulas:
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t P t → P

T T T
T N N
T F F

,

n P n → P

N T T
N N T
N F N

,

f P f → P

F T T
F N T
F F T

.

These tables justify the meaning of the formulas v → P, and now consider the meaning of
the formulas P → v, which are read as “The formula P has the largest value v”. This is
explained the following tables of authenticity:

t P P → t

T T T
T N T
T F T

,

n P P → n

N T N
N N T
N F T

,

f P P → f

F T F
F N N
F F T

.

Combining these values, we assume that v P means: “P has exactly the true value v”.

The pair [P, v], where P is a some formula, and v is one of values T, F, N, called the
graduated formula. Value v in graduated formulas means that the formula P has at least
the value of v. Emphasize that the pair [P,v] means that the formula P has at least but
not necessarily exactly value of v. In the process of derivation using the P-style all formulas
are graded.

All axioms are graded value T and each derivation rules is specefied valued in derivation
process. Hence, we have such axiomatic:

Axiomatic system for L3PA-logic

All axioms are graded by the value of T, as well each derivation rule is specified by their
values in the processes application. Thus, we obtain the following axomatics:

L3P1. [P → (Q→ P ),T],

L3P2. [(P → Q)→ ((Q→ R)→ (P → R)),T],

L3P3. [(¬P → ¬Q)→ (Q→ P ),T],

L3P4. [((P → ¬P )→ P )→ P ,T],

L3P5.1.1. [(t→ t)→ t,T], L3P5.1.2. [t→ (t → t),T],
L3P5.2.1. [(t→ n)→ n,T], L3P5.2.2. [n→ (t→ n),T],
L3P5.3.1. [(t→ f)→ f,T], L3P5.3.2. [f→ (t→ f),T],
L3P5.4.1. [(n→ t)→ t,T], L3P5.4.2. [t→ (n→ t),T],
L3P5.5.1. [(n→ n)→ t,T], L3P5.5.2. [t→ (n→ n),T],

L3P5.6.1. [(n→ f)→ n,T], L3P5.6.2. [n→ (n→ f),T],
L3P5.7.1. [(f→ t)→ t,T], L3P5.7.2. [t→ (f→ t),T],
L3P5.8.1. [(f→ n)→ t,T], L3P5.8.2. [t→ (f→ n),T],
L3P5.9.1. [(f→ f)→ t,T], L3P5.9.2. [t→ (f→ f),T],
L3P6.1.1. [¬t → f,T], L3P6.1.2. [f→ ¬ t,T],
L3P6.2.1. [¬n → n,T], L3P6.2.2. [n→ ¬ n,T],
L3P6.3.1. [¬f → t,T], L3P6.3.2. [t→ ¬ f,T],
L3P7.1. [t,T], L3P7.2. [n,N],
L3P7.3. [f,F].

In this axomatic, the axioms L3P5 in L3P6 define truth value of logical connections.
For example, L3P5.1.1 and L3P5.1.2 say that when the antecedent and the consequent
conditions have the value T, then the whole condition will have a logical value T. While
L 3 P5.2.1 and L3P5.2.2 together say that when the antecedent has the value T and the
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consequent have values N, then the condition itself has values N. The axioms L3P6.1.1
and L3P6.1.2 say that negation of a condition that has the value T will be F. The axioms
L3P6.2.1 and L3P6.2.2 say that negation of a condition that has the value N will be N.

The first derivation rule in the L3PA-logic rule MP (modus ponens): from [P, v1]
and [P → Q, v2] follows [Q, v3], where v3 is defined in terms v1 and v2 as shown in the
following tables:

v1 v2 v3

T T T
T N N
T F F
N T N
N N F
N F F
F T F
F N F
F F F

.

The second inference rule in the L3PA-logic is rule TCI (Truth-value Constant Introduction):
from [P, v] follows [v → P], where v is a constant that has value v.

From the first line of the above ù tables it follows that the rule of MR at applications to
oral formulas generate oral formulas. Here we assume that all axioms of the system L3A,
as considered above, will be graded by the value T in L3PA, because they are included in
the aximatic of this logic.

Let’s show on some examples work of P-style in derivation processes. We first show
that if the formula P is specified by a value T, then its negation ¬P takes the value F.
Note that when we say that the formula P has the value T, then this is equivalent that the
formula has at least the value T, which is symbolically written in the form of the formula
t→ P . And when say that ¬P has the value F, then it is equivalent that this formula has
the largest value F, which is symbolic is written in the form of the formula ¬P → f . Below
is the derivation of this fact:

1) [((t→ P )→ (t→ P ),T] – RI;
2) [(t→ P )→ (¬P → ¬t),T] – RK from 1);
3) [¬t→ f ,T] – L3P6.1.1;
4) [(t→ P )→ (¬P → f),T] – GTI 2),3).

Show that if formula P has value F, then formula P → Q has value T.

1) [((P → f)→ (P → f),T] – RI;
2) [t→ ¬f ,T] – L3P6.3.2;
3) [(t→ ¬f)→ ((¬f → ¬P )→ (t→ ¬P ),T] – L3P2;
4) [(¬f → ¬P )→ (t→ ¬P ),T] – MP 2),3);
5) [(P → f)→ (t→ ¬P ),T] – PK § 4);
6) [¬P → (P → Q),T] – Prop.1, a);
7) [(P → f)→ (t→ (P → Q)),T] – GTI 5),6).

Proof that if we say “a formula P has at least value T”, then this formula has at least
value N.
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1) [t→ t,T] – RI;
2) [(t→ t)→ t,T] – L3P5.1.1;
3) [t,T] – MP 1),2);
4) [t→ (n→ t),T] – L3P5.4.2;
5) [n→ t,T] – MP 3),4);
6) [(n→ t)→ ((t→ P )→ (n→ P )),T] – L3P2;
7) [(t→ P )→ (n→ P ),T] – MP 5),6).

Show that formula P → P is L3A-tautology:

1) [P → P,T] – PI;
2) [(P → P )→ (t→ (P → P )),T] – L3P1;
3) [t→ (P → P ),T] – MP 1),2).

There are some formulas derived in L3PA-logic without proofs:

SUB (substitution): From P → Q and Q → P and any formula R infer formula R∗,
which is result of substitution of one or more occurences of P by formula Q.

DS (disjunction sillogism): From P ∨Q,P → R and Q→ R infer R.

DC (disjunctive conclussion): From P → R and Q→ R infer (P ∨Q)→ R.

CI (commutative of implication): (P ∨Q)→ (Q ∨ P ).

With P → Q and Q → P and any formula R is derived formula R∗, which is obtained
as a result of substitution instead of one or several occurrences of P of the formula Q.

DS (disjunctive syllogism): From P ∨Q,P → R and Q→ R is derived (P ∨Q)→ R.

DC (disjunctive consequence): From P → R and Q→ R follows (P ∨Q)→ R.

CI (commutative implication): (P ∨Q)→ (Q ∨ P ).

EXERSIZES

1. Proof laws 1) – 6) in Ln-logic.

2. Proof that formulas 1) – 6) are L∞-tautology.

3. Compute values the formulas of L3-valued logic:

(a) ¬A ∨B, (b) ¬A ∧ ¬B, (c) A ∧ ¬A,

(d) ((A ∧B)→ C)→ (A→ (B → C)),

(e) (A→ B) ∧ (B → A) (f) (A→ (B ∧ C))→ ((A→ B) ∧ (A→ C)).

4. Using truth tables L3-logic find the equivalence formulas:

a) P ∨Q and ¬(¬P ∧ ¬Q); b) P and ¬¬P ;

c) P and P ∧ P ; d) P and P ∨ P ;

e) P → Q and ¬Q→ ¬P ; f) P ↔ Q and (P ∧Q) ∨ (¬P ∧ ¬Q).

5. Using truth tables of L3-logic find the formulas which are L3-tautology:

a) ¬P → (P → Q); b) (P → ¬P )→ ¬P ;

c) (P ↔ Q) ∨ (P ↔ ¬Q);

d) (P ∧Q)→ (P ∨Q).

6. Construct formulas L3-logic B(A), C(A), D(A), which are build on atomic formula A such that B(A) is
L3-tautology, C(A) has value 1/2 and D(A) is L3-contradiction.

7. Show that ((An → B) → A) → A is Ln-tautology, but is not Ln+1-tautology, where An → B defined by
recursion:

A0 → B is B, An+1 → B is A→ (An → B).

8. Proof deduction theorem for Ln-valued propositional logic.

9. Proof theorem in L3-logic
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a) ((A→ A)→ B)→ B; b) A→ ((A→ B)→ B);

c) (A→ (B → C))→ (B → (A→ C)).

10) Proof that the following formulas are theorem in L3A-logic:

a) (P ∨Q)→ (¬P → Q); b) (P ∧Q)→ (Q ∧ P );
c) ¬(P → Q)→ ¬Q; d) ¬(P → Q)→ (Q→ P );
e) ¬(P → Q)→ (P → ¬Q); f) P → (¬Q→ ¬(P → Q)).

11) Proof that the foloowing formulas are theorem in L3PA-logic:

a) [(n→ P )→ (¬P → n),T]; b) [(P → f)→ (t→ (Q→ (P → R))),T];
c) [(n→ P )→ (n→ (Q→ P )),T]; d) [(t→ P )→ ((n→ Q)→ (n→ (P → Q))),T];
e) [(t→ (P → Q))→ (P → Q),T]; f) [(t→ (P → Q))→ ((t→ P )→ (t→ Q)),T].

12) Build derivations in L3PA-logic for formulas:

a) [P,N] ` [(¬P → n]; b) [P,N] ` [Q→ P,N];
c) [t→ (P ∨ ¬P ),N].

6.2 First order L3-logic

Difference between logic of predicates, in which interpretation extends to objects where
predicates take real values, is in n-valued in particular in 3-valued logic of the first-order
of the situation requires consideration of three areas: extension – a set of objects, where
predicates take the value of true, counterextension – where predicates take the value of false,
fringe is the set of objects where predicates do not take true and false.

Semantic 3-valued first-order logic is defined by using interpretations.

Interpretation of I 3-valued logic of the first-order, which we will denote L3∀, consists
of

1. non-empty domain D, which is called domain of interpretation.

2. specify three sets ext(P ), cxt(P ) and fge(P ) (for extension, counterextension and
fringe respectively) for each n-arity predicate P with the following requirements:

• all three, one or two sets, which may be empty, consisting of n-tuples elements from
D: ext(P ) ⊆ Dn, cxt(P ) ⊆ Dn, fge(P ) ⊆ Dn;

• all three sets are divided in pairwise disjoint subsets: ext(P )∩ cxt(P ) = Ø, ext(P )∩
fge(P ) = Ø, cxt(P ) ∩ fge(P ) = Ø.

• all three sets make up the set Dn, i.e. ext(P ) ∪ cxt(P ) ∪ fge(P ) = Dn.

3. An assignment of a member of D to each individual constants a, i.e. I(a) ∈ D.

It is also necessary to introduce the assignments: as in classical first-order logic, a
variable assignment v of D to each individual variable x: v(x) ∈ D and x-variant v′ of a
variable assignment v is an assignment such that v′(y) = v(y) for every variable y other
then x.

The truth-conditions for formulas on 3-valued logic are defined in terms of satisfaction
and dissatisfaction by variable assignments. Here the truth-conditions for the first-order
generation of L3, which we will call L3∀A.

1. Atomic formula P (t1, . . . , tn)

• satisfied by variable assignment v on interpretation I if 〈I∗(t1), . . . , I∗(tn)〉 ∈ ext(P ),
where I∗(ti) = I(ti), when ti is a constant and v(ti) when ti is a variable;

• dissatisfied, if 〈I∗(t1), . . . , I∗(tn)〉 ∈ cxt(P );
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• neither satisfied nor dissatisfied, if 〈I∗(t1), I∗(t2), . . . . . . , I∗(tn)〉 ∈ fge(P ).

When formula P neither satisfied nor dissatisfied by variable assignment, we will say that
it is undetermined by that assignment. Next clauses reflect the Lukasiewicz truth-tables for
propositional logic:

2. A formula ¬P is

• satisfy by a variable assignment v on an interpretation I if P is dissatisfied on I;

• dissatisfied if P is satisfied by v on I;

• undetermined otherwise.

3. A formula P ∧Q is

• satisfy by a variable assignment v on an interpretation I if both P and Q are
satisfied by v on I;

• dissatisfied if either P or Q is dissatisfied by v on I;

• undetermined otherwise.

4. A formula P ∨Q is

• satisfy by a variable assignment v on an interpretation I if either P or Q is satiafied
by v on I;

• dissatisfied if both P and Q are dissatisfied by v on I;

• undetermined otherwise.

5. A formula P → Q is

• satisfied by a variable assignment v on an interpretation I if either P is dissatisfied
by v on I, or Q is satisfied by v on I, or P and Q are both undetermined by v on I;

• dissatisfied if P is satisfied by v on I and Q is dissatisfied by v on I;

• undetermined otherwise.

6. A formula P ↔ Q is

• satisfy by a variable assignment v on an interpretation I if either P and Q are
both satisfied by v on I, or P and Q are both dissatisfied by v on I, or P and Q are both
undetermined by v on I

• dissatisfied if either P is satisfied by v on I and Q is dissatisfied by v on I or P is
dissatisfied by v on I and Q is satisfied by v on I

• undetermined otherwise.

The satisfaction conditions for quantified formulas are based on the idea that a uni-
versally quantified formula is like an extended conjunction and an existentially quantu-
fued foundation is like an extendent disjunctions. This means that ∀P is treated as
P ∧ P ∧ . . . ∧ P . . ., while ∃P is treated as P ∨ P . . . ∨ P . . .. Since a conjunction is true in
Lukasiewicz’s 3-valued logic if both conjuncts are true, false if at least one conjunct is false,
and neither true nor false othrwuse, we will want a universal quantification to the true if
what it says is true of everything, false if what it says is false of at least one thing, and
neither true nor false otherwise. Thus:

7. A formula (∀x)P is

• satisfy by a variable assignment v on an interpretation I if P is satisfied by every
x-variant of v on I;

• dissatisfied if P is dissatisfied by at least one x-variant of v of v on I;

69



• undetermined otherwise.

8. A formula (∃x)P is

• satisfy by v on I if P is satisfied by at least one x-variant of v on I;

• dissatisfied if P is dissatisfied by every x-variant of v of v on I;

• undetermined otherwise.

Finally, a formula has the value T on I if it is satisfied by every assignment in I, the value
F if it is dissatisfied by every assignment on I and the value N if it is not undetermined by
every variable assignment on I. Under our definitions, closed formula (but not necessarily)
will receuve one of the three values T, F or N on any interpretation.

Lemma 5 (First order Normality Lemma in L3∀) . In a normal three-valued first-
order system, a classical interpretation behaves exactly as it does in classical first-order logic
– every formula that is on that interpretation in 3-valued system is also true on that inter-
pretation in classical logic, and every formula that is false on that interpretation in 3-valued
system is also false on this interpretation in classcal logic.

Theorem 41 . a) Every formula that is a tautology in L3∀ system is also tautology in
classical first-order logic, and every formula that is contradiction in L3∀ is also a contra-
diction in classical first-order logic.

b) Not every formula that is a tautology (i.e. closed formula) is classical first-order logic
is also tautology in L3∀, and not every formula that is a contradiction in classical first-order
logic is also a contradiction in L3∀.

c) Every entailment that holds in L3∀-logic also hold in classical first-order logic.

d) Not every entailment that holds in classical firat-order logic also holds in L3∀-logic.

Quasi-tautology in L3∀-logic called closed formula that never has velue F on inter-
pretation, and quasi-contradiction called a closed formula that never has the value T.
Because L3∀-logic is normal, every quasi-tautology in L3∀ is also tautology in first-order
classical logic. On the other hand, some classical tautologies are not quasi-tautologies in
L3∀. For example, formula (∀x)(¬(P (x) → ¬P (x)) ∨ (¬(¬P (x) → P (x)) is such formula.
Similar results hold for quasi-contradictions.

Theorem 42. a) Every quasi-tautology in L3∀-logic is a tautology in classical first-
order logic, and every quasi-contradiction in L3∀-logic is a contradiction in classical firsr
order logic.

b) Not every formula that is a tautology in classical first-order logic is a quasi-tautology
in L3∀-logic, and not every formula that is a contradiction in classical first-order logic is a
quasi-contradiction in L3∀-logic.

A formula P called quasi-entails of a set closed first-order formulas Γ if, whenever
each member of Γ has either the value T or the value N, so does P . A first-order argument
is quasi-valid in a three valued system if the set consisting of its premises quasi-entails its
conclussion. Hence, we have

Proposition 4. a) Every quai-entailment in L3∀ is an entailment in classical first-order
logic.

b) Not every entailment in first-order classical logic is a quasi-entaiment in L3∀-logic.
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6.2.1 Axiomatization of L3∀-logic

Extend the axiomatic systems presented for L3-logic of Lukasiewicz to axiomatic system
L3∀-logic. This extension will be denoted L3∀A.

Schema of axioms for L3∀A:

L3∀1. P → (Q→ P ),

L3∀2. (P → Q)→ ((Q→ R)→ (P → R)),

L3∀3. (¬P → ¬Q)→ (Q→ P ),

L3∀4. ((P → ¬P )→ P )→ P ,

L3∀5. (∀x)(P → Q) → (P → (∀x)Q), where formula P has not free occuremces of
variable x,

L3∀6. (∀x)P → P (a/x), where a is any constant and expression P (a/x) means result of
substitution of constant a on places of all free occurences of variable x in P .

Derivation rules: 1) MP: P and P → Q derived Q;

UG: From P (a/x) infer (∀x)P , where x is any individual variable, provided that no
assumption contains the constant a and that P itself does not contain the constant a.

Theorem 43. This system is sound and complete system for L3∀A.

Because the axioms and rules of L3A are included in the quantificational system L3∀A
all of the derived rules and axioms from L3A are true in L3∀A. Additional properties of
L3∀A-logic follow from such theorem.

Theorem 44.
1) (∀x)P (x)→ (∃x)P (x);

2) (∀x)(P → Q)→ ((∀x)P → (∀x)Q);

3) ((∃x)(x) ∨ (∃x)Q(x)→ (∃x)(P (x) ∨Q(x));

4) (∃x)(P → Q)→ (P → (∃x)Q(x)), P has no free occurences variable x;

5) P → Q(a/x) ` P → (∀x)Q;

6) P,Q ` P ∧Q.

Proof.

1) (∀x)P (x)→ (∃x)P (x);

1) (∀x)P (x)→ P (a) – L3∀6, where (∀x)P (x)/(∀x)P (x), a/a
2) (∀x)¬P (x)→ ¬P (a) – L3∀6, where (∀x)¬P (x)/(∀x)P (x), a/a
3) ¬¬(∀x)¬P (x)→ ¬P (a) – DN 2)
4) P (a)→ ¬(∀x)¬P (x) – PK 3)
5) (∀x)¬P (x)→ ¬(∀x)¬P (x) – TI 1), 4)

2) (∀x)(P → Q)→ ((∀x)P → (∀x)Q);

In this formula the constant a taken such that in formulas P and Q have not free occurences a.
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1) (∀x)(P → Q)→ (P (a/x)→ Q(a/x)) – L3∀6, where (∀x)P (x)/(∀x)P (x), a/a
2) P (a/x)→ ((∀x)(P → Q)→ Q(a/x)) – TRAN 1)
3) (∀x)P → P (a/x) – L3∀6, where (∀x)P (x)/(∀x)P (x), a/a, x/x
4) (∀x)P → ((∀x)(P → Q)→ Q(a/x)) – TI 2),3)
5) (∀x)((∀x)P → ((∀x)(P → Q)→ Q)) – UG 4)
6) (∀x)((∀x)P → ((∀x)(P → Q)→ Q))→– L3∀5, where (∀x)((∀x)P → ((∀x)P →
→ ((∀x)P → (∀x)((∀x)(P → Q)→ Q)) – → Q)→ Q))/(∀x)(P → Q)

7) (∀x)P → (∀x)((P → Q)→ Q) – MP 5),6)
8) (∀x)((∀x)(P → Q)→ Q)→ – L3∀5, where (∀x)((∀x)(P → Q)→ Q)/
→ ((∀x)(P → Q)→ (∀x)Q)) – /(∀x)(P → Q)

9) (∀x)P → ((∀x)(P → Q)→ ((∀x)Q) – TI 7),8)
10) (∀x)(P → Q)→ ((∀x)P → (∀x)Q) – TRAN 9)

3) ((∃x)P (x) ∨ (∃x)Q(x))→ (∃x)(P (x) ∨Q);

let proof of formula

(¬(∀x)¬P (x) ∨ ¬(∀x)¬Q(x))→ ¬(∀x)¬(P (x) ∨Q(x)),

which is equivalent to this formula.

1) P (a)→ (P (a) ∨Q(a) – RDIS
2) ¬(P (a)→ Q(a))→ ¬P (a) – RCON 1)
3) (∀x)(¬P (x) ∨Q(x))→ P (x) – UG 2)
4) (∀x)(¬P (x) ∨Q(x))→ P (x)→
→ ((∀x)¬(P (x) ∨Q(x))→ (∀x)¬P (x) – p. 2) of theorem

4) ¬¬P → (¬P → ¬Q) – Prop. 2 a), where ¬P/P,¬Q/Q
5) (∀x)¬(P (x) ∨Q(x))→ (∀x)¬P (x) – MP 3),4)
6) ¬(∀x)¬P (x)→ ¬(∀x)¬(P (x) ∨Q(x)) – RCON 5)

7) Q(a)→ (P (a) ∨Q(a)) – L3∀1, where Q(a)/P, P (a)→ Q(a)/Q
8) ¬(P (a) ∨Q(a))→ ¬Q(a) – PK 7)
9) (∀x)(¬(P (x) ∨Q(x))→ ¬Q(x)) – UG 8)
10) (∀x)(¬(P (x) ∨Q(x))→ ¬Q(x))→ – p. 2)b where ∀x)(¬(P (x) ∨Q(x)→
→ ((∀x)¬(P (x) ∨Q(x))→ (∀x)¬Q(x)) – ¬Q(x))/(∀x)(P → Q)

11) (∀x)¬(P (x) ∨Q(x))→ (∀x)¬Q(x) – MP 9),10)
12) ¬(∀x)¬Q(x)→ ¬(∀x)¬(P (x) ∨Q(x)) – RCON 11)
13) (¬(∀x)¬P (x) ∨ ¬(∀x)¬Q(x))→
¬(∀x)¬(P (x) ∨Q(x)), – RDIS 6),12)

4) (∃x)(P → Q)→ (P → (∃x)Q;

Let prove for,ula ¬(∀x)¬(P → Q)→ (P → ¬(∀x)¬Q), which is equivalent to given formula.
1) P → ((P → Q(a/x))→ Q(a/x)) – L3∀6, where Q(a/x)/Q
2) P → (¬Q(a/x)→ ¬(P → Q(a/x))) – RKON 1)
3) ¬Q(a/x)→ (P → ¬(P → Q(a/x))) – TRAN 2)
4) (∀x)(¬Q→ (P → ¬(P → Q)) – UG 3)
5) (∀x)(¬Q→ (P → ¬(P → Q))→ – ¯. 2), where∀x)(¬Q→ (P →
→ ((∀x)¬Q→ (∀x)(P → ¬(P → Q))) – → ¬(P → Q))/(∀x)(P → Q)

6) (∀x)¬Q→ (∀x)(P → ¬(P → Q))) – MP 4),5)
7) (∀x)(P → ¬(P → Q))→ (P → (∀x)¬(P → Q))– L3∀5
8) (∀x)¬Q→ (P → ∀x)¬(P → Q)) – TI 6),7)
9) P → ((∀x)¬Q→ (∀x)¬(P → Q)) – TRAN 8)
10) P → (¬(∀x)¬(P → Q)→ ¬(∀x)¬Q) – RKON 9)
11) ¬(∀x)¬(P → Q)→ (P → ¬(∀x)¬Q) – TRAN 10)

5) P → Q(a/x) ` P → (∀x)Q.
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Supposed that variable x has not value a and formula P does not included a.
1) P → Q(a/x) – given
2) (∀x)(P → Q) – UG 1)
3) (∀x)(P → Q)→ (P → (∀x)Q) – L2∀5
4) P → (∀x)Q – MP 2),3)

6) P,Q ` P ∧Q⇔ ¬((¬P → ¬Q)→ ¬Q).

1) P – given
2) Q – given
3) ¬¬P – DN
4) ¬¬P → (¬P → ¬Q) – theorem 2 a), where ¬P/P,¬Q/Q
5) ¬P → ¬Q – MP 3),4)

6) (¬P → ¬Q)→ (((¬P → ¬Q)→
→ ¬Q)→ ¬Q) – RDIS (prop. 1 e), where ¬P → ¬Q/P,¬Q/Q

7) ((¬P → ¬Q)→ ¬Q)→ ¬Q – MP 5),6)
8) ¬¬Q→ ¬((¬P → ¬Q)→ ¬Q) – MP 5),6)
9) ¬¬Q – DN 2)
10) ¬((¬P → ¬Q)→ ¬Q) – MP 8),9)

This formula is equivalent P ∧Q. �

6.2.2 P-style derivation in L3∀-logic

We extend P-style system L3PA to a first-order system L3∀PA with the first-order
axiomatic system L3∀A-logic as a basis and adding the Pavelka axioms and rules from
L3PA:

L3∀P1. [P → (Q→ P ),T],

L3∀P2. [(P → Q)→ ((Q→ R)→ (P → R)),T],

L3∀P3. [(¬P → ¬Q)→ (Q→ P ),T],

L3∀P4. [((P → ¬P )→ P )→ P,T],

L3∀P5. [(∀x)(P → Q)→ (P → (∀x)Q),T], where P has not free occurences of x,

L3∀P6. [(∀x)P → P (a/x),T], where a is any individual constant and expression P (a/x)
means result of substition tha constant a for the variable x where x occurs free in P .

L3∀P7.1.1. [(t→ t)→ t,T], L3∀P7.1.2. [t→ (t → t),T],
L3∀P7.2.1. [(t→ n)→ n,T], L3∀P7.2.2. [n→ (t→ n),T],
L3∀P7.3.1. [(t→ f)→ f,T], L3∀P7.3.2. [f→ (t→ f),T],
L3∀P7.4.1. [(n→ t)→ t,T], L3∀P7.4.2. [t→ (n→ t),T],
L3∀P7.5.1. [(n→ n)→ t,T], L3∀P7.5.2. [t→ (n→ n),T],
L3∀P7.6.1. [(n→ f)→ n,T], L3∀P7.6.2. [n→ (n→ f),T],
L3∀P7.7.1. [(f→ t)→ t,T], L3∀P7.7.2. [t→ (f→ t),T],
L3∀P7.8.1. [(f→ n)→ t,T], L3∀P7.8.2. [t→ (f→ n),T],
L3∀P7.9.1. [(f→ f)→ t,T], L3∀P7.9.2. [t→ (f→ f),T],
L3∀P8.1.1. [¬t → f,T], L3∀P8.1.2. [f→ ¬ t,T],
L3∀P8.2.1. [¬n → n,T], L3∀P8.2.2. [n→ ¬ n,T],
L3∀P8.3.1. [¬f → t,T], L3∀P8.3.2. [t→ ¬ f,T],
L3∀P9.1. [t,T], L3∀P9.2. [n,N],
L3∀P9.3. [f,F].

First derivative rule in L3∀PA is MP (modus ponens): from [P,v1] and [P→ Q,v2]
infer [Q,v3], where v3 is defined in terms v1 and v2 as specified in the following table:
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v1 v2 v3

T T T
T N N
T F F
N T N
N N F
N F F
F T F
F N F
F F F

.

Second rule in L3∀PA is UG rule: from [P (a/x), v] infer [(∀x)P, v], where x is any
individual variable, provided that no assumption contains the constant a and that P does
not contain the constant a.

Third derivative rule in L3∀PA is rule TCI (Truth-value Constant Introduction):
from [P,v] infer [v → P,T], where v is the constant name for the value v.

All of the quantificational axiom schemata have been graded with the value T. The
rationale for the graded values in the UG inference rule is this: if P (a/x) has at least the
value v, where a is an arbitrary constant(not occuring in an assumption), this tells us that
the value of P must be at least v for any value x. If that is the case, we can infer that the
value of the universal quantification must also be at least value that P can have for any
value of x.

We’ll ilustrate the system with some examples. Show that formula (∀x)(T (x)→ T (x))
is tautology in L3∀-logic derived with value T in L3∀PA-logic.

1) [T (a)→ T (a),T] – RI;
2) [(∀x)(T (x)→ T (x),T] – UG 1).

The Law of Excluded Middle (∀x)(T (x)∨T (x)) is not a tautology in L3∀-logic, however
like its proposition counterpart A∨¬A it has at least the value N. We can derive (∀x)(T (x)∨
¬T (x)) with graded value N (and with disjunction rewritten interms of negation and the
implication) as follows:

1) [¬T (a)→ ((T (a)→ ¬T (a))→ ¬T (a)),T] – L3∀P.1;
2) [(n→ ¬T (a))→ ((¬T (a)→ ((T (a)→ ¬T (a))→
¬T (a))→ (n→ ((T (a)→ ¬T (a))→ ¬T (a)))),T] – L3∀P.2;

3) [(n→ ¬T (a))→ (n→ ((T (a)→ ¬T (a))→ ¬T (a))),T] – MP 1),2);
4) [T (a)→ ((T (a)→ ¬T (a))→ ¬T (a)),T] – RDIS;
5) [(n→ T (a))→ ((T (a)→ ((T (a))→ ¬T (a))→
¬T (a))→ (n→ ((T (a)→ ¬T (a))→ ¬T (a)))),T] – L3∀P2;

6) [(n→ T (a))→ (n→ ((T (a)→ ¬T (a))→ ¬T (a))),T] – MP 4),5);
7) [n→ T (a)) ∨ (T (a)→ n),T] – KI;
8) [n→ T (a)) ∨ (¬n→ ¬T (a)),T] – RK 7);

9) [¬n→ n,T] – L3∀P6.2.1;
10) [n→ ¬n,T] – L3∀P6.2.2;
11) [n→ T (a)) ∨ (n→ ¬T (a)),T] – SUB 8)9),10);
12) [n→ ((T (a)→ ¬T (a))→ ¬T (a)),T] – DS 3),6),11);
13) [n,N] – L3∀P9.2;
14) [(T (a)→ ¬T (a))→ ¬T (a)),N] – MP 12),13);
15) [(∀x)((T (x)→ ¬T (x))→ ¬T (x)),N] – UG 14).
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Well know that the formula (∃x)(¬T (x) ∧ T (x)) can have the value N in L3∀-logic, i.e.
it is a quasi-contradiction. The formula’s negation ¬(∃x)(¬T (x)∧ T (x)) is quasi-tautology.
In L3∀PA-logic can produce a derivation establishing that this latter formula alvays has at
least the value N. Using only negation, implication and universal quantifier we rewrite the
formula as ¬¬(∀x)¬¬((¬¬T (x)→ ¬T (x))→ ¬T (x)). Here we have replaces the existential
quantifier (∃x) with ¬(∀x)¬, and if we replace the conjunction ¬T (x) ∧ T (x) with rewrite
the disjunction. We begin with the previous derivation Law of Excluded Middle and add
the followin line:

16) [¬¬(∀x)¬¬((¬¬T (x)→ ¬T (x))→ ¬T (x)),N] – DN (3 times).

Let show that formula

(∀x)(P (x)→ Q(x))→ (n→ (∃x)P (x))→ n→ (∃x)Q(x))

alvays has value T. To show transform this formula to form

(∀x)(P (x)→ Q(x))→ ((n→ ¬(∀x)¬P (x))→ n→ ¬(∀x)¬Q(x))).

After that derivation has form:

1) [(∀x)(P (x)→ Q(x))→ (∀x)(P (x)→ Q(x)),T] – TI;
2) [(∀x)(P (x)→ Q(x))→ (∀x)(¬Q(x)→ ¬P (x)),T] – RK 1);
3) [(∀x)(¬Q(x)→ ¬P (x))→ ((∀x)(¬Q(x)→ (∀x)¬P (x)),T] – P ∨ ¬P ;
4) [(∀x)(P (x)→ Q(x))→ ((∀x)(¬Q(x)→ ¬P (x)),T] – RK 2),3);
5) [(∀x)(P (x)→ Q(x))→ (¬(∀x)¬P (x)→ ¬(∀x)¬Q(x)),T] – URCON 4);
6) [(n→ ¬(∀x)¬P (x))→ (¬((∀x)¬P (x)→
¬(∀x)¬Q(x)))→ (n→ ¬(∀x)¬Q(x)),T] – L3∀P2;

7) [(¬((∀x)¬P (x)→ ¬(∀x)¬Q(x))→
(n→ ¬(∀x)¬Q(x))),T] – TRAN 6);

8) [((∀x)(P (x)→ Q(x))→ ((n→ ¬(∀x)¬P (x))→
(n→ ¬(∀x)¬Q(x))),T] – RK 5),7).

EXERSISES

1. Buildt derivation such formulas in L3∀A-logic:

a) P (a/x)→ (∃x)P (x),
b) (∀x)(P → Q)→ ((∃x)P (x)→ (∃x)Q(x)).

2. Buildt derivation such formulas in L3∀A-logic:

a) (∃x)Q(x)→ (∃x)(P (a)→ Q(x),
b) (∃x)Q(x)→ (∃x)(P (x)→ Q(x),
c) (∃x)(P (a)→ Q(x))→ ((∀x)(P (x)→ (∃x)Q(x)),
d) P (a) ∨ (∃x)Q(x))→ (∃x)(P (a) ∨Q(x).

3. Construct derivation the formulas in L3∀PA-logic:

a) [(n→ P (a))→ (n→ (∃x)P (x),T],
b) [(n→ P (a))→ (∃x)P (x),N],
c) [(∀x)(P (x)→ Q(x))→ ((n→ P (a)→ (n→ Q(a))),T],
d) [(∀x)(P (x)→ Q(x))→ (((∀x)¬P (x)→ n)→ (∃x)Q(x)),N],
e) [(n→ (∀x)(P (x)→ Q(x))→ ((t→ (∀x)P (x))→ (n→ (∃x)Q(x))),T].
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7 LECTURE 7: FUZZY LOGICS

7.1 Propositional fuzzy logic

After consideretion of many-valued logics we can consider fuzzy logic. Fuzzy logic is
generalization of n-valued logic in case infinite set of truth values, i.e. it is L∞-logic.

Consider propositional fuzzy logic denoted as FLA, and rules of calculation truth-values
formulas in this logic, and its axiomatization.

Truth-values of FLA-formulas perform by using rules 1-7 of L3-logic of Lukasiewicz. Let
h is a interpretation, i.e. h(P ) means truth-valued of P , which is belongs to interval of real
numbers [0,1], i.e. h(P ) ∈ [0,1], then

1. h(¬P ) = 1− h(P ),

2. (P ∧Q) = min(h(P ), h(Q)),

3. (P ∨Q) = max(h(P ), h(Q)),

4. h(P → Q) = min(1, 1− h(P ) + h(Q)),

5. h(P ↔ Q) = min(1, 1− h(P ) + h(Q), 1− h(Q) + h(P )),

6. h(P&Q) = max(0, h(P ) + h(Q)− 1),

7. h(P 5Q) = min(1, h(P ) + h(Q)).

Example 7.1. Let formulas P,Q,R in interpretation h have such values h(P ) = 1, h(Q) = 0, 75, h((R) =
0, 5), then for these values we obtain:

¬P 0
¬Q 0,25
¬R 0,5
Q ∧ P 0,75
Q ∧R 0,5
P ∧ ¬P 0
Q ∧ ¬Q 0,25
Q ∨R 0,75
P ∨ ¬P 1
R ∧ ¬R 0,5

P → Q 0,75
P → R 0,5
Q→ Q 1
Q→ ¬Q 0,5
Q&Q 0,75
Q&R 0,25
P&R 0,5
Q5¬Q 0
P 5R 1
R5¬R 1

.

Noted that every formula of form P → P (as in L3-logic) has truth value 1, since min(1,1-h(P)+h(P))=1

independent on value h(P ). Every formula of form P 5P has value 1 too, since h(P 5P ) = min(1, h(P ) +

1− h(P )) = = min(1, 1) = 1. Similar fact is true for every formula of form ¬(P&¬P ). But formula P ∨¬P
has value 0,5 and can not has value less 0,5. From this fact follows that formula ¬(P ∧ ¬P ) has value at

least 0,5 too. ♠

7.1.1 Tautology, contradiction, entailment in FL

A FL-tautology call formula which has value 1 in ny interpretation, and call FL-
contradiction if it has value 0 in any interpretation. Entailment of a set formulas Γ call a
formula P which has value 1 in every interpretation in which all of formulas from Γ have
value 1. First noted that FL logic is normal.

Theorem 45. Every FL-tautology is a tautology of classical propositional logic, and
every FL-contradiction is a contradiction of classical propositional logic.
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From normality FL-logic follow

Proposition 5. A FL-entailment is entailment of of classical propositional logic.

From this proposition follows: each argument that is true in FL will be true in classical
propositional logic. Inverse propositions are not true. It follows from such

Proposition 6. a) Not every tautology of classical proposicional logic is a FL-tautology
and not every contradiction of classical propositional logic is a FL-contradiction.

b) Not every classical entailment is a FL-entailment.

Classical tautology P ∨ ¬P is not FL-tautology, and classical contradiction P ∧ ¬P is
not FL-contradiction. Classical consequence argument of form

¬(P↔Q)
(P↔R)∨(Q↔R)

not be true in FL. Really, if h(P ) = 1, h(Q) = 0 and h(R) = 0, 5, then subsumpsion has
value 1, but consequence has value 0,5.

Because bold conjunction and dasjunction are also normal connectives, then theorem 45
and proposition 5 hold as well when the bold connectives are substituted for the classical
connectives. Moreover, proposition 6 also hold when we substitutte bold connectives for
the classical ones. But both formulas

P → (P&P ) and (POP )→ P

are not FL-tautologies althogh they are classical tautologies Really, when h(P ) = 0, 5, for
example, so do both P → (P&P ) and (POP )→ P . The argument

POP
P

is not valid in FL-logic, for example, when h(P ) = 0, 5, the premise of the argument has
the value 1 while the conclusion has value 0,5. But the argument

P∨P
P

is classically valid.

Because evety truth value assignment for L3-logic is also a truth value assignment in
FL-logic, we have such proposition.

Proposition 7. Every FL-tautology is a L3-tautology, and every FL-contradiction is an
L3-contradiction.

It means that formula has value 1 on every FL-assignment must thereby be true on every
L3-assignment, and similarly that have value 0 on every FL-assignment. The converse,
however, does not hold.

Proposition 8. Not all L3-tautology are FL-tautologies, and not all L3-contradictions
are FL-contradictions.
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Note, that we can not do substitutions of bold connectives FL-logic by bold connectives
L3-logic because PO¬P is tautology FL-logic, but P ∨ ¬P is not L3-tautology.

Above we sow that set of tautologies (theorems) L3-logic is solvable and decidable pro-
cedure and computation procedure by using the truth tables are decidable proceduras.
Unfortunaly. this result can not be expand on fuzzy logic because the set of valueds of
formulas from unterval [0,1] are infinite.

The question arises: are there any decision procedures for the sets of tautologies of
propositional FL-logic? The answer is positive: solvability procedure for FL exists and not
one.

The most understandable procedure proposed is as follows. First, the n-valued Luka-
siewicz’s logic is determined for each natural number n ≥ 3 with values from the interval
{0, 1

n−1 , . . . ,
n−2
n−1 , 1}, where the values of the formulas are calculated according to the above

rules 1-7 for the L3-logic.

The next step is to determine the numbers #O(P ) whose values equal to the number
of occurrences of atomic formulas in the formula P . For example, #O(B) and #O(¬B)
is equal to 1, and #O(BOC) = #O(BOB) is equal to 2. Have been showed that when
the formula P , which includes only logical connection of negation and bold disjunctions,
then it will FL-tautology iff P is Ln-tautology, where n = 2#O(P ) + 1 [1]. For example,
the formula BO¬B will tautology FL-logki iff when she is a L5-tautology, and the formula
¬B∨ (BO¬C) will be FL-tautology only if it is L9-tautology. Because the formula of all the
logics are constructed by means of logical connections of negation and implication, then for
justification suth procedures need to show that implication is expressed through negation
and dold disjunction. But it is almost obvious, indeed

P → Q↔ ¬POQ = ¬¬P → Q↔ P → Q.

This is also confirmed logical values of formulas:

h(P → Q) = min(1, 1− h(P ) + h(Q)) = h(¬POQ) = min(1, h(¬P ) + h(Q)) =
min(1, 1− h(P ) + h(Q)).

After that, a set of tautologies any propositional Lukasiewicz’s Ln-logics solved by the
satisfaction problem for FL-logic, since exists mechanical conversion procedure formulas
FL-logic in correspoding formulas of Ln-logic of Lukasewicz.

7.1.2 N-tautology, and N-degree-entailment

To estimate the degrees of truth in FL-logic it is necessary enter some general definitions.

Definition 33. Let R be any set of real numbers from the interval [0, 1]. The greatest
lower bound (glb) of the set R is called a number n ∈ [0, 1], which satisfies the following
conditions:

a) n ≤ m for each m ∈ R;

b) ther is no the real number k ∈ [0, 1] such that k ≤ m for each m ∈ R and k ≥ n.

Any set R from the interval [0,1] guarantees the existence of slb. In particular, if the
set R has a minimal element, then this element will be slb. For example, slb([0,1]) = 0

78



and slb(0,2; 0,4; 0,7) = 0,2. But no each set of real numbers R has a minimum element.
Example, the set of numbers type 1; 0.5; 0.25; 0.125; 0.0625, ..., where each of the numbers
is obtained by multiplying the previous number by 0.5. This set of numbers does not have
the smallest element, but slb this set is equal to 0.

Let us define the concept of n-tautologies, where n is any real number from the interval
[0,1].

Definition 34 The formula is called n-tatology FL-logic, if n is slb of set truth values
of the formula as it can have.

Now it is necessary to define this concept in terms of slb for formulas, because not all sets
of logical values can have minimal elements. In addition, by the above definition, we can
get 1-tautologies, 0-tautologiessts etc.

The formula P ∨¬P is 0.5-tautology, as it was show above that this formula has a value
of at least 0.5. Of course, since h(P ∨ ¬P ) = max(h(P ), 1 − h(P )) if h(P ) ≥ 0.5, then
max(h(P ), 1 − h(P )) ≥ 0.5. In fact, using normal form, we can show that any classical
tautology, which includes only the connections ¬,∨,∧ will have a value of at least 0.5 only
when h(P ) ≥ 0.5, which means that it is 0.5-tautolgy.

In future proofs, the concept of n -contradictions, for which we introduce the concept
least upper boud for the set R from interval [0,1].

Definition 35. Let R be any set of real numbers from the interval [0, 1]. The smallest
upper bound (sub) of the set R is called a number n ∈ [0, 1], which satisfies the following
conditions:

a) n ≥ m for every m ∈ R;

b) trhre is no real number k ∈ [0, 1] such that k ≥ m for every m ∈ R and k ≤ n.

The formula FL-logic called n-contradiction) if n is the sub of the set of values that can
have formula.

The following normal form of equivalence is valid in FL-logic:

¬(P ∧Q) is equivalent to ¬P ∨ ¬Q De Morgan’s law
¬(P ∨Q) is equivalent to ¬P ∧ ¬Q De Morgan’s law
P is equivalent to ¬¬P DN law
(P ∨Q) ∧R is equivalent to (P ∧R) ∨ (Q ∧R) distribution
P ∧ (Q ∨R) is equivalent to (P ∧Q) ∨ (P ∧R) distribution
(P ∧Q) ∨R is equivalent to (P ∨R) ∧ (Q ∨R) distribution
P ∨ (Q ∧R) is equivalent to (P ∨Q) ∧ (P ∨R) distribution

.

By specifying the equivalences, each FL-formula that is constructed with only negation,
weak conjunctions and weak disjunction, can be converted to a formula that is in KNF or
in DNF. This form has only weak connectives and is defined as follows.

Definition 36 .

– Literal is a phrase.

– If P and Q are phases, so is (P ∧Q).

– Every phrase is in DNF.
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– If P and Q are in DNF, so is P ∨Q has DNF.

A literal is a clause.

– If P i Q clause, so is P ∨Q disjunct.

– Each disjunct is in the KNF.

– If P and Q are in the KNF, so is P ∧Q.

Now we can prove the following statement.

Proposition 9. A clause of FL-logic is a 0,5-tautology iff it contains a complementary
pair of literals.

Proposition 10. A phrase of FL-logic is a 0.5-contradiction iff it contains a comple-
mentary pair of literals.

Proposition 11. A formula P of FL-logic that is in CNF is a 0.5-tautology iff each
phrase in P comtainsdis a complementary pair of literals.

Proposition 12. A formula P of FL-logic that is in CNF is a 0.5-contradiction iff each
phrase in P contains a complementary pair of literals.

Because each formula of the classical propositional logic is equivalent to one in either
of or CNF or DNF, and every formula of FL-logic, that contains only negation and weak
conjunction and/or weak disjunction is equivalent to a formula in either CNF or DNF, it
follows that

Proposition 13. A formula of FL-logic that contains only negations, weak conjunction,
and weak disjunction as connectives is 0,5-tautology iff is a tautology, and is a 0,5-contradiction
iff it is a contradiction in the classical logic.

A similar statement is true in the L3-logic.

Proposition 14. A formula of FL-logic that contains only negations, weak conjunction,
and weak disjunction as connectives is 0,5-tautology iff it is a quasi-tautology in L3-logic,
and is a 0.5-contradiction iff it is quasi-contradiction in L3-logic.

The classically tautologies ¬(A → ¬A) ∨ (¬(¬A → A) and ¬(A ↔ ¬A), formulas that
can have values F in L3 have the value of 0 in FL-logic in interpretations h(A) = 0.5. So
we have

Proposition 15. Not every formula that is a classical tautology is at least 0.5-tautology
in FL-logic. Some classical tautologies are 0-tautologies in FL-logic.

We will say that a set of formulas Γ degree-entail a formula P if on every fuzzy truth-
valued assignment the value of P is greater than or equal to the glb of the values of members
of Γ on that assignment. An argument is degree-valid in FL if the set of its premises degree-
entail its conclusion. Obviously, every argument that is degree-valid in FL is also valid in
FL. The converse does not hold. For example, the argument
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P
¬(P→¬P )

is valid simplificiter in FL, but it is not degree-valid in FL, since the conclusion has a value
0 when the single premise has the value 0.5. More strikingly, the argument

P
P → Q

Q

also fails degree-validity (although it is simplificiter), if h(P ) = 0, 5 and h(Q) = 0, 4, then
h(P → Q) = 0, 9 and so the least value of the premises is 0,5 but the conclusion has the
value 0,4.

On the other hand of course, some valid arguments in FL are also degree-valid, for
example, the argument

P
P∨Q ,

that is, because the value of P ∨ Q is the maximum values of P and Q and so cannot be
less than the value of P . Here then are the relevant results:

Proposition 16. a) Every degree-entailment in FL-logic is a classical entailment.

b) Not every classical entailment is a FL degree-entailment.

Degree-validity plays an important role in dealing with arguments with vague premises
that maybe less than completely true. In such case, we may well be interested in whether
the conclusion is at least as true as the least true premise.

The concept of degree-validity captures whether the conclusion of an arguments the
smalest degree of truth of its premises. In this context, the question arises: how can this
be extended concept so as to approximate the degree-validity? We shall measure this as a
function of how much truth can be lost going from the premises to the conclusion.

When the difference between glb of the truth-values of members of a set of formulas Γ
on a fuzzy truth-value assignment h and the truth-value of a formula P on that assignment
is greater than 0 we will call this difference downward distance between Γ and P on h.
If the difference is less than or equal to 0, we will say that the downward distance between
Γ and P on h is 0. For example, the downward distance between the set of formulas
Γ = {P, P → Q} and Q on fuzzy asignment h(P ) = 0.9, h(Q) = 0.2 is equal to 0.3, 0.2,
0.1, since the glb of values of formulas in the set is 0.3, the value of the formula P → Q.
The maximum downward distance between Γ and P is the least upper bound of the
downward distances between Γ and P on any truth-value assignment.

We will say that a set of formulas Γ n-degree-entails P if 1−n is the maximum downward
distance between Γ and P , and that an argument is n-degree-valid if the set of its premises
n-degree-entails its conclusion. For example, if the maximum of the dowward distances
between Γ and P is 0.3, then Γ 0.7-degree-valid, but if the maximum of the downward
distance is 0.7, then Γ only 0,3-degree-entails P . We note that 1-degree-entailment coincide
with degree-validity and degree-entailment siplificiter, since by definition the former cases
have a maximum downward distance of 0.

To determine the n-degree-validity of the argument
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P
P → Q

Q

in FL-logic, we must find maximum downward distance between the set of formulas {P, P →
Q} and the formula Q.

We first note that when the least truth-value of one of the formulas P and P → Q is
1, i.e. when both formulas are true, the downward distance to the value of Q is 0, since
Q must have the value 1 in this case. More generally, the downward distance must be 0
whenever h(P ) ≤ h(Q). What is the downward distance when h(P ) > h(Q)? Well, in this
case h(P → Q) = 1− h(P ) + h(Q), so h(Q) = h(P → Q)− 1 + h(P ). Consequently, when
h(P ) > h(Q), the gap between the value of the least true of the formulas {P, P → Q} and
that of Q is

min(h(P ), h(P → Q))− (h(P → Q)− 1 + h(P )) = min(1− h(P ), 1− h(P → Q)).

We consider three case:

a) if h(P ) = 0, 5, then 1 − h(P ) = 0, 5, h(P → Q) ≥ 0, 5 and 1 − h(P → Q) ≤ 0, 5; in
this case, then, min(1 − h(P ), 1 − h(P → Q)) may be as great 0,5 (as will happen when
h(Q) = 0).

b) if h(P ) > 0, 5, then 1− h(P ) < 0, 5, and so min(1− h(P ), 1− h(P → Q) < 0, 5.

c) if h(P ) < 0, 5, then h(P → Q) > 0, 5, 1 − h(P → Q) < 0, 5, and min(1 − h(P ), 1 −
h(P → Q)) < 0, 5.

Thus the greatest downward disntance when h(P ) > h(Q) is 0,5. It follows that the
maximum downward distance between the set of formulas {P, P → Q} and the formula Q
in any case is 0,5 and that the argument

P
P → Q

Q

is therefore (1-0,5 = 0,5,)-degree-valid, or 0,5-degree-valid. Hence, we have

Proposition 17. Every n-degree-entailment in FL with n > 0 is also a classical entail-
ment (whether we use weak or bold connectives as a counterparts to the classical ones).

Proposition 18. Some classical entailments are only n-degree-entailments in FL, for
every small values of n, including 0.

Really, an example of classicaly valid argument that is 0-degree-valid in FL is:

B

¬(A→ ¬A) ∨ ¬(¬A→ A)

The argument is classically valid because the conclusion is a clasiical tautology. However,
as we saw erlier, the conclusion will have the value 0 in FL, when h(A) = 0, 5. Since h(B)
can be 1 when h(A) = 0, 5, the maximum downward movement from the truth-value of
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the single premise in FL to the truth-value the conclusion is 1 and the argument is thus
0-degree-valid.

Another important (for our purposes) example illustrating previous proposition is the
classical valid argument

A
A→ B
B → C
C → D
D → E
E → F
F → G
G→ H
H → I
I → J

J

This argument is 0.1-degree-valid in FL. When h(A) = 0.9, h(B) = 0.8, h(C) =
0.7, . . . , h(I) = 0.1 and h(J) = 0, then all of the premises have value 0.9, but the con-
clusion has the value 0. So this argument is at most 0.1-degree-valid. If we add another
conditional premise J → K and let K be the conclusion of the new argument, we will
have as argument with an even smaller n-degree-validity. Assigning h(A) = 10

11 , h(B) =
9
11 , h(C) = 8

11 , . . . , h(J) = 1
11 and h(K) = 0, all of the conditional premises will have the

value 10
11 as will A and so downward distance from the premises to the conclusionin in this

case is 10
11 giving the new argument at most 1

11 -degree-validity.

7.1.3 Fuzzy consequence

Consider the concept fuzzy consequence. First we will describe some details. A fuzzy
thruth-value assignment defines a fuzzy set of the formulas FL-logic, where each formula’s
degree of membership in the set is its degree of truth on that truth-value assignment. Let
us call every fuzzy truth-value assignment that makes each formula in a fuzzy set Φ at least
as true as its degree of membership in Φ a consonant truth-value assignment for the
set Φ. So, for example, for the fuzzy set Φ, that contains the formula A to degree 1, the
formula A ∧B to degree 0,3, and all other formulas to degree 0, the consonant truth-value
include all (and only) truth-value assignment that assign 1 to A, any value ≥ 0, 3 to B, and
any combination of values to the other atomic formulas.

Note that some fuzzy set have no consonant truth-value assignment. For example, any
fuzzy set in which the FL-formula ¬(P → P ) has a degree of membership greater than 0
does not have any consonant truth-valued assignments since there is no fuzzy truth-valued
assignment that will give this formula valye greater thea 0. Similarly, there are no consonant
truth-value assignment for any set that contains P with a degree of 0.5 and ¬P with a degree
of 0.6.

The fuzzy consequence of a fuzzy set of formulas Φ is defined to be another fuzzy set
in which the degree of membership for a formula Φ is the glb of truth-values that P can
have on any consonant truth-value assignment for Φ. We’ll use FC(Φ) to denote the fuzzy
consequence of Φ.
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It is possible to summarize this loosely by saying that a formula P is a member to degree
n in the fuzzy consequence of fuzzy set of formulas Φ if the value of P is guaranteed to the
at least n given the truth-degree of the members of Φ.

A special case of fuzzy consequence occurs when the fuzzy set Φ has no consonant truth-
value assignment. In this case FC(Φ) is a fuzzy set that contains every formula to degree
1. This is because the set of values assigned to any formulas by the consonant truth-value
assignment is the empty set Ø, and 1 is the glb (in the unit interval) of all the values in
empty set: it is trivially true that every member of Ø is at least as 1, since there are not
such members.

Another more interesting, special case of fuzzy consequence arises when a fuzzy set Φ
formulas of FL-logic is crisp, that is, when every formula FL-logic is a member of the set Φ
to either degree 1 or degree 0. The fuzzy consequence of a crisp set is a fuzzy set in which
the formulas that are entailed simplificiter in FL by the (degree 1) members of Φhave the
value 1, and all other formulas have a degree less than 1. So we may define emtailment
simp[lificier in FL-logic in terms of of fuzzy consequence in FL: a set of formula Γ entails
the formula P in FL if P is a member to degree 1 of the fuzzy consequence of the crisp set
in which the formulas of Γ iare members of degree 1, and the other formulas are members
to degree 0. More generally, degree entailment of which entailment simplificiter is a special
case) is definable in terms of fuzzy consequence: a set formulas Γ degree entails the formula
P if for enery n ∈ [0, 1], P is a member to at least degree n of fuzzy consequence of each
fuzzy set in which the glb of members of Γ is n and all other formulas of FL have the value
0. N-degree-entailment is also definable in terms of fuzzy consequence.

7.1.4 Axiomatic system for FLA

Axiomatic system for FLA-logic includes first three schemata of axioms Lukasiewicz’s L3-
logic anf one additional axiom:

FLA1. P → (Q→ P ),

FLA2. (P → Q)→ (Q→ R)→ (P → R)),

FLA3. (¬P → ¬Q)→ (Q→ P ),

FLA4. ((P → Q)→ Q)→ ((Q→ P )→ P ).

Single derivation rule is modus ponens MP: P and P → Q infer Q.

Axioms schema L34 from axomatics of L3 cannot included here because it’s not a tau-
tology schema in FLA. On the other hand, simply deleting L34 would leave the system
incomplete for FLA-logic, so the axiom FLA4 is added to give the axiomatic power we need.
Given the definition of disjunctions

(P ∨Q)→ (Q ∨ P ).

FL4 can be written as (P ∨Q)→ (Q∨P ), which asserts that disjunction is a commutative
operation. Recall that we derived this formula in L3A, as derived axiom schema L3D9.

FLD1: ¬P → (P → Q)

is also derivable axiom schema in FLA because it was justified using only L31-L33 and MP
rule. We will henceforth refer to this derived axiom as FLD1. Similar, we may conclude
that
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(TI): from P → Q and Q→ R infer P → R

is a derivable rule in FLA used only axiom schema L32 and MP. On the other hand although
both

¬¬P → P and P → ¬¬P

are derivable as axiom in FLA, we cannot conclude this from the derivations that we used
in L3A since those derivations depend on axiom L34.

We will show how to derive both of these formulas in FLA, first introdusing for conve-
nience the derived axiom schemata

Theorem 46. The formulas are theorem in FLA-logic:

a) FLD2: ((P → Q)→ R)→ (¬P → R);

b) FLD3: P → ((P → Q)→ Q);

c) FLD4: (((Q→ R)→ (P → R))→ S)→ ((P → Q)→ S);

d) FLD5: (P → (Q→ R))→ ((S → Q)→ (P → (S → R)));

e) FLD6: (P → (Q→ R))→ (Q→ (P → R));

f) FLD7: P → P .

Proof.

a) FLD2: ((P → Q)→ R)→ (¬P → R);

(1) ¬P → (P → Q) −FLD1
(2) (¬P → (P → Q))→ (((P → Q)→ R)→ (¬P → R)) −FLA2
(3) ((P → Q)→ R)→ (¬P → R) −MP 1, 2

b) FLD3: P → ((P → Q)→ Q);

(1) P → ((Q→ P )→ P ) −FLA1
(2) (Q→ P )→ P )→ ((P → Q)→ Q) −FLA4
(3) P → ((P → Q)→ Q) −TI 1, 2

c) FLD4: (((Q→ R)→ (P → R))→ S)→ ((P → Q)→ S);

(1) (P → Q)→ ((Q→ R)→ (P → R)) −FLA2
(2) ((P → Q)→ ((Q→ R)→ (P → R)))→

((((Q→ R)→ (P → R))→ S)→ ((P → Q)→ S)) −FLA2
(3) (((Q→ R)→ (P → R))→ S)→ ((P → Q)→ S) −MP 1, 2

d) FLD5: (P → (Q→ R))→ ((S → Q)→ (P → (S → R)));

(1) ((((Q→ R)→ (S → R))→ (P → (S → R)))→
→ ((S → Q)→ (P → (S → R))))→
→ ((P → (Q→ R))→ ((S → Q)→ (P → (S → R)))) −FLD4

(2) (((Q→ R)→ (S → R))→ (P → (S → R)))→
→ ((S → Q)→ (P → (S → R))) −FLD4

(3) (P → (Q→ R))→ ((S → Q)→ (P → (S → R))) −MP 1, 2
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e) FLD6: (P → (Q→ R))→ (Q→ (P → R));

(1) Q→ (Q→ P )→ P ) −FLD3
(2) (Q→ ((Q→ R)→ R))→ (P → (Q→ R))→

→ (Q→ (P → R))) −FLD5
(3) (P → (Q→ R))→ (Q→ (P → R)) −MP 1, 2

f)FLD7: P → P .

(1) (P → (Q→ P ))→ (Q→ (P → P )) −FLD6
(2) P → (Q→ P ) −FLD2
(3) Q→ (P → P ) −MP 1, 2
(4) (P → ((Q→ (P → P ))→ P ))→

→ ((Q→ (P → P ))→ (P → P )) −FLD6
(5) P → ((Q→ (P → P ))→ P ) −FLD1
(6) (Q→ (P → P ))→ (P → P ) −MP 4, 5
(7) P → P −MP 3, 6�

Now we can proof duble negation law: P ↔ ¬¬P .

g) FLD8: ¬¬P → P .

(1) (¬P → ¬(P → P ))→ P )→ (¬¬P → P )) −FLD2
(2) (¬P → ¬(P → P ))→ ((P → P )→ P ) −FLD3
(3) ((¬P → ¬(P → P ))→ ((P → P )→ P ))

((P → P )→ ((¬P → ¬(P → P )→ P ))) −FLD6
(4) (P → P )→ (((¬P → ¬(P → P )→ P )→ P ))→ P )) −MP 2, 3
(5) P → P −FLD7
(6) (¬P → ¬(P → P )→ P −MP 4, 5
(7) ¬¬P → P −MP 1, 6�

g)FLD9: P → ¬¬P .

(1) ¬¬¬P → ¬P −FLD8
(2) (¬¬¬P → ¬P )→ (P → ¬¬P ) −FL3
(3) P → ¬¬P −MP 1), 2)�

The axiomatic system of FLA-logic is sound: every theorem (formula derived without
any assumpsions) is tautology of FLA-logic, and if a formula P can be derived from the set
of assumptions Γ, then Γ semantically entails P . FLA-logic is also weakly complete, i.e.
every tautology is a theorem of FLA. However, the system is not strongly complete for FL.
Strong completeness means that, given any semantic entailment of formula P from a set
Γ of formulas, thre is a derivation of P from those formulas in the axiomatic system. But
the best that can we say for FLA is the corresponding to any semantical entailment of a
formula P from a finite set of formulas in FL there is derivation in FLA of P from the set.

In general, it’s not just specific system for FL that has a problem here: no sound
system for FL can be strong complete. For all such systems, strong completeness falls in the
case of entailments from infinite sets because for some of these there are no corresponging
derivations.

86



An example of such an entailment in FL goes from the set Σ consisting of the formula
¬P → Q and the infinitely many formulas in the series

(¬P → P )→ Q,

(¬P → (¬P → P ))→ Q,

(¬P → (¬P → (¬P → P )))→ Q,

(¬P → (¬P → (¬P → (¬P → P ))))→ Q,

...................................................................
(where the antecedent of each subsequent formulas is a conditional whose antecent is ¬P
and whose consequent is the consequent all the preceding formula) go to the formula Q. A
formula Q must be true whenever all the formulas in Σ are true.

To see the entailment, assume that all of the formulas in Σ are true and consider the
values that P may have. If P has the value 0, then the formula ¬P → Q has a true
antecedent and so Q must have the value 1 as well. If P has any value greatest or equal
to 0.5, then ¬P → P has the value of 1, so the formula (¬P → P ) → Q has a true
antecedent and Q must therefore have the value 1. More generally, in FL-logic the value of
the antecedent of the n-th member of the infinite series of formulas

(¬P → P )→ Q, (¬P → (¬P → P ))→ Q, (¬P → (¬P → (¬P → P )))→ Q,

(¬P → (¬P → (¬P → (¬P → P ))))→ Q, . . .

is the minimum of 1 and (n+ 1) times the value of P . So if the value of P is any m, where
0 < m ≤ 1, then for every n ≥ 1 such that m ≥ 1

n+1 the value of the antecedent of the nth
formula is 1 and so Q must also have the value 1. Because we can find such an n for any
value m ≥ 0 that formula P may have, and because we have also shown that Q must be
true when P has the value 0, it follows that Q must be true whenever all of the formulas in
Σ are true.

On the other hand, derivations are finite in length and any single derivation of Q can
include only a finite many formulas from the set Σ. But no finite subset Ψ of Σ semanticaly
entails Q in FL-logic. A finite subset of Ψ can contain only finitely many members of the
infinite series

(¬P → P )→ Q, (¬P → (¬P → P ))→ Q, (¬P → (¬P → (¬P → P )))→ Q,

(¬P → (¬P → (¬P → (¬P → P ))))→ Q, . . .

If Ψ does not contain the formula ¬P → Q, then Q can be false when all the formulas in
Ψ are true. If P has the value 0 then the antecedents of all formulas in Ψ are false and thus
the formulas are true even if Q has the value 0. If Φ does not contain the formula ¬P → Q
then let k be the highest number of any member of the series that appears in Ψ; i.e. the
kth member of the series occurs in Ψ but no later member does. Whenever the value of P
is greater than 0 but less than 1

k+1 , it is possible for Q to tail to be the true while all of the
members of Ψ are true. Q cal fail to be true in this case since none of the antecedent of the
formulas in Ψ will be true, and order for the conditionals in Ψ in all be true, Q only needs
to be true as the antecedent that is closed to being true.

FL-logic is sound system and so there can be no derivation when there is no entailment.
It therefore follows from the fact that Q is not semantically entailed by any finite set Σ
that Q cannot be derived from any finite subset of the within FLA. Since the infinite set
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Σ semantically entails Q but there is no corresponding derivation, FLA is not strongly
complete. Moreover, the reasoning shows that there is no sound axiomatic system for FL,
that is strongly complete.

The above example shows that the semantic entailment relation in FL is not compact,
where compactness means that whenever a semantic enatilment holds between an infinite
set of premises and conclusion then entailmen also holds between at least finite subset of
the premises and conclusion. To summarize, we have

Theorem 47 . a) FL-logic is not compact.

b) No axiomatic system for FL-logic which is strongly complete.

It follows from the theorem that there is great contrast between classical L2, L3-logics
and FL-logic. For classical logics both propositional and first-order are semantically compact
and have strongly complete axiomatizations.

Let us now consider the deduction theorem. It is easy to show that this theorem in
FLA-logic is not true in the form in which it figured in L3A-logic. In fact the same coun-
tereexample will do; whenever P ∧ ((P → Q) → (P → (Q → R))) has the value 1 in FL
so does R, but the conditionnal formula (P ∧ ((P → Q) → (P → (Q → R)))) → R is not
a FL-tautology. Given soudedness and completeness for arguments with a finite number
of premises, this means that R is derivable from P ∧ ((P → Q) → (P → (Q → R))), but
(P ∧ ((P → Q) → (P → (Q → R)))) → R is not a theorem in this systems. However, the
following result, yet another modified deduction theorem.

Theorem 48 (Modified deduction theorem). Q is derivable from P in FL-logic iff
P → (P → (. . .→ (P → Q) . . .) is a theorem for some finite number of antecedent P.

7.1.5 P-style derivation in FL-logic

We will now add atomic formulas that stand for truth-valued to the language of FL.
When we did this for L3, we included a name for each of the three truthvakues. However,
in the case of FL we have an infinite namber of truth-values in [0,1]. It follows that this
language has an infinite number of atomic formula. The standard method of solving this
problem is to solve the problem is the set Rat of rational numbers from interval [0,1],
For example 1

2 ,
2
5 ,

59
123 ,0,1. Value 0 and 1 are included here, since 0 = 0/3 = 0/n = . . .,

1 = 2/2 = 5/5 = n/n = . . .. We will call the system that result from adding to the
language of FL an atomic formula that denotes each value in Rat RFuzzy. Our atomic
formulas will be boldface fractional expressions, such as 1

2 ,
599
6523 except that we will denote

0 and 1 with the boldface numerals 0 and 1.

The graded axiomatic system FLA contains Lukasiewicz’s axiom FL1-FL4, all with the
grade 1 and renamed to reflect the fact we are now working in P-style system:

FLP1. [P → (Q→ P ), 1],

FLP2. [(P → Q)→ ((Q→ R)→ (P → R)), 1],

FLP3. [(¬P → ¬Q)→ (Q→ P ), 1],

FLP4. [((P → Q)→ Q)→ ((Q→ P )→ P ), 1].

In addition, there are infinitaly many (countable infinitely many) axioms, graded with
1, relating the thruth-valued under the conditional and negation operations:
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FLP5.1.Includes every graduated formula [(m→ n)→ p), 1], where m,n,p are atomic
formulas denoting rational truth-values m,n, p in the interval [0,1] such that p = min(1, 1−
m+ n).

FLP5.2. Includes every graduated formula [(p → (m → n), 1], where m,n,p are as in
FLP5.1.

FLP6.1. Include every graduated formula [(¬m →→ p), 1], where m,p are atomic
formulas denoting rational thruth-values m, p from the interval [0,1] such that p = 1−m).

FLP6.2. Includes every graduated formula [(p→ ¬m), 1], where m,p are as in FLP6.1.

Some of these new axioms are:

[(1→ 1)→ 1, 1, [1→ (1→ 1), 1],
[(1/2→ 3/4)→ 1, 1], [1→ (1/2→ 3/4), 1],
[1→ (1/2→ 3/4), 1] [(1/2→ 1/3)→ 5/6, 1],
[5/6→ (1/2→ 1/3), 1], [¬1→ 0, 1],
[0→ ¬1, 1], [¬1/2→ 1/2, 1].

We also add the special schema of axiom:

FLP7. Includes [m,m] for each rational value m in the interval [0, 1], where m is an
atomic formula that denotes the value m

and the truth-value constant introdusing rule:

TCI. From [P,m] infer [m → P, 1], where m is the atomic formula that denotes the
value m.

The graduated modus ponens rule for FLPA is

MP. From [P,m] and [P → Q,n] infer [Q, p], where p is the result of the applying the
Lukasyevch bold conjunction operation to m and n, i.e. p = max(0,m+ n− 1).

This rule is formulated as follows: if the value P is at least n and the value P → Q is
at least m, then the value of p of the formula Q is at least max{0,m+ n− 1)}.

Before proceeding to derivation, we pause to adress an important issue raised by our
specifications of the axioms FLP.5.1, FLP.5.2, FLP.6.1, FLP.6.2. We said in FLP.5.1 for
example: where m, n, p and atomic formula denoting rational truth-values m, n, p in the
interval [0, 1] such that p = min(1, 1 − m + n). The issue is, given any pair of rational
truth-values m,n from the unit interval, will the value p defined as (1, 1 −m + n) also be
rational value from the unit interval?

Similarly, we would like to be certain that if m is a rational value in the unit interval
then so is 1−m

The following derivation produces a graded formula aseerting that the Law of Excluded
Middle using bold disjunction has at least the value 1 in FL. We reexpress AO¬A as
¬A→ ¬A, since we define POQ⇔ ¬P → Q.

1) [¬A→ ¬A, 1] – FLD7

1) [(9/10→ Q)→ (P → (9/10→ Q)), 1] – FLP1
2) [(P → (9/10→ Q))→ (9/10→ (P → Q)), 1] – FLPD6
3) [(9/10→ Q)→ (9/10→ Q)), 1] – TI 1), 2)

Add some useful derived rules:
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BCI (Bold Conjuction Introduction). From [P,m] and [Q,n] infer [P&Q,p], where
p = max(0,m+ n− 1).

TI. From [P→ Q,m] and [Q→ R,n] infer [P&R,p], where p = max(0,m+ n− 1).

WCI (Weak Conjuction Introduction). From [P,m] and [Q,n] infer [P ∧Q,p],
where p = min(m,n).

DC (Disjunctive Consequence). From [P→ Q,1] and [Q→ R,1] infer [(P ∨Q)→ R,1].
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8 LECTURE 8: DESCRIPTION LOGICS

8.1 Atributive language AL

8.1.1 Syntax and semantic of AL

Descriptive logic (DL) is a family of logics, which in dependencies on the set of their
constructors. The DL is based on the attribute language AL, to which is added the set
of constructors [3]. Language AL was introduced by Schmidt-Schaub and Smolka in 1991.
This language is a minimal language that has a practical interest. Other languages of DL
are the extensions of AL.

Elementary objects which are using for building some kind of DL are atomic concepts
CN and atomic roles RN. Complex objects are constructed by using the constructors.

Syntax of language AL defined by such syntactical rules: let C and D are any concepts
and R is an atomic role then

C,D ::= A (atomic concept),
> (universal concept),
⊥ (bottom concept),
¬A (atomic negation),
C uD (intersection),
∀R.C (value restriction),
∃R.> (limited existential quantification).

Note that negation applies only to atomic concepts, and the quantifier applies only to
universal concept.

The given syntax is based on a set-theoretic model semantics: let ∆ be some non-empty
domain of interpretations I, which assigns a set of values to each atomic concept AI in
areas of interpretations. Then

– >I = ∆I ,
– ⊥I = Ø,
– (¬A)I = ∆I \AI ,
– (C tD)I = CI ∪DI ,
– (∀R.C)I = {a ∈ ∆I |∀b, (a, b) ∈ RI → b ∈ CI},
– (∃R.>)I = {a ∈ ∆I |∃b, (a, b ∈ RI}.

The two concepts of C and D are equivalent, if for interpretation I is CI = DI .

8.1.2 The family of AL-languages

The following constructors are added to extend the AL language.

Negation of any concept (indicated by the letter C) ¬C with interpretations

(¬C)I = ∆I \ CI .

Union of Concepts (indicated by letter U) is written as C tD, and interpreted as

(C tD)I = CI tDI .
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Full existencial quantification (indicated by letter E) is written as ∃RC, and inter-
preted as

(∃R.C)I = {a ∈ ∆I |∃(a, b) ∈ RI ∧ b ∈ CI}

Note that ∃R.C is different from ∃R.> the fact that its area of action can include any
concepts.

Number restrictions (indicated by letter N ) is written as ≥ nR (at-least restriction)
and as ≤ nR (at-most restriction), where n ∈ N , and interpreted as

(≥ nR)I = {a ∈ ∆I : |(a, b) ∈ RI | ≥ n},

and

(≤ nR)I = {a ∈ ∆I : |{b : (a, b) ∈ R}| ≤ n},

respectively. In terms of complexity of derivation, it is assumed that the representation of
the number n is binary.

The extension AL is a language with some fixed subset of constructors. In dependences
of such subset of constructors we stand for the following languages:

AL|C|U|E|N

depending on which constructor or constructors are added. For example, if AL added
constructors E and N , then stand for DL of type ALEN .

8.2 Logic ALC

As follows from the above, if AL is added constructor C, which is called complement
of the concept, then we obtain the ALC logic.

In order to specify any descriptive logic it is necessary define syntax and semantics.
Describe the syntax as expressions (concepts, roles, axioms, etc.), which are considered as
correct built in this logic. The semantics defines the interpretation, which describes meaning
to correctly constructed expressions.

8.2.1 Logic ALC and its interpretation

Let CN = {A1, . . . , Am} and RN = {R1, . . . , Rn} are finite sets of atomic concepts and
atomic roles, also called concept names and role names.

Definition 37 (syntax of ALC) . The set of concepts of the ALC logic is defined in-
ductively:

– the symbols > and ⊥ mean concepts, as they are called truth and contradiction;

– atomic concept A is concept;

– if C is a concept, then ¬C is a concept called complement to the concept C;

– if C and D are concepts, then C uD and C tD are concepts called intersection and
union respectively;

– if C is a concept, and R is an atomic role, then ∃R.C and ∀R.C are concepts;

– other expressions are not concepts.
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The definition of syntax in shorted form is written as follows:

ALC = >|⊥|A|¬C|C uD|C tD|∃R.C|∀R.C,

where A is the atomic concept, R is the atomic role, C,D are any concepts.

Example 8.1. Let the set of atomic concepts in atomic roles have the form

CN = { univ, facult, cathed, student, femen-stud}, RN = { has.univ, has.facult, has.cathedr, has.stud}.

Then the concepts ALC will be

hasfacult, has.caf, has.students, has.univ, has.stud. [students u ¬ femen-st]. ♠

The semantics of the ALC logic are determined by the interpretation area ∆ and the
function of interpretations f .

Definition 38 (semantics of ALC) . The interpretation of the logic ALC is called the
pair I = (∆, f), where ∆ is the area of interpretation, and f is the function of interpretation,
which puts

– to each atomic concept A ∈ CN the subset Af ⊆ ∆;

– to each atomic role R ∈ RN the subset Rf ⊆ ∆×∆.

Interpretation of I propagates by induction by construction concept as follows:

– >f = ∆, ⊥f = Ø, (¬C)f = ∆ \ Cf ;

– (C uD)f = Cf ∩Df , (C tD)f = Cf ∪Df ;

– (∃R.C)f = {e ∈ ∆|∃d ∈ ∆ : (e, d) ∈ Rf ∧ d ∈ Cf};
- (∀R.C)f = {e ∈ ∆|∀d ∈ ∆ : (e, d) ∈ Rf → d ∈ Cf}.

Example 8.2. Consider the following interpretation I of language from the previous example 8.1.
The domain of interpretations is ∆ includes the set of universities, set of faculties, set of cathedrals, set
of students. Atomic roles are has.univ, has.facult, has.cathed, has.stud which are couples pars(univ, fact),
(fact, cathed), (cathed, students), (students, cathed). In other words, the pair (e, d) belongs to the relation
has.fact, if university e has faculty d.

Then the following expressions will be concepts: students ufemale-stud, atudentu ¬ femake-stud, ∃
has.cathed.student, ∃ has.cathedr [students u ¬ female.stud], which means a set of female students, a set of

female students in the female sex, as have some departments, as have students and there is the cathedrals

which have only men sex students. ♠

Definition 39. Concept C is satisfied if thre is an interpretation I = (∆, f), where
Cf 6= Ø. This interpretation is called a model of concept C.

Concepts C and D are called equivalent (notation C ≡ D), if for any interpretations
CI = DI .

Concept C is included in concept D (notation C v D) if for any interpretation I CI ⊆
DI .

Concepts C and D are non-intersecting (different), if for every interpretation I CI∩DI =
Ø.
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Proceeding from the theoretical-set interpretations of concepts, we obtain such depen-
dencies:

A tB ≡ B tA, A uB ≡ B uA, A uB v A, A v A tB,

A t (B t C) ≡ (A tB) t C, A u (B u C) ≡ (A uB) u C,

∃R.(A tB) ≡ ∃R.A t ∃R.B, ∀R.(A uB) ≡ ∀R.A u ∀R.B,

∃R.(A uB) v ∃R.A u ∃R.B ∀R.A t ∀R.B v ∀R.(A tB),

∃R.⊥ ≡ ⊥, ∀R.> ≡ >.

In practical applications, there are problems on a given concept:

– for the given concep deside is it satified;

– are these concepts equivalence, inclusion or that they do not intersect.

You can use the following properties.

Proposition 19..

a) C is not executed ⇔ C v ⊥;

b) C ≡ D ⇔ C v D and D v C;

c) C and D do not intersect ⇔ (C uD) v ⊥;

d) C v D ⇔ C u ¬D is not satisfied;

e) C ≡ D ⇔ C u ¬D and D u ¬C both are not stisfied.

8.2.2 Including the ALC in the predicate logic

Many DLs, as in the ALC logic, can be considered as a fragment of the first-order predi-
cate, translating concepts in predicate formulas. This naturally follows from the definition
the semantics of the ALC logic.

Let the language of the logic ALC includes atomic concepts A1, . . . , Am and atomic roles
R1, . . . , Rn. Let’s take in the logic predicate unary predicate symbols P1(x), . . . , Pm(x) and
binary predicates S1(x, y), . . . , Sn(x, y). We assume that the languages of the first order
logic of predicates are also logical connections >, ⊥, ¬, ∧, ∨, → and the quantifier ∀ and
∃. Translation is to match each concept of C logic ALC of the formula form ΦC(x), an the
building of concepts by induction:

– to the concepts >, ⊥ corespond formulas >, ⊥ respectively;

– to the atomic concept Ai correspoind the formula Pi(x);

– concepts ¬C,C uD,C tD correspond formulas ¬ΦC(x),

ΦC(x) ∧ ΦD(x), ΦC(x) ∨ ΦD(x) respectively;

– the concept of ∃Rj .C corresponds the formula ∃y(Sj(x, y) ∧ Φ′C(y)),

– the concept of ∀Rj .C corresponds the formula ∀y(Sj(x, y)→ Φ′C(y)),
where Φ′C(y) is obtained with ΦC(x) substituting all x to y and y to x.

Example 8.3. Suppose we have the concept A1 u∃R1.(A2 t∀R2.¬A1). We first translate the formula,
which match the concept of A2 t ∀R2.¬A1). It will formula Φ(x) = P2(x) ∨ ∀y(S2(x, y)→ ¬P1(y)). Perfor-
ming is it change x on y, we stand the formula Φ(y)′ = P2(y) ∨ ∀x(S2(y, x)→ ¬P1(x)). Finally, translation
of the initial concept gives the formula: P1(x) ∧ ∃y(S1(x, y) ∧ Φ(y)′), and finally
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P1(x) ∧ ∃y(S1(x, y) ∧ y(P2(y) ∨ ∀x(S2(y, x)→ ¬P1(x)))). ♠

Note that not every predicate logic formula can be obtained as a result of translations
of some concept. For example, the formula ∀xPi(x) cannot be the result of translations of
any concept.

We denote I |= Φ(x), if the formula Φ(x) is true for interpretations I. The set of elements
in models I, on which the formula Φ(x) is true, will be denoted ΦI = {e ∈ ∆|I |= Φ(e)}.
An important fact of this translation is that it is consistent with the semantics DL in the
such sense.

Lemma 6. For any concept C in any interpretations I my place we have CI = (ΦC)I ,
if atomic concepts and roles in DL and corresponding to them unary and binary predicate
symbols of the FOL are interpreted by I the same.

From this lemma follows that the problem of satisfaction of concepts in ALC is reduced
to the problem of satisfaction of FOL formulas. Importantly there is the fact that when
translating concepts in the formula, we do only two interchangeable x and y. Therefore,
the logic ALC is separate case of FOL, such logic denote L2. In 1975 was found that the
logic L2 is algorithmically solvable, and here we stand algorithmic solvability logic ALC.

Note that the computational complexity of the logic L2 belongs to the NExpTime class,
while ALC belongs to the class PSpace, which is much better.

8.2.3 Including the ALC logic in modal logic

In 1991 was shown to be ALC is a multimodal lagic Kn (MML), written only in other
notations.

Let the languages of the logic ALC are atomic concepts A1, . . . , Am and atomic ro-
les R1, . . . , Rn. Let’s take multimodal language with suggested variables p1, . . . , pm and
modal operators of generalities �1, . . . ,�n. We will assume that a multimodal language
includes two modal operators the foundation of ♦1, . . . ,♦n, and my logical connections
>, ⊥, ¬, ∧, ∨. Recall that the syntax multimodal logic Kn have the form:

Kn = >|⊥|pi|¬ϕ|φ ∧ ψ|φ ∨ ψ|♦jϕ|�jϕ.

Translation is to match each concept of the C logic ALC formula ϕC in performed
induction on the construction of the concept:

– the concepts >, ⊥ correspond to the formulas >, ⊥ respectively;

– the atomic concept Ai correspond the formula pi;

– the concepts ¬C,C uD,C tD correspond to the formulas ¬ϕC , ϕC ∧ ϕD, ϕC ∨ ϕD
respectively;

– the concept of ∃Rj .C in the corresponding formula ♦jϕC , a concept ∀Rj .C correspomd
formula �jϕC .

Example 8.4. The concept A1 u ∃R1.(A2 t ∀R2.¬A1) with such translation corresponds formula mul-

timodal logic p1 ∧ ♦1(p2 ∨�2¬p1). ♠
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It is easy to understand that such a translation is reversed, i.e. any MML formula is
the result of translations of any concept.

Recall that the semantics of MML is set using models Kripke, which is defined in the
same way as in the interpretation for ALC. If the modal formula is ϕ in models I is true at
the points e ∈ ∆, then it is written as I, e |= ϕ. The set of points of models I on which the
formula ϕ is true, denoted by ϕI = {e ∈ ∆|I, e |= ϕ}. An important fact of this translation
is that the result is consistent with the semantics of DL in MML, because is hold

Lemma 7. For every concept C in any interpretations I is true CI = (ΦC)I , if ato-
mic concepts and roles in DL and corresponding them propositional variables in MML are
interpreted by I the same.

8.3 Definition of the basic formalism

A knowledge representation (KR) system based on Description Logics provides facilities
to set up knowledge bases, to reason about their content, and to manipulate them.

====

Figure 8.1 sketches the architecture of DL system

A knowledge base (KB) comprises two components, the TBox and the ABox. The TBox
introduces the terminology, i.e., the vocabulary of an application do- main, while the ABox
contains assertions about named individuals in terms of this vocabulary. The vocabulary
consists of concepts, which denote sets of individuals, and roles, which denote binary re-
lationships between individuals. In addition to atomic con cepts and roles (concept and
role names), all DL systems allow their users to build complex descriptions of concepts and
roles. The TBox can be used to assign names to complex descriptions. The language for
building descriptions is a characteris tic of each DL system, and different systems are dis-
tinguished by their description languages. The description language has a model-theoretic
semantics. Thus, state ments in the TBox and in the ABox can be identified with formulae
in first-order logic or, in some cases, a slight extension of it. A DL system not only stores
terminologies and assertions, but also offers services that reason about them. Typical re-
asoning tasks for a terminology are to determine whether a description is satisfiable (i.e.,
non-contradictory), or whether one description is more general than another one, that is,
whether the first subsumes the second. Important problems for an ABox are to find out
whether its set of assertions is consistent, that is, whether it has a model, and whether the
assertions in the ABox entail that a particular individual is an instance of a given concept
description. Satisfiability checks of descriptions and consistency checks of sets of assertions
are useful to determine whether a knowledge base is meaningful at all. With subsumption
tests, one can organize the concepts of a terminology into a hierarchy according to their
generality. A concept description can also be conceived as a query, describing a set of ob-
jects one is interested in. Thus, with instance tests, one can retrieve the individuals that
satisfy the query. In any application, a KR system is embedded into a larger environment.
Other components interact with the KR component by querying the knowledge base and by
modifying it, that is, by adding and retracting concepts, roles, and assertions. A restricted
mechanism to add assertions are rules. Rules are an extension of the logical core formalism,
which can still be interpreted logically. However, many systems, in addition to providing
an application programming interface that consists of functions with a well-defined logical
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semantics, provide an escape hatch by which application programs can operate on the KB
in arbitrary ways.

8.4 Terminologies

We have seen how we can form complex descriptions of concepts to describe classes
of objects. Now, we introduce terminological axioms, which make statements about how
concepts or roles are related to each other. Then we single out definitions as specific axioms
and identify terminologies as sets of definitions by which we can introduce atomic concepts
as abbreviations or names for complex concepts. If the definitions in a terminology contain
cycles, we may have to adopt fixpoint semantics to make them unequivocal. We discuss for
which types of terminologies fixpoint models exist.

8.4.1 Terminological axioms

In the most general case, terminological axioms have the form

C v D(R v S) or C ≡ D(R ≡ S),

where C,D are concepts (and R,S are roles). Axioms of the first kind are called inclusions,
while axioms of the second kind are called equalities. To simplify the exposition, we deal in
the following only with axioms involving concepts.

The semantics of axioms is defined as one would expect. An interpretation I satisfies
an inclusion C v D if CI ⊆ DI , and it satisfies an equality C ≡ D if CI = DI . If T is a set
of axioms, then I satisfies T iff I satisfies each element of T . If I satisfies an axiom (resp.
a set of axioms), then we say that it is a model of this axiom (resp. set of axioms). Two
axioms or two sets of axioms are equivalent if they have the same models.

8.4.2 Definitions

An equality whose left-hand side is an atomic concept and it is a definition. Definitions are
used to introduce symbolic names for complex descriptions. For instance, by the axiom

Mother ≡Woman t ∃hasChild.Person

we associate to the description on the right-hand side the name Mother.

Woman ≡ Person u Female
Man ≡ Person u¬ Woman

Mother ≡ Woman u∃hasChild.Person
Father ≡ Manu∃hasChild.Person
Parent ≡ Father t Mother

Grandmother ≡ Mother u∃hasChild.Parent
MotherWithManyChildren ≡ Mother u∃ ≥3 hasChild

MotherWithoutDaughter ≡ Mother u∀hasChild.¬Woman
Wife ≡ Woman u∃hasHusband.Man

Figure 8.2. A terminology (TBox) with concepts about family relationships.
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Symbolic names may be used as abbreviations in other descriptions. If, for example, we
have defined Father analogously to Mother, we can define Parent as

Parent ≡ Mother u Father.

A set of definitions should be unequivocal. We call a finite set of definitions T a termi-
nology or TBox if no symbolic name is defined more than once, that is, if for every atomic
concept A there is at most one axiom in T whose left-hand side is A. Figure 8.2 shows a
terminology with concepts concerned with family relationships. Suppose, T is a termino-
logy. We divide the atomic concepts occurring in T into two sets, the name symbols NT
that occur on the left-hand side of some axiom and the base symbols BT that occur only
on the right-hand side of axioms. Name symbols are often called defined concepts and base
symbols primitive concepts1. We expect that the terminology defines the name symbols in
terms of the base symbols, which now we make more precise.

A base interpretation for T is an interpretation that interprets only the base symbols.
Let J be such a base interpretation. An interpretation I that interprets also the name
symbols is an extension of J if it has the same domain as J , i.e., ∆I = ∆J , and if it agrees
with J for the base symbols. We say that T is definitorial if every base interpretation
has exactly one extension that is a model of T . In other words, if we know what the base
symbols stand for, and T is definitorial, then the meaning of the name symbols is completely
determined. Obviously, if a terminology is definitorial, then every equivalent terminology
is also definitorial.

The question whether a terminology is definitorial or not is related to the question
whether or not its definitions are cyclic. For instance, the terminology that consists of the
the single axiom

Human’ ≡ Animalu∀hasParent.Human’ (7.1)

contains a cycle, which in this special case is very simple. In general, we define cycles in
a terminology T as follows. Let A,B be atomic concepts occurring in T . We say that A
directly uses B in T if B appears on the right-hand side of the definition of A, and we
define uses to be the transitive closure of the relation “directly uses”. Then T contains a
cycle iff there exists an atomic concept in T that uses itself. Otherwise, T is called acyclic.

Woman ≡ Person u Female
Man ≡ Person u¬(Person u Female)

Mother ≡ (Person u Female) u ∃hasChild.Person
Father ≡ (Person u¬(Person u Female)) u ∃hasChild.Person
Parent ≡ ((Person u ¬(Person u Female)) u ∃hasChild:Person)

t ((Person u Female) u ∃hasChild.Person)
Grandmother ≡ ((Person u Female)

u ∃hasChild.Person)
u ∃hasChild.(((Person u ¬(Person u Female))
u ∃hasChild.Person)
t ((Person u Female) u ∃hasChild.Person))

MotherWithManyChildren ≡ ((Person u Female) u ∃hasChild.Person) u ≥ 3 hasChild
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MotherWithManyChildren ≡ ((Person u Female) u ∃hasChild.Person) u ≥ 3 hasChild
MotherWithoutDaughter ≡ ((Person u Female)

u ∃hasChild.Person) u ∀hasChild(¬(Person u Female))
Wife ≡ (Person u Female)

u ∃hasHusband.(Person u ¬(Person u Female))

Figure 8.3. The expansion of the Family TBox in Figure 8.2.

Unique extensions need not exist if a terminology contains cycles. Consider, for instance,
the terminology that contains only Axiom (7.1). Here, Human’ is a name symbol and
Animal and hasParent are base symbols. For an interpretation where hasParent relates
every animal to its progenitors, many extensions are possible to interpret Human’ in a such
a way that the axiom is satisfied: Human’ can, among others, be interpreted as the set of
all animals, as some species, or any other set of animals with the property that for each
animal it contains also its progenitors.

In contrast, if a terminology T is acyclic, then it is definitorial. The reason is that we
can expand through an iterative process the definitions in T by replacing each occurrence
of a name on the right-hand side of a definition with the concepts that it stands for. Since
there is no cycle in the set of definitions, the process eventually stops and we end up with a
terminology T ′ 0consisting solely of definitions of the form A ≡ C ′, where C ′ contains only
base symbols and no name symbols. We call T ′ the expansion of T . Note that the size of
the expansion can be exponential in the size of the original terminology. The Family TBox
in Figure 8.2 is acyclic. Therefore, we can compute the expansion, which is shown in Figure
8.3.

Proposition 20. Let T be a acyclic terminology and T ′ be its expansion. Then

1) T and T ′ have the same name and base symbols;

2) T and T ′ are equivalent;

3) both T and T ′ definitorial.

Theorem 49. Every definitorial ALC-terminology is equivalent to an acyclic termino-
logy.

8.5 Facts or ABox

The second component of a knowledge base, in addition to the terminology or TBox, is
the world description or ABox.

8.5.1 Assertions about individuals

In the ABox, one describes a specific state of affairs of an application domain in terms
of concepts and roles. Some of the concept and role atoms in the ABox may be defined
names of the TBox. In the ABox, one introduces individuals, by giving them names, and
one asserts properties of these individuals. We denote individual
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MotherWithoutDaughter(MARY) Father(PETER)
hasChild(MARY, PETER) hasChild(PETER, HARRY)
hasChild(MARY, PAUL)

Figure 8.4. A world description (ABox).

names as a, b, c. Using concepts C and roles R, one can make assertions of the following
two kinds in an ABox:

C(a), R(b, c).

By the first kind, called concept assertions, one states that a belongs to (the interpretation
of) C, by the second kind, called role assertions, one states that c is a filler of the role R for
b. For instance, if PETER, PAUL, and MARY are individual names, then Father(PETER)
means that Peter is a father, and hasChild(MARY, PAUL) means that Paul is a child of
Mary. An ABox, denoted as A, is a finite set of such assertions. Figure 8.4 shows an
example of an ABox.

In a simplified view, an ABox can be seen as an instance of a relational database
with only unary or binary relations. However, contrary to the “closed-world” semantics of
classical databases, the semantics of ABoxes is an “open-world” semantics, since normally
knowledge representation systems are applied in situations where one cannot assume that
the knowledge in the KB is complete. Moreover, the TBox imposes semantic relationships
between the concepts and roles in the ABox that do not have counterparts in database
semantics.

We give a semantics to ABoxes by extending interpretations to individual names. From
now on, an interpretation I = (∆I , .I) not only maps atomic concepts and roles to sets and
relations, but in addition maps each individual name a to an element aI . We assume that
distinct individual names denote distinct objects. Therefore, this mapping has to respect
the unique name assumption (UNA), that is, if a, b are distinct names, then aI 6= bI . The
interpretation I satisfies the concept assertion C(a) if aI ∈ CI , and it satisfies the role
assertion R(a, b) if (aI , bI) ∈ RI . An interpretation satisfies the ABox A if it satisfies each
assertion in A. In this case we say that I is a model of the assertion or of the ABox. Finally,
I satisfies an assertion α or an ABox A with respect to a TBox T if in addition to being a
model of α or of A, it is a model of T . Thus, a model of A and T is an abstraction of a
concrete world where the concepts are interpreted as subsets of the domain as required by
the TBox and where the membership of the individuals to concepts and their relationships
with one another in terms of roles respect the assertions in the ABox.

8.5.2 Individual names in the description language

Sometimes, it is convenient to allow individual names (also called nominals) not only
in the ABox, but also in the description language. Some concept constructors employing
individuals occur in systems and have been investigated in the literature. The most basic
one is the “set” (or one-of ) constructor, written

{a1, . . . , an},

where a1, . . . , an are individual names. As one would expect, such a set concept is interpre-
ted as
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{a1, . . . , an}I = {aI1 , . . . , aIn} (7.8)

With sets in the description language one can for instance define the concept of perma-
nent members of the UN security council as {CHINA,FRANCE,RUSSIA,UK,USA}. In a
language with the union constructor sqcup, a constructor {a} for singleton sets alone adds
sufficient expressiveness to describe arbitrary finite sets since, according to the semantics
of the set constructor in Equation (7.8), the concepts {a, . . . , an} ang {a1} t · · · t {an} are
equivalent. Another constructor involving individual names is the ”fills” constructor

R : a,

for a role R. The semantics of this constructor is defined as

(R : a)I = {d ∈ ∆I |(d, aI) ∈ RI} (7.9)

that is, R : a stands for the set of those objects that have a as a filler of the role R. To a
description language with singleton sets and full existential quantification, ”fills” does not
add anything new, since Equation (7.9) implies that R : a and ∃R.{a} are equivalent. We
note, finally, that ”fills” allows one to express role assertions through concept assertions:
an interpretation satisfies R(a, b) iff it satisfies (∃R.{b})(a).

8.6 Inferences

A knowledge representation system based on DLs is able to perform specific kinds of
reasoning. As said before, the purpose of a knowledge representation system goes beyond
storing concept definitions and assertions. A knowledge base-comprising TBox and ABox-
has a semantics that makes it equivalent to a set of axioms in first-order predicate logic.
Thus, like any other set of axioms, it contains implicit knowledge that can be made explicit
through inferences. For example, from the TBox in Figure 8.2 and the ABox in Figure 8.4
one can conclude that Mary is a grandmother, although this knowledge is not explicitly
stated as an assertion.

The different kinds of reasoning performed by a DL system are defined as logical infe-
rences. In the following, we shall discuss these inferences, first for concepts, then for TBoxes
and ABoxes, and finally for TBoxes and ABoxes together. It will turn out that there is
one main inference problem, namely the consistency check for ABoxes, to which all other
inferences can be reduced.

8.6.1 Reasoning tasks for concepts

When a knowledge engineer models a domain, he constructs a terminology, say T , by
defining new concepts, possibly in terms of others that have been defined before. During this
process, it is important to find out whether a newly defined concept makes sense or whether
it is contradictory. From a logical point of view, a concept makes sense for us if there is some
interpretation that satisfies the axioms of T (that is, a model of T ) such that the concept
denotes a nonempty set in that interpretation. A concept with this property is said to be
satisfiable with respect to T and unsatisfiable otherwise. Checking satisfiability of concepts
is a key inference. As we shall see, a number of other important inferences for concepts can
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be reduced to the (un)satisfiability. For instance, in order to check whether a domain model
is correct, or to optimize queries that are formulated as concepts, we may want to know
whether some concept is more general than another one: this is the subsumption problem.
A concept C is subsumed by a concept D if in every model of T the set denoted by C is
a subset of the set denoted by D. Algorithms that check subsumption are also employed
to organize the concepts of a TBox in a taxonomy according to their generality. Further
interesting relationships between concepts are equivalence and disjointness.

These properties are formally defined as follows. Let T be a TBox.

Satisfiability: A concept C is satisfiable with respect to T if there exists a model I of
T such that CI is nonempty. In this case we say also that I is a model of C.

Subsumption: A concept C is subsumed by a concept D with respect to T if CT ⊆ DI
for every model I of T . In this case we write C vT D or T |= C v D.

Equivalence: Two concepts C and D are equivalent with respect to T if CT = DI for
every model I of T . In this case we write C ≡T D or T |= C ≡ D.

Disjointness: Two concepts C and D are disjoint with respect to T if CI ∩DI = Ø
for every model I of T . If the TBox T is clear from the context, we sometimes drop the
qualification “with respect to T .”

8.6.2 Concept of feasibility algorithm for DL

For any mathematical logic after defining its syntax and semantic try to build calculus.
The validity of the formula ϕ is indicated as |= ϕ and

– the calculus is called correct, if for any formula ϕ from ` ϕ follows |= ϕ;

– the calculus is called complete if for all formula ϕ from |= ϕ follows ` ϕ.

This definition is true for classic logics. For DL this definition is not suitable because
for DL there is no calculus. Instead, for a given DL try to build an algorithm which is check
of truth axoms and satisfaction of concepts.

Suppose the language of DL L is fixed, we need to build an algorithm U , which check
of the inclusion of given concepts C v D in the given terminology T , where C,D, T are
formulated in the languages L. We will assume that this algorithm works in finite time and
generats only answers 0 and 1. Then the algorithm U is called

– correct, if for any C,D, T from U(C,D, T ) = 1 follows T |= C v D;

– complete, if for any C,D, T from T |= C v D follows U(C,D, T ) = 1.

Definition 40 . The algorithm U is solved procedure if it solves the problem of satis-
faction of concepts in terminology T for language L, and next conditions are hold:

Terminality: for any (C, T ) algorithm U generates U(C, T ) in finite time;

Correctness: for any (C, T ) if C is satisfied in terminology T , then U(C, T ) = 1;

Completeness: for any (C, T ) if U(C, T ) = 1, then the concept C is satisfied with
respect to T .

Now we can give algorithm ST (semantical tableau). This algorithm applied to ALC-
logic without terminologies and with initial ABox of the form A0 = {x0 : C0}.
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Rule condition of application action

u-rule if 1. x : (C uD) ∈ A
2. x : C /∈ A or x : D /∈ A then A′ = A ∪ {x : C, x : D}

t-rule if 1. x : (C tD) ∈ A then A′ = A ∪ {x : C}
2. x : C /∈ A and x : D /∈ A A′′ = A ∪ {x : D}

∃-rule if 1. x : ∃R.C ∈ A then create new point y and
2. ¬∃y : xRy ∈ A and y : C ∈ A A′ = A ∪ {xRy, y : C}

∀-rule if 1. x : ∀R.C ∈ A
2. ∃y : xRy ∈ A and y : C /∈ A then A′ = A ∪ {y : C}

Table 8.1. Rules of algorithm semantical tableau SAT for ALC
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9 LECTURE 9: TRANSITION SYSTEMS

9.1 Modelling Concurrent Systems

Transition systems are often used in computer science as models to describe the behavior
of systems. They are basically directed graphs where nodes represent states, and edges
model transitions, i.e., state changes. A state describes some information about a system at
a certain moment of its behavior. For instance, a state of a traffic light indicates the current
color of the light. Similarly, a state of a sequential computer program indicates the current
values of all program variables together with the current value of the program counter that
indicates the next program statement to be executed. In a synchronous hardware circuit, a
state typically represents the current value of the registers together with the values of the
input bits. Transitions specify how the system can evolve from one state to another. In
the case of the traffic light a transition may indicate a switch from one color to another,
whereas for the sequential program a transition typically corresponds to the execution of a
statement and may involve the change of some variables and the program counter. In the
case of the synchronous hardware circuit, a transition models the change of the registers
and output bits on a new set of inputs.

In the literature, many different types of transition systems have been proposed. We
use transition systems with action names for the transitions (state changes) and atomic
propositions for the states. Action names will be used for describing communication me-
chanisms between processes. We use letters at the beginning of the Greek alphabet (such
as α, β, and so on) to denote actions. Atomic propositions are used to formalize temporal
characteristics. Atomic propositions intuitively express simple known facts about the states
of the system under consideration. They are denoted by arabic letters from the beginning
of the alphabet, such as a, b, c, and so on. Examples of atomic propositions are “x equals
0”, or “x is smaller than 200” for some given integer variable x. Other examples are “there
is more than a liter of fluid in the tank” or “there are no customers in the shop”.

Definition 41 (Transition System (TS)). A transition system TS is a tuple (S,Act,→
, I, AP,L) where

• S is a set of states,

• Act is a set of actions,

• →⊆ S ×Act× S is a transition relation,

• I ⊆ S is a set of initial states,

• AP is a set of atomic propositions, and

• L : S → 2AP is a labeling function.

TS is called finite if S, Act, and AP are finite.

For convenience, we write s → s′ instead of (s, α, s′) ∈→. The intuitive behavior of a
transition system can be described as follows. The transition system starts in some initial
state s0 ∈ I and evolves according to the transition relation →. That is, if s is the current
state, then a transition s→ s′ originating from s is selected nondeterministically and taken,
i.e., the action α is performed and the transition system evolves from state s into the state
s′. This selection procedure is repeated in state s′ and finishes once a state is encountered
that has no outgoing transitions. (Note that I may be empty; in that case, the transition
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system has no behavior at all as no initial state can be selected.) It is important to realize
that in case a state has more than one outgoing transition, the “next” transition is chosen
in a purely nondeterministic fashion. That is, the outcome of this selection process is not
known a priori, and, hence, no statement can be made about the likelihood with which
a certain transition is selected. Similarly, when the set of initial states consists of more
than one state, the start state is selected nondeterministically. The labeling function L
relates a set L(s) ∈ 2AP of atomic propositions to any state s. L(s) intuitively stands for
exactly those atomic propositions a ∈ AP which are satisfied by state s. Given that Φ is a
propositional logic formula, then s satisfies the formula Φ if the evaluation induced by L(s)
makes the formula Φ true; that is:

s |= Φ iff L(s) |= Φ.

Definition 42 (Direct Predecessors and Successors). Let TS = (S,Act,→, I, AP,L)
be a transition system. For s ∈ S and α ∈ Act, the set of direct α-successors of s is defined
as:

Post(s, α) = {s′ ∈ S|s α→ s′}, Post(s) =
⋃

α∈Act
Post(s, α).

The set of αpredecessors of s is defined by:

Pre(s, α) = {s′ ∈ S|s′ α→ s′}, Pre(s) =
⋃

α∈Act
Pre(s, α).

Each state s′ ∈ Post(s, α) is called a direct α-successor of s. Accordingly, each state
s′ ∈ Post(s) is called a direct successor of S. The notations for the sets of direct successors
are expanded to subsets of S in the obvious way (i.e., pointwise extension): for C ⊆ S, let

Post(C,α) =
⋃
s∈C

Post(s, α), Post(C) =
⋃
s∈C

Post(s).

The notations Pre(C,α) and Pre(C) are defined in an analogous way:

Pre(C,α) =
⋃
s∈C

Pre(s, α), Pre(C) =
⋃
s∈C

Pre(s).

Terminal states of a transition system TS are states without any outgoing transitions.
Once the system described by TS reaches a terminal state, the complete system comes to a
halt.

Definition 43 (Terminal State). State s in transition system TS is called terminal
if and only if Post(s) = Ø.

For a transition system modeling a sequential computer program, terminal states occur
as a natural phenomenon representing the termination of the program. Later on, we will
see that for transition systems modeling parallel systems, such terminal states are usually
considered to be undesired).

We mentioned above that nondeterminism is crucial for modeling computer systems.
However, it is often useful to consider transition systems where the “observable” behavior
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is deterministic, according to some notion of observables. There are two general approaches
to formalize the visible behavior of a transition system: one relies on the actions, the other
on the labels of the states. While the action-based approach assumes that only the executed
actions are observable from outside, the state-based approach ignores the actions and relies
on the atomic propositions that hold in the current state to be visible. Transition systems
that are deterministic in the action-based view have at most one outgoing transition labeled
with action α per state, while determinism from the view of state labels means that for any
state label A ∈ 2AP and any state there is at most one outgoing transition leading to a
state with label A. In both cases, it is required that there be at most one initial state.

Definition 44 (Deterministic Transition System). Let TS = (S,Act,→, I, AP,L)
be a transition system.

1. TS is called action-deterministic if |I| ≤ 1 and |Post(s, α)| ≤ 1 for all states s and
actions α.

2. TS is called AP-deterministic if |I| ≤ 1 and |Post(s) ∩ {s′ ∈ S|L(s′) = A}| ≤ 1 for
all states s and A ∈ 2AP .

9.1.1 Executions

So far, the behavior of a transition system has been described at an intuitive level. This
will now be formalized using the notion of executions (also called runs). An execution of a
transition system results from the resolution of the possible nondeterminism in the system.
An execution thus describes a possible behavior of the transition system. Formally:

Definition 45 (Execution Fragment). Let TS = (S,Act,→, I, AP,L) be a transi-
tion system. A finite execution fragment % of TS is an alternating sequence of states and
actions ending with a state

% = s0α1s1α2...αnsn such that si
αi+1→ si+1 for all 0 ≤ i < n,

where n ≥ 0. We refer to n as the length of the execution fragment %. An infinite execution
fragment ρ of TS is an infinite, alternating sequence of states and actions:

ρ = s0α1s1α2... such that si
αi+1→ si+1 for all 0 ≤ i.

Note that the sequence s with s ∈ S is a legal finite execution fragment of length n = 0.
Each prefix of odd length of an infinite execution fragment is a finite execution fragment.
From now on, the term execution fragment will be used to denote either a finite or an
infinite execution fragment. Execution fragments % = s0α1 . . . αnsn and ρ = s0α1s1α2 . . .
will be written respectively as

% = s0
α1→ . . .

αn→ sn and ρ = s0
α1→ s1

α2→ . . .

An execution fragment is called maximal when it cannot be prolonged:

Definition 46 (Maximal and Initial Execution Fragment). A maximal execu-
tion fragment is either a finite execution fragment that ends in a terminal state, or an
infinite execution fragment. An execution fragment is called initial if it starts in an initial
state, i.e., if s0 ∈ I.
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Definition 47 (Execution). An execution of transition system TS is an initial, max-
imal execution fragment.

A state s is called reachable if there is some execution fragment that ends in s and that
starts in some initial state.

Definition 48 (Reachable States). Let TS = (S,Act,→, I, AP,L) be a transition
system. A state s ∈ S is called reachable in TS if there exists an initial, finite execution
fragment s0

α1→ s1
α2→ . . .

αn→ sn = s Reach(TS) denotes the set of all reachable states in TS.

9.2 Modeling Hardware and Software Systems

This section illustrates the use of transition systems by elaborating on the modeling of
(synchronous) hardware circuits and sequential data-dependent systems – a kind of simple
sequential computer programs. For both cases, the basic concept is that states represent
possible storage configurations (i.e., evaluations of relevant “variables”), and state changes
(i.e., transitions) represent changes of “variables”. Here, the term “variable” has to be
understood in the broadest sense. For computer programs a variable can be a control
variable (like a program counter) or a program variable. For circuits a variable can, e.g,
stand for either a register or an input bit.

Finite TS presented as labeled directed graph G = (V,E), where V is the set of nodes
(associated with set of states S) labeled by formulas from L(s) and set of transiyions
(associated with set of transitions with respekt to relatio →, labeled by symbols from the
Act of TS.

Each state s of TS by using function L has corresponding set of atomic formulas L(s) ∈
B(AP ), where B(AP ) boolean of the set AP . Such set must be truth in the state s and
than for a given proposicional formula Φ its truth in the state s is written as:

s |= Φ⇔ L(s) |= Φ.

Consifer some examples of modelling systems.

Example 9.1. a) Consider very simple model of traffic lights with two states “green” and “red”. TS
for this traffic light has form: AL1 = (SL1 , ActL1 ,→L1 , IL1 , APL1 , LL1), where

SL1 = {s1, s2},
ActL1 = {a},
→L1= {(s1, a, s2), (s2, a, s1)},
IL1 = {s1},
APL1 = {r, g},
LL1(s1) = {r}, LL1(s2) = {g}.

ls1-

?ns2 {g}

6

{r}

aa

Fig. 9.1. TC AL1

The value APL1 = {g1} is specification of situation, when color is green. The values LL1(s1) =
Ø, LL1(s2) = {g1} is specification of situation that in state s1 color is not green and when TS is in
state s2, then color must be green.

b) Sequential Hardware Circuits. Consider the circuit diagram of the sequential circuit with input
variable x, output variable y, and register r (see left part of Figure 9.2). The control function for output
variable y is given by
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λy = ¬(x⊕ r),

where ⊕ stands for exclusive (XOR).
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Fig. 9.2. Transition system representation of a simple hardware circuit.

where ⊕ stands for exclusive or (XOR, or parity function). The register evaluation changes according to the
circuit function

δy = x ∨ r,

Note that once the register evaluation is [r = 1], r keeps that value. Under the initial register evaluation
[r = 0], the circuit behavior is modeled by the transition system TS with state space

S = Eval(x, r)

where Eval(x, r) stands for the set of evaluations of input variable x and register variable r. The initial
states of TS are I = {(x = 0, r = 0), x = 1, r = 0)}. Note that there are two initial states as we do not make
any assumption about the initial value of the input bit x.

The set of actions is irrelevant and omitted here. The transitions result directly from the functions λy
and δr. For instance, (x = 0, r = 1) → (x = 0, r = 1) if the next input bit equals 0, and (x = 0, r = 1) →
(x = 1, r = 1) if the next input bit is 1.

It remains to consider the labeling L. Using the set of atomic propositions AP = {x, y, r}, then, e.g.,
the state (x = 0, r = 1) is labeled with {r}. It is not labeled with y since the circuit function ¬(x ⊕ r),
results in the value 0 for this state. For state (x = 1, r = 1) we obtain L(x = 1, r = 1) = {x, r, y}, as λy
yields the value 1. Accordingly, we obtain: L(x = 0, r = 0) = {y}, and L(x = 1, r = 0) = {x}. The resulting
transition system (with this labeling) is depicted in the right part of Figure 9.2.

Alternatively, using the set of propositions AP ′ = {x, y} – the register evaluations are assumed to be
“invisible” – one obtains:

L′(x = 0, r = 0) = {y} L′(x = 0, r = 1) = Ø.

L′(x = 1, r = 0) = {x} L′(x = 1, r = 1) = {x, y}.

The propositions in AP ′ suffice to formalize, e.g., the property “the output bit y is set infinitely often”.

Properties that refer to the register r are not expressible. ♠

9.3 Parallelism and Communication

In the previous section, we have introduced the notion of transition systems and have
shown how sequential hardware circuits and data-dependent systems (like simple sequential
computer programs) can be effectively modeled as transition systems. In reality, however,
most hard- and software systems are not sequential but parallel in nature. This section
describes several mechanisms to provide operational models for parallel systems by means
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of transition systems. These mechanisms range from simple mechanisms where no com-
munication between the participating transitions systems takes place, to more advanced
(and realistic) schemes in which messages can be transferred, either synchronously (i.e., by
means of “handshaking”) or asynchronously (i.e., by buffers with a positive capacity). Let
us a‘ssume that the operational (stepwise) behavior of the processes that run in parallel are
given by transition systems TS1, . . . , TSn. The goal is to define an operator ||, such that:

TS = TS1||TS2|| . . . ||TSn

is a transition system that specifies the behavior of the parallel composition of transition
systems TS1 through TSn. Here, it is assumed that || is a commutative and associative
operator. The nature of the operator || will, of course, depend on the kind of communication
that is supported. We will for instance see that some notions of parallel composition do
not yield an associative operator. In the remainder of this section, several variants of || will
be considered and illustrated by means of examples. Note that the above scheme may be
repeated for TSi, i.e., TSi may again be a transition system that is composed of several
transition systems:

TSi = TSi1||TSi2|| . . . ||TSini .

By using parallel composition in this hierarchical way, complex systems can be described
in a rather structured way.

9.3.1 Concurrency and Interleaving

A widely adopted paradigm for parallel systems is that of interleaving. In this model,
one abstracts from the fact that a system is actually composed of a set of (partly) inde-
pendent components. That is to say, the global system state – composed of the current
individual states of the components – plays a key role in interleaving. Actions of an inde-
pendent component are merged (also called weaved), or “interleaved”, with actions from
other components. Thus, concurrency is represented by (pure) interleaving, that is, the
nondeterministic choice between activities of the simultaneously acting processes (or com-
ponents). This perspective is based on the view that only one processor is available on which
the actions of the processes are interlocked. The “one-processor view” is only a modeling
concept and also applies if the processes run on different processors. Thereby, (at first)
no assumptions are made about the order in which the different processes are executed. If
there are, e.g., two nonterminating processes P and Q, say, acting completely independent
of each other, then

P Q P Q P Q Q Q P . . .

P P Q P P Q P P Q . . .

P Q P P Q P P P Q . . .

are three possible sequences in which the steps (i.e., execution of actions) of P and Q can
be interlocked. (In next chapter, certain restrictions will be discussed to ensure that each
participating processor is treated in a somewhat “fair” manner. In particular, execution
sequences like P, P, P, . . ., where Q is completely ignored, are ruled out. Unless stated ot-
herwise, we accept all possible interleavings, including the unfair ones.) The interleaving
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representation of concurrency is subject to the idea that there is a scheduler which interlocks
the steps of concurrently executing processes according to an a priori unknown strategy.
This type of representation completely abstracts from the speed of the participating pro-
cesses and thus models any possible realization by a single-processor machine or by several
processors with arbitrary speeds.

Example 9.2. Two Independent Traffic Lights Consider the transition systems of two traffic lights for
nonintersecting (i.e., parallel) roads. It is assumed that the traffic lights switch completely independent of
each other. For example, the traffic lights may be controlled by pedestrians who would like to cross the
road. Each traffic light is modeled as a simple transition system with two states, one state modelling a red
light, the other one a green light
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Fig. 9.3. Paralle composition for TS AL1
||AL2

The transition system of the parallel composition of both traffic lights is sketched at the bottom of

Figure 9.3 where —— denotes the parallel operator. In principle, any form of interlocking of the “acti-

ons” of the two traffic lights is possible. For instance, in the initial state where both traffic lights are red,

there is a non-deterministic choice between which of the lights turns green. Note that this nondeterminism is

descriptive, and does not model a scheduling problem between the traffic lights (although it may seem so). ♠

An important justification for interleaving is the fact that the effect of concurrently
executed, independent actions α and β, say, is identical to the effect when α and β are
successively executed in arbitrary order. This can symbolically be stated as

Effect(α|||β, η) = Effect((α;β) + (β;α), η)

where the operator semicolon ; stands for sequential execution, + stands for nondetermi-
nistic choice, and ||| for the concurrent execution of independent activities. This fact can
be easily understood when the effect is considered from two independent value assignments

x := x+ 1︸ ︷︷ ︸
=α

||| y := y − 2︸ ︷︷ ︸
=β

When initially x = 0 and y = 7, then x has the value 1 and y the value 5 after executing
α and β, independent of whether the assignments occur concurrently (i.e., simultaneously)
or in some arbitrary successive order. This is depicted in terms of transition systems as
follows:
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Note that the independence of actions is crucial. For dependent actions, the order of
actions is typically essential: e.g., the final value of variable x in the parallel program
x := x + 1|||x := 2x (with initial value x = 0, say) depends on the order in which the
assignments x := x+ 1 and x := 2x take place.

We are now in a position to formally define the interleaving (denoted |||) of transition
systems. The transition system TS1|||TS2 represents a parallel system resulting from the
weaving (or merging) of the actions of the components as described by TS1 and TS2. It is
assumed that no communication and no contentions (on shared variables) occur at all. The
(“global”) states of TS1|||TS2 are pairs (s1, s2) consisting “local” states si of the components
TSi. The outgoing transitions of the global state (s1, s2) consist of the outgoing transitions
of s1 together with those of s2. Accordingly, whenever the composed system is in state
(s1, s2), a nondeterministic choice is made between all outgoing transitions of local state s1

and those of local state s2.

Definition 49 (Interleaving of Transition Systems). Let TSi = (Si, Acti,→i, Ii, APi, Li)
i = 1, 2, be two transition systems. The transition system TS1|||TS2 is defined by:

TS1|||TS2 = (S1 × S2, Act1 ∪Act2,→, I1 × I2, AP1 ∪AP2, L)

where the transition relation → is defined by the following rules:

s1
α−→1s′1

(s1,s2)
α−→(s′1,s2)

and
s2

α−→2s′2
(s1,s2)

α−→(s1,s′2)

and the labeling function is defined by L((s1, s2)) = L(s1) ∪ L(s2).

Example 9.3. Consider the two independent traffic lights described in above example 9.2. The depicted
transition system is actually the transition system

TS = TrLight1|||TrLight2

that originates from interleaving.

9.3.2 Communication via Shared Variables

The interleaving operator ||| can be used to model asynchronous concurrency in which the subprocesses
act completely independent of each other, i.e., without any form of message passing or contentions on shared
variables. The interleaving operator for transition systems is, however, too simplistic for most parallel sy-
stems with concurrent or communicating components. An example of a system whose components have
variables in common. shared variables so to speak – will make this clear.

Example 9.4 of The Interleaving Operator for Concurrent Processes. Regard the program graph for
the instructions α and β of the parallel program
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x := 2x︸ ︷︷ ︸
actionα

|||x : x+ 1︸ ︷︷ ︸
actionβ

where we assume that initially x = 3. (To simplify the picture, the locations have been skipped.) The
transition system TS(PG1)|||TS(PG2) contains, e.g., the inconsistent state x = 6, x = 4 and, thus, does not
reflect the intuitive behavior of the parallel execution of α and β:
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The problem in this example is that the actions α and β access the shared variable x and therefore

are competing. The interleaving operator for transition systems, however,“blindly” constructs the Cartesian

product of the individual state spaces without considering these potential conflicts. Accordingly, it is not

identified that the local states x = 6 and x = 4 describe exclusive events. ♠

In order to deal with parallel programs with shared variables, an interleaving operator
will be defined on the level of program graphs (instead of directly on transition systems).
The interleaving of program graphs PG1 and PG2 is denoted PG1|||PG2. The underlying
transition system of the resulting program graph PG1|||PG2, i.e., TS(PG1|||PG2) (see
definition above) faithfully describes a parallel system whose components communicate via
shared variables. Note that, in general, TS(PG1|||PG2) 6= TS(PG1)|||TS(PG2).

Definition 50 (Interleaving of Program Graphs). Let

PGi = (Loci, Acti, Effecti,→i, Loc0,i, g0,i), for i = 1, 2

be two program graphs over the variables V ari. Program graph PG1|||PG2 over V ar1∪V ar2

is defined by

PG1|||PG2 = (Loc1 × Loc2, Act1 ]Act2, Effect,→, Loc0,1 × Loc0,2, g0,1 ∧ g0,2)

where → is defined by the rules:

l1
g:α−→1l′1

(l1,l2)
g:α−→(l′1,l2)

and
l2

g:α−→2l′2
(l1,l2)

g:α−→(l1,l′2)

and Effect(α, η) = Effecti(α, η) if α ∈ Acti.

9.3.3 Handshaking

So far, two mechanisms for parallel processes have been considered: interleaving and
shared-variable programs. In interleaving, processes evolve completely autonomously whe-
reas according to the latter type processes “communicate” via shared variables. In this
subsection, we consider a mechanism by which concurrent processes interact via handsha-
king. The term “handshaking” means that concurrent processes that want to interact have
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to do this in a synchronous fashion. That is to say, processes can interact only if they are
both participating in this interaction at the same time – they “shake hands”.

Information that is exchanged during handshaking can be of various nature, ranging
from the value of a simple integer, to complex data structures such as arrays or records.
In the sequel, we do not dwell upon the content of the exchanged messages. Instead, an
abstract view is adopted and only communication (also called synchronization) actions are
considered that represent the occurrence of a handshake and not the content.

To do so, a set H ⊆ Act1 ∩ Act2 of handshake actions is distinguished with τ /∈ H.
Only if both participating processes are ready to execute the same handshake action, can
message passing take place. All actions outside H (i.e., actions in Act \H) are independent
and therefore can be executed autonomously in an interleaved fashion.

• interleaving for α /∈ H:

s1
α−→1s′1

(s1,s2)
α

(s1,s2)

s2
α−→2s′2

(s1,s2)
α

(s1,s′2)

• handshaking for α ∈ H:

s1
α−→1s′1∧s2

α−→2s′2
(s1,s2)

α−→(s′1,s
′
2)

.

Figure 9.4: Rules for handshaking.

Definition 51 (Handshaking). Let TSi = (Si, Acti,→i, Ii, APi, Li), i = 1, 2 be tran-
sition systems and H ⊆ Act1 ∩ Act2 with τ /∈ H. The transition system TS1||HTS2 is
defined as follows:

TS1||HTS2 = (S1 × S2, Act1 ∪Act2,→, I1 × I2, AP1 ∩AP2, L)

where L((s1, s2)) = L1(s1) ∪ L2(s2), and where the transition relation → is defined by the
rules shown in Figure 9.4.

Notation: TS1||TS2 abbreviates TS1||HTS2 for H = Act1 ∩Act2.
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10 LECTURE 10: CTL-LOGIC

10.1 Computation Tree Logic

This lecture presents the syntax and the semantics of CTL. The following sections will
discuss the relation and differences between CTL and LTL. More details are in [7].

An example of using of LTL specification considered in Appendix 1.

10.1.1 Syntax

CTL has a two-stage syntax where formulae in CTL are classified into state and path
formulae. The former are assertions about the atomic propositions in the states and their
branching structure, while path formulae express temporal properties of paths. Compared
to LTL formulae, path formulae in CTL are simpler: as in LTL they are built by the next-
step and until operators, but they must not be combined with Boolean connectives and no
nesting of temporal modalities is allowed.

Definition 52 (Syntax of CTL). CTL state formulae over the set AP of atomic
propositions are formed according to the following grammar:

Φ ::= true|p|¬Φ|Φ1 ∧ Φ2|∃ϕ|∀ϕ,

where p ∈ AP and ϕ is a path formula. CTL path formulae are formed according to the
following grammar:

ϕ ::= XΦ|Φ1UΦ2,

where Φ,Φ1,Φ2 are state formulae.

Greek capital letters will denote CTL state formulae (CTL formulae, for short), whereas
lowercase Greek letters will denote CTL path formulae. CTL distinguishes between state
formulae and path formulae. Intuitively, state formulae express a property of a state, while
path formulae express a property of a path, i.e., an infinite sequence of states. The temporal
operators X and U have the same meaning as in LTL and are path operators. Formula XΦ
holds for a path if Φ holds at the next state in the path, and ΦΨ holds for a path if there is
some state along the path for which Ψ holds, and Φ holds in all states prior to that state.
Path formulae can be turned into state formulae by prefixing them with either the path
quantifier exists (pronounced for some path) or the path quantifier ∀ (pronounced for all
paths). Note that the linear temporal operators X and U are required to be immediately
preceded by ∃ or ∀ to obtain a legal state formula. Formula ∃ϕ holds in a state if there
exists some path satisfying ϕ that starts in that state. Dually, ∀ϕ holds in a state if all
paths that start in that state satisfy ϕ.

Example 10.1. Legal CTL Formulae

Let AP = {x = 1, x < 2, x ≥ 3} be a set of atomic propositions. Examples of syntactically correct CTL
formulae are

∃X(x = 1),∀X(x = 1), and x < 2 ∨ x = 1
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and ∃((x < 2)U(x ≥ 3)) and ∀(trueU(x < 2)). Some examples of formulae that are syntactically incorrect
are

∃(x = 1 ∧ ∀X(x ≥ 3)) and ∃X(trueU(x = 1)).

The first is not a CTL formula since x = 1∧∀X(x ≥ 3) is not a path formula and thus must not be preceded
by ∃. The second formula is not a CTL formula since trueU(x = 1) is a path formula rather than a state
formula, and thus cannot be preceded by X. Note that

∃(x = 1 ∧ ∀X(x ≥ 3)) and ∃X(trueU(x = 1)).

are, however, syntactically correct CTL formulae. ♠

The Boolean operators true, false,∧,→ and ↔ are defined in the usual way. The
temporal modalities “eventually”, “always” and “weak until” can be derived – similarly as
for LTL – as follows:

eventually: ∃♦Φ = ∃(trueUΦ)
∀♦Φ = ∀(trueUΦ)

always: ∃�Φ = ¬∀♦¬Φ
∀�Φ = ¬∃♦¬Φ

∃♦Φ is pronounced “Φ holds potentially” and ∀♦Φ is pronounced “Φ is inevitable”.
∃�Φ is pronounced “potentially always Φ”, ∀�Φ is pronounced “invariantly Φ”, and ∀XΦ
is pronounced “for all paths nextΦ”.

Note that “always” Φ cannot be obtained from the “equation” �Φ = ¬♦¬Φ (as in
LTL), since propositional logic operators cannot be applied to path formulae. In particular,
∃¬♦¬Φ is not a CTL formula. Instead, we exploit the duality of existential and universal
quantification:

• there exists a path with the property E if and only if the state property “not all paths
violate property E” is satisfied, and

• all paths satisfy property E if and only if the state property “there is a path without
property E” is violated.

Accordingly, ∃�Φ is not defined as ∃¬♦Φ, but raxer as ¬∀♦Φ.

Example 10.2. CTL Formulae

To give a feeling about how simple properties can be formalized in CTL we treat some intuitive examples.
The mutual exclusion property can be described in CTL by the formula

∀�(¬crit1 ∨ ¬crit2).

CTL formulae of the form ∀�∀♦Φ express that Φ is infinitely often true on all paths. The CTL formula

(∀�∀♦crit1) ∧ (∀�∀♦crit2).

thus requires each process to have access to the critical section infinitely often. In case of a traffic light, the
safety property “each red light phase is preceded by a yellow light phase” can be formulated in CTL by

∀�(yellow ∨ ∀X¬red).

depending on the precise meaning of a “phase”. The liveness property “the traffic light is infinitely often
green” can be formulated as
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∀�∀♦green.

Progress properties such as “every request will eventually be granted” can be described by

∀�(request→ ∀♦response).

Finally, the CTL formula

∀�∃♦start

expresses that in every reachable system state it is possible to return (via 0 or more transitions) to (one of)

the starting state(s). ♠

10.1.2 Semantics

CTL formulae are interpreted over the states and paths of a transition system TS.
Formally, given a transition system TS, the semantics of CTL formulae is defined by two
satisfaction relations (both denoted by |=TS , or briefly |=): one for the state formulae and
one for the path formulae. For the state formulae, |= is a relation between the states in TS
and state formulae. We write s |= Φ rather than ((s,Φ) ∈|=. The intended interpretation
is: s |= Φ if and only if state formula Φ holds in state s. For the path formulae, |= is a
relation between maximal path fragments in TS and path formulae. We write π |= Φ rather
than (π,Φ) ∈|=. The intended interpretation is: π |= ϕ if and only if path π satisfies path
formula ϕ.

Definition 53 (Satisfaction Relation for CTL). Let a ∈ AP be an atomic pro-
position, TS = (S,Act,→, I, AP,L) be a transition system without terminal states, state
s ∈ S,Φ,Ψ be CTL state formulae, and ϕ be a CTL path formula. The satisfaction relation
|= is defined for state formulae by

s |= a iff a ∈ L(s),

s |= ¬Φ iff not s |= Φ,

s |= Φ ∧Ψ iff s |= Φ and s |= Ψ),

s |= ∃ϕ iff π |= ϕ for some π ∈ Path(s),

s |= ∀ϕ iff π |= ϕ for all π ∈ Path(s),

For path π, the satisfaction relation |= for path formulae is defined by

π |= XΦ iff π[1] |= Φ,

π |= ΦUΨ iff ∃j ≥ 0, (π[j] |= Ψ∧ (∀0 ≤ k < jπ[k] |= Φ, where for path π = s0s1s2... and
integer i ≥ 0, π[i] denotes the (i+1)th state of π, i.e., π[i] = si.

The interpretations for atomic propositions, negation, and conjunction are as usual,
where it should be noted that in CTL they are interpreted over states, whereas in LTL they
are interpreted over paths. State formula ∃ϕ is valid in state s if and only if there exists
some path starting in s that satisfies ϕ. In contrast, ∀ϕ is valid in state s if and only if
all paths starting in s satisfy ϕ. The semantics of the path formulae is identical (although
formulated slightly more simply) to that for LTL.1 For instance, ∃XΦ is valid in state S if
and only if there exists some path π starting in s such that in the next state of this path,

116



state π[1], the property Φ holds. This is equivalent to the existence of a direct successor s‘
of s such that s′ |= Φ. ∀(ΦUΨ) is valid in state s if and only if every path starting in s
has an initial finite prefix (possibly only containing s) such that Ψ holds in the last state of
this prefix and Φ holds in all other states along the prefix. ∃(ΦUΨ) is valid in s if and only
if there exists a path starting in s that satisfies ΦUΨ. As for LTL, the semantics of CTL
here is nonstrict in the sense that the path formula ΦUΨ is valid if the initial state of the
path satisfies Ψ.

Definition 54 (CTL Semantics for Transition Systems). Given a transition sy-
stem TS as before, the satisfaction set SatTS(Φ), or briefly Sat(Φ), for CTL-state formula
Φ is defined by:

Sat(Φ) = {s ∈ S|s |= Φ}.

The transition system TS satisfies CTL formula Φ if and only if Φ holds in all initial states
of TS:

TS |= Φ if and only if ∀s0 |= Φ.

This is equivalent to I ⊆ Sat(Φ).

The semantics of the derived path operators “always” and “eventually” is similar to
that in LTL. For path fragment π = s0s1s2 . . .:

π |= ♦Φ if and only if sj |= Φ for some j ≥ 0.

From this it can be derived that:

s |= �Φ iff ∃π ∈ Paths(s)π[j] |= Φ for all j ≥ 0,

s |= �Φ iff ∀π ∈ Paths(s)π[j] |= Φ for all j ≥ 0,

Therefore, ∀�Φ can be understood as CTL path formula with the semantics:

π = s0s1s2 . . . |= �Φ if and only if sj |= Φ for all j ≥ 0.

In particular, ∀�Φ corresponds to the invariant over the invariant condition Φ. In a similar
way, one can derive that ∃�Φ is valid in state s if and only if there exists some path starting
at s such that for each state on this path the formula Φ holds. The formula ∃♦Φ is valid in
state s if and only if Φ holds eventually along some path that starts in s, and ∀♦Φ is valid
if and only if this property holds for all paths that start in s.

Example of CTL Semantics. Consider the transition system depicted at the top (a) of Figure
10.1. Just below the transition system the validity of several CTL formulae is indicated for each
state. (For simplicity, the initial states are not indicated.) A state is colored black if the formula is
valid in that state; otherwise, it is white. The following formulae are considered:

• The formula ∃Xp is valid for all states since all states have some direct successor state that
satisfies p.

• ∀Xp is not valid for state s0, since a possible path starting at s0 goes directly to state s2 for
which p does not hold. Since the other states have only direct successors for which p holds, ∀Xp is
valid for all other states.
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• For all states except state s2, it is possible to have a computation that leads to state s3 (such
as s0s1s

w
3 when starting in s0) for which p is globally valid. Therefore, ∃�p is valid in these states.

Since p /∈ L(s2) there is no path starting at s2 for which p is globally valid.

• ∀�p is only valid for s3 since its only path, sw3 , always visits a state in which p holds. For
all other states it is possible to have a path which contains s2 that does not satisfy p. So for these
states ∀�p is not valid.

• ∃♦(∃�p) is valid for all states since from each state another state (either s0, s1, or s3) can be
eventually reached from which some computation can start along which p is globally valid.

• ∀(pUq) is not valid in s3 since its only computation (sw3 ) never reaches a state for which q
holds. In state s0 proposition p holds until q holds, and in states s1 and s2 proposition q holds
immediately. So, for these states the formula is true.

• Finally, ∃(pU(¬p∧ ∀(¬pUq))) is not valid in s3, since from s3 a q-state can never be reached.
For the states s0 and s1 the formula is valid, since state s2 can be reached from these states via
an p-path; ¬p is valid in s2, and from s2 all possible paths satisfy ¬pUq, since s2 is a q-state. For
instance, for state s0 the path (s0s2s1)w satisfies pU(¬p∧∀(¬pUq)) since p ∈ L(s0), p /∈ L(s2), and
q ∈ L(s1). For state s2 the property is valid since p is invalid in s2 and for all paths starting at s2
the first state is a q-state.
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Ĵ j


�

- j
6

s0

{p} {p, q}
s1 s3

{p}

j -
� j
J
Ĵ j


�

- j
6

s0

{p} {p, q}
s1 s3

{p}

s2 {q}

j -
� j
J
Ĵ 
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Fig 10.1. Interpretation of some CTL-formulas ♠

TC
∀Xp

∀�p∃Xp

∃�p

∃♦(∃�p)

∀(pUq)

∃(pU(¬p ∧ ∀(¬pUq)))

(a)
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