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ȶɚɘɛɗɑɖɝəɌ ɛɗɚɥɔəɌ 
ȶɚɜɱəɨ ɝɞɑɛɑəɫ mÍ  

ȼɚɓɤɔɜɑəɌ ɖɚɘɛɗɑɖɝəɌ ɛɗɚɥɔəɌ 
ȸɑɞɜɔɖɌ 
ȮɱɐɝɞɌəɨ Ɏ ɑɎɖɗɱɐɚɎɱɕ Ɏɑɖɞɚɜəɱɕ ɘɑɞɜɔɢɱ 
ȽɠɑɜɔɣəɌ ɎɱɐɝɞɌəɨ 
Ⱦɚɛɚɗɚɏɱɫ (ɞɚɛɚɗɚɏɱɣəɌ ɝɞɜɟɖɞɟɜɌ) 
Ⱦɚɛɚɗɚɏɱɣəɔɕ ɛɜɚɝɞɱɜ 
ȮɱɐɖɜɔɞɌ ɘəɚɒɔəɌ 
ȳɌɘɖəɑəɌ ɘəɚɒɔəɌ 
Ⱥɖɱɗ ɞɚɣɖɔ 
ȾɚɣɖɌ ɐɚɞɔɖɟ 
ȯɜɌəɔɣəɌ ɞɚɣɖɌ 
ȳɌɘɔɖɌəəɫ  
ȻɚɡɱɐəɌ ɘəɚɒɔəɌ 
ȣɓɚɗɨɚɎɌəɌ ɞɚɣɖɌ 
ɅɱɗɨəɌ ɘəɚɒɔəɌ 
Ȯɝɪɐɔ ɥɱɗɨəɚɪ ɘəɚɒɔəɌ 
ȹɱɐɑ əɑ ɥɱɗɨəɌ ɘəɚɒɔəɌ 
Ȯəɟɞɜɱɤəɫ ɞɚɣɖɌ 
ȳɚɎəɱɤəɫ ɞɚɣɖɌ 
Ȯəɟɞɜɱɤəɱɝɞɨ ɘəɚɒɔəɔ  
ȸɑɒɚɎɌ ɞɚɣɖɌ  
ȸɑɒɌ 

-ɚɖɱɗ 

ȮɱɐɖɜɔɞɌ ɘəɚɒɔəɌ 
ȯɜɌəɔɣəɌ ɞɚɣɖɌ 
ȺɍɗɌɝɞɨ  
ȺɍɘɑɒɑəɌ ɘəɚɒɔəɌ 
ȰɱɌɘɑɞɜ ɘəɚɒɔəɔ  
ȮɱɐɝɞɌəɨ ɘɱɒ ɘəɚɒɔəɌɘɔ 
ȶɚɘɛɌɖɞəɌ ɘəɚɒɔəɌ 
ȶɚɘɛɌɖɞ 
Ȯɱɐɖɜɔɞɑ ɛɚɖɜɔɞɞɫ 
ɃɔɝɗɚɎɌ ɛɚɝɗɱɐɚɎəɱɝɞɨ 

d
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ȺɍɘɑɒɑəɌ ɛɚɝɗɱɐɚɎəɱɝɞɨ 
ȯɜɌəɔɣəɌ ɞɚɣɖɌ ɛɚɝɗɱɐɚɎəɚɝɞɱ 
ȯɜɌəɔɢɫ ɛɚɝɗɱɐɚɎəɚɝɞɱ 
ȼɚɓɍɱɒəɌ ɛɚɝɗɱɐɚɎəɱɝɞɨ 
ȹɑɚɍɘɑɒɑəɌ ɛɚɝɗɱɐɚɎəɱɝɞɨ 
ɀɟəɐɌɘɑəɞɌɗɨəɌ Ɍɍɚ ɛɚɝɗɱɐɚɎəɱɝɞɨ ȶɚɤɱ 
 

ȾȱȸȬ ȣȣ 
ȹɑɓɌɗɑɒəɌ ɖɚɘɛɗɑɖɝəɌ ɓɘɱəəɌ 
ȳɎõɫɓəɌ ɘəɚɒɔəɌ 
ȺɍɗɌɝɞɨ Ɏ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ 
ȸɑɒɌ ɚɍɗɌɝɞɱ 
ȶɚəɞɔəɟɟɘ 
ȶɜɔɎɌ ȶɌəɞɚɜɌ (Ɍɍɚ ɗɱəɱɕəɔɕ ɖɚəɞɔəɟɟɘ) 
ȶɚɘɛɗɑɖɝəɚɓəɌɣəɌ ɠɟəɖɢɱɫ ɐɱɕɝəɚɲ ɓɘɱəəɚɲ 
ȯɜɌəɔɢɫ ɠɟəɖɢɱɲ 
ȹɑɛɑɜɑɜɎəɱɝɞɨ ɠɟəɖɢɱɲ Ɏ ɞɚɣɢɱ 
ȹɑɛɑɜɑɜɎəɱɝɞɨ ɠɟəɖɢɱɲ əɌ ɐɑɫɖɚɘɟ ɱəɞɑɜɎɌɗɱ 
ȯɚɐɚɏɜɌɠ ɎɑɖɞɚɜɌ 
ȻɚɡɱɐəɌ ɠɟəɖɢɱɲ 
Ʉɗɫɡ 
ȶɜɔɎɌ 
ȹɑɛɑɜɑɜɎəɔɕ ɤɗɫɡ (ɖɜɔɎɌ) 
ȶɜɔɎɌ ȲɚɜɐɌəɌ, Ɍɍɚ ɛɜɚɝɞɌ ɖɜɔɎɌ 
ȶɟɝɖɚɎɚ-ɏɗɌɐɖɔɕ ɤɗɫɡ 
ȯɗɌɐɖɌ ɖɜɔɎɌ 
ȼɚɓɜɱɓ Ɏ ɚɍɗɌɝɞɱ 
ȺɐəɚɓɎõɫɓəɌ ɘəɚɒɔəɌ 
ȭɌɏɌɞɚɓɎõɫɓəɌ (n -ɓɎõɫɓəɌ) ɘəɚɒɔəɌ 

ȽɛɜɫɘɗɪɎɌəɔɕ ɤɗɫɡ 
ɀɟəɖɢɱɫ ɖɚɘɛɗɑɖɝəɚɲ ɓɘɱəəɚɲ  
ȸəɚɒɔəɌ ɎɔɓəɌɣɑəəɫ ɠɟəɖɢɱɲ 
ȸəɚɒɔəɌ ɓəɌɣɑəɨ ɠɟəɖɢɱɲ 
ȺɐəɚɗɔɝɞɌ ɠɟəɖɢɱɫ əɌ ɘəɚɒɔəɱ 
Ȼɜɔɜɱɝɞ ɠɟəɖɢɱɲ 
ȹɑɚɐəɚɓəɌɣəɌ ɠɟəɖɢɱɫ 

ȭɌɏɌɞɚɓəɌɣəɌ (k -ɓəɌɣəɌ) ɠɟəɖɢɱɫ 

ȺɐəɚɓəɌɣəɌ ɏɱɗɖɌ ɍɌɏɌɞɚɓəɌɣəɚɲ ɠɟəɖɢɱɲ 
ȺɍɑɜəɑəɌ ɠɟəɖɢɱɫ 
ȺɓəɌɣɑəəɫ ɏɜɌəɔɢɱ ɠɟəɖɢɱɲ ɓɌ ȶɚɤɱ 
ȺɓəɌɣɑəəɫ ɓɌ ȯɑɕəɑ 
ȹɑɛɑɜɑɜɎəɱɝɞɨ ɠɟəɖɢɱɲ Ɏ ɞɚɣɢɱ 
ȹɑɛɑɜɑɜɎəɱɝɞɨ ɠɟəɖɢɱɲ Ɏ ɚɍɗɌɝɞɱ 
ȹɑɛɑɜɑɜɎəɱɝɞɨ ɠɟəɖɢɱɲ Ɏ ɓɌɘɖəɑəɱɕ ɚɍɗɌɝɞɱ 
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ȼɱɎəɚɘɱɜəɌ əɑɛɑɜɑɜɎəɱɝɞɨ ɠɟəɖɢɱɲ Ɏ ɓɌɘɖəɑəɱɕ ɚɍɗɌɝɞɱ 
ȿɓɌɏɌɗɨəɑəɚ-əɑɛɑɜɑɜɎəɌ ɠɟəɖɢɱɫ 
ȹɑɛɑɜɑɜɎəɌ Ɏ ɚɍɗɌɝɞɱ Ɍɒ ɐɚ ɲɲ ɘɑɒɱ ɠɟəɖɢɱɫ 
ȰɔɠɑɜɑəɢɱɕɚɎəɌ ɠɟəɖɢɱɫ 
ȻɚɡɱɐəɌ 
ȸɚəɚɏɑəəɌ Ɏ ɚɍɗɌɝɞɱ ɠɟəɖɢɱɫ 
ȿɘɚɎɔ ȶɚɤɱ ð ȼɱɘɌəɌ (ȽðR) (Ɍɍɚ ɟɘɚɎɔ ȱɕɗɑɜɌ ð ȰõȬɗɌɘɍɑɜɌ) 

ȰɔɠɑɜɑəɢɱɕɚɎəɌ Ɏ ɞɚɣɢɱ 0z  ɟ ɜɚɓɟɘɱəəɱ  ɠɟəɖɢɱɫ 

ȰɔɠɑɜɑəɢɱɕɚɎəɌ Ɏ ɚɍɗɌɝɞɱ ɠɟəɖɢɱɫ 
ȬəɌɗɱɞɔɣəɌ (ɜɑɏɟɗɫɜəɌ, ɏɚɗɚɘɚɜɠəɌ Ɍɍɚ ɛɜɌɎɔɗɨəɌ) ɠɟəɖɢɱɫ 
ȬəɌɗɱɞɔɣəɌ Ɏ əɑɚɐəɚɓɎõɫɓəɱɕ ɚɍɗɌɝɞɱ ɠɟəɖɢɱɫ 
ȬəɌɗɱɞɔɣəɌ Ɏ ɞɚɣɢɱ ɠɟəɖɢɱɫ 
ȬəɌɗɱɞɔɣəɌ ɎɓɐɚɎɒ ɖɜɔɎɚɲ ɠɟəɖɢɱɫ 
ȬəɌɗɱɞɔɣəɌ Ɏ ɓɌɘɖəɑəɱɕ ɚɍɗɌɝɞɱ ɠɟəɖɢɱɫ 

ȬəɌɗɱɞɔɣəɌ Ɏ ɞɚɣɢɱ =¤0z ɠɟəɖɢɱɫ 

ȯɌɜɘɚəɱɣəɌ ɠɟəɖɢɱɫ 
ȯɌɜɘɚəɱɣəɚ ɝɛɜɫɒɑəɱ ɠɟəɖɢɱɲ 
 
ȾȱȸȬ ȣȣȣ 
ȮɱɐɚɍɜɌɒɑəəɫ (ɛɑɜɑɞɎɚɜɑəəɫ) òɟó 
ȮɱɐɚɍɜɌɒɑəəɫ òəɌó 
Ⱥɐəɚɗɔɝɞɑ ɎɱɐɚɍɜɌɒɑəəɫ 
Ⱥɍɑɜəɑəɑ ɎɱɐɚɍɜɌɒɑəəɫ 
ȸəɚɒɔəɌ ɚɍɜɌɓɱɎ 
ȸəɚɒɔəɌ ɛɜɚɚɍɜɌɓɱɎ 
ȹɑɛɑɜɑɜɎəɑ ɟ ɞɚɣɢɱ ɎɱɐɚɍɜɌɒɑəəɫ 
Ⱦɚɛɚɗɚɏɱɣəɑ Ɍɍɚ ɏɚɘɑɚɘɚɜɠəɑ ɎɱɐɚɍɜɌɒɑəəɫ 
Ⱦɚɛɚɗɚɏɱɣəɱ ɎɗɌɝɞɔɎɚɝɞɱ Ɍɍɚ ɞɚɛɚɗɚɏɱɣəɱ ɱəɎɌɜɱɌəɞɌɘ 
ȶɚəɠɚɜɘəɑ ɎɱɐɚɍɜɌɒɑəəɫ ɛɑɜɤɚɏɚ ɜɚɐɟ (ɌəɌɗɱɞɔɣəɑ) 

ȶɚəɠɚɜɘəɑ ɎɱɐɚɍɜɌɒɑəəɫ ɚɖɚɗɟ 0z əɌ ɚɖɱɗ =¤w  

ȶɚəɠɚɜɘəɑ ɎɱɐɚɍɜɌɒɑəəɫ ɚɖɚɗɟ =¤z əɌ ɚɖɱɗ 0w   

ȶɚəɠɚɜɘəɑ ɎɱɐɚɍɜɌɒɑəəɫ ɚɖɚɗɟ =¤z   əɌ ɚɖɱɗ =¤w   

ȶɚəɠɚɜɘəɑ ɎɱɐɚɍɜɌɒɑəəɫ ɐɜɟɏɚɏɚ ɜɚɐɟ 
 
ȾȱȸȬ ȣV 
ȷɱəɱɕəɌ ɠɟəɖɢɱɫ (Ɍɍɚ ɢɱɗɌ ɗɱəɱɕəɌ ɠɟəɖɢɱɫ) 
ȰɜɚɍɚɎɚ-ɗɱəɱɕəɌ ɠɟəɖɢɱɫ 
ȶɟɞ ɘɱɒ ɏɗɌɐɖɔɘɔ ɖɜɔɎɔɘɔ 
Ⱦɚɣɖɔ ɝɔɘɑɞɜɔɣəɱ Ɏɱɐəɚɝəɚ ɖɚɗɌ 
Ⱦɚɣɖɔ ɝɔɘɑɞɜɔɣəɱ Ɏɱɐəɚɝəɚ ɖɚɗɌ ɓ əɑɝɖɱəɣɑəəɔɘ ɜɌɐɱɟɝɚɘ (ɛɜɫɘɚɲ) 
ȬəɏɌɜɘɚəɱɣəɑ Ɏɱɐəɚɤɑəəɫ 
ȹɑɜɟɡɚɘɌ ɞɚɣɖɌ ɎɱɐɚɍɜɌɒɑəəɫ 
ȣəɎɌɜɱɌəɞɚɘ ɎɱɐɚɍɜɌɒɑəəɫ 
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ȽɞɑɛɑəɑɎɌ ɠɟəɖɢɱɫ 
ȻɚɎɑɜɡəɫ ȼɱɘɌəɌ 
ɀɟəɖɢɱɫ ȲɟɖɚɎɝɨɖɚɏɚ 
ȻɚɖɌɓəɔɖɚɎɌ ɠɟəɖɢɱɫ   
Ⱦɜɔɏɚəɚɘɑɞɜɔɣəɱ ɠɟəɖɢɱɲ 
ȯɱɛɑɜɍɚɗɱɣəɱ ɠɟəɖɢɱɲ 

ɀɟəɖɢɱɫ=nw z  

ȷɚɏɌɜɔɠɘɱɣəɌ ɠɟəɖɢɱɫ 
Ⱥɍɑɜəɑəɱ ɞɜɔɏɚəɚɘɑɞɜɔɣəɱ ɠɟəɖɢɱɲ   
Ⱥɍɑɜəɑəɱ ɏɱɛɑɜɍɚɗɱɣəɱ ɠɟəɖɢɱɲ 
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ȾȱȸȬ ȣ. ȸȹȺȲȴȹȴ ȶȺȸȻȷȱȶȽȹȴɁ ɃȴȽȱȷ 
 

1.1. ȶɚɘɛɗɑɖɝəɱ ɣɔɝɗɌ ɞɌ ɐɱɲ əɌɐ əɔɘɔ 
 
ȹɑɓɎɌɒɌɪɣɔ əɌ ɞɑ, ɥɚ ɛɚəɫɞɞɫ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ ɞɌ ɛɜɌɎɔɗɌ 

ɎɔɖɚəɌəəɫ Ɍɜɔɠɘɑɞɔɣəɔɡ ɐɱɕ əɌɐ ɞɌɖɔɘɔ ɣɔɝɗɌɘɔ ɣɔɞɌɣɟ Ɏɒɑ 

Ɏɱɐɚɘɱ, ɓ ɘɱɜɖɟɎɌəɨ ɢɱɗɱɝəɚɝɞɱ ɎɔɖɗɌɐɑəəɫ ɘɌɞɑɜɱɌɗɟ ɞɌ ɓ ɘɑɞɚɪ 

əɌɏɌɐɌɞɔ ɐɑɫɖɱ ɚɝəɚɎəɱ ɛɚɗɚɒɑəəɫ ɞɑɚɜɱɲ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɘɔ 
ɓɜɚɍɔɘɚ ɖɚɜɚɞɖɔɕ ɚɏɗɫɐ əɑɚɍɡɱɐəɚɲ əɌɐɌɗɱ ɱəɠɚɜɘɌɢɱɲ. 
ȺɓəɌɣɑəəɫ. ȶɚɘɛɗɑɖɝəɔɘ ɣɔɝɗɚɘ əɌɓɎɑɘɚ ɟɛɚɜɫɐɖɚɎɌəɟ ɛɌɜɟ 

ɐɱɕɝəɔɡ ɣɔɝɑɗ ( ),a b . 

ȰɎɌ ɖɚɘɛɗɑɖɝəɱ ɣɔɝɗɌ ( ),a b  ɱ ( ),c d  ɜɱɎəɱ ɞɚɐɱ ɕ ɞɱɗɨɖɔ ɞɚɐɱ, ɖɚɗɔ 

=a c  ɱ =b d .  

Ȱɱɲ ɐɚɐɌɎɌəəɫ ɞɌ ɘəɚɒɑəəɫ əɌɐ ɖɚɘɛɗɑɖɝəɔɘɔ ɣɔɝɗɌɘɔ ( )+ Ö,  

ɎɔɓəɌɣɔɘɚ ɓɌ ɛɜɌɎɔɗɌɘɔ 

( )( ) ( )+ = + +, , ,a b c d a c b d , 

( )( ) ( )= - +, , ,a b c d ac bd ad bc . 

ȺɓəɌɣɑəəɫ. Ƀɔɝɗɚ g əɌɓɎɑɘɚ ɜɱɓəɔɢɑɪ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ b ɞɌ, a 

ɫɖɥɚ ɣɔɝɗɚ g ɯ ɜɚɓɎõɫɓɖɚɘ ɜɱɎəɫəəɫ a+g=b. ȻɚɖɗɌɐɑɘɚ a=( , ),a b  

b=( , )c d , g=( , )x y . Ⱦɚɐɱ ɓ ɜɱɎəɫəəɫ a+g= + + = =b( , ) ( , )a x d y c d  ɘɌɯɘɚ 

+ =a x c , + =b y d  Ɍɍɚ = -x c a , = -y d b .  

ȻɚɓəɌɣɑəəɫ: g=b-a. 

ȳɱ ɎɎɑɐɑəɚɏɚ ɚɓəɌɣɑəəɫ ɎɔɛɗɔɎɌɯ, ɥɚ ɱɝəɟɯ ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ ( )0,0  

ɞɌɖɑ, ɥɚ ɕɚɏɚ ɐɚɐɌɎɌəəɫ ɐɚ ɱəɤɚɏɚ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ əɑ ɓɘɱəɪɯ 

Ɏɑɗɔɣɔəɔ ɚɝɞɌəəɨɚɏɚ. ȾɌɖɑ ɣɔɝɗɚ əɌɓɎɑɘɚ əɟɗɑɘ. 
ȺɓəɌɣɑəəɫ. Ȱɱɫ ɐɱɗɑəəɫ ɎɎɚɐɔɞɨɝɫ ɫɖ ɚɍɑɜəɑəɌ ɐɚ ɘəɚɒɑəəɫ, ɞɚɍɞɚ 

ɫɖ ɓəɌɡɚɐɒɑəəɫ ɜɚɓɎõɫɓɖɟ ɜɱɎəɫəəɫ ag=b Ɏɱɐəɚɝəɚ g, ɫɖɥɚ a (̧0,0) . 

ȹɑɡɌɕ a=( , )a b , b=( , )c d , g=( , )x y , ɞɚɐɱ ɓɌ ɛɜɌɎɔɗɌɘɔ ɘəɚɒɑəəɫ 

ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɘɌɯɘɚ ɜɱɎəɱɝɞɨ =( , )( , ) ( , )a b x y c d , ɑɖɎɱɎɌɗɑəɞəɟ 

ɝɔɝɞɑɘɱ ɜɱɎəɫəɨ 

- =ë
ì
+ =í

,

.

ax by c

bx ay d
 

ȼɚɓɎõɫɓɖɚɘ ɢɱɯɲ ɝɔɝɞɑɘɔ ɯ 
+

=
+2 2

ac bd
x

a b
, 

-
=

+2 2

ad bc
y

a b
.  

Ⱥɞɒɑ,  

b å + - õ
g = =æ ö
a + +ç ÷

2 2 2 2
,

ac bd ad bc

a b a b
. 

ȳ ɚɓəɌɣɑəɨ ɎɔɛɗɔɎɌɯ ɱɝəɟɎɌəəɫ ɞɌɖɚɏɚ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ, ɥɚ ɛɜɔ 
ɘəɚɒɑəəɱ ɐɚɎɱɗɨəɚɏɚ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ a əɌ ɢɑ ɣɔɝɗɚ ɎɑɗɔɣɔəɌ 
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ɐɚɍɟɞɖɟ ɍɟɐɑ ɜɱɎəɚɪ a. ȾɌɖɔɘ ɣɔɝɗɚɘ ɯ ɚɐɔəɔɢɫ ( )1,0 . Ȱɱɕɝəɚ, ɫɖɥɚ 

a=( , )a b , Ɍ g=(1,0), ɞɚ ag= = Ö - + Ö = =a( , )(1,0) ( 1 0,0 1) ( , )a b a b a b . 

ȶɚɘɛɗɑɖɝəɱ ɣɔɝɗɌ ɟɞɎɚɜɪɪɞɨ ɛɚɗɑ . Ȱɗɫ ɐɚɎɱɗɨəɔɡ ɖɚɘɛɗɑɖɝəɔɡ 
ɣɔɝɑɗ a b g, ,  ɝɛɜɌɎɑɐɗɔɎɱ ɞɌɖɱ Ɍɖɝɱɚɘɔ ɛɚɗɫ: 

1) a+b=b+a ð ɖɚɘɟɞɌɞɔɎəɱɝɞɨ ɐɚɐɌɎɌəəɫ; 

2) aÖb=bÖa ð ɖɚɘɟɞɌɞɔɎəɱɝɞɨ ɘəɚɒɑəəɫ; 

3) a+b +g=a+ b+g( ) ( ) ð ɌɝɚɢɱɌɞɔɎəɱɝɞɨ ɐɚɐɌɎɌəəɫ; 

4) abg=abg( ) ( ) ð ɌɝɚɢɱɌɞɔɎəɱɝɞɨ ɘəɚɒɑəəɫ; 

5) ab+g =ab+ag( )  ð ɐɔɝɞɜɔɍɟɞɔɎəɱɝɞɨ; 

6) ɓ ɎɔɥɑəɌɎɑɐɑəɚɲ ɚɛɑɜɌɢɱɲ ɐɚɐɌɎɌəəɫ ɎɔɛɗɔɎɌɯ, ɥɚ ɜɱɎəɫəəɫ 

a+g=b ɓɌɎɒɐɔ ɘɌɯ ɜɚɓɎõɫɓɚɖ Ɏɱɐəɚɝəɚ g, Ɍ ɫɖɥɚ b=(0,0), ɞɚ ɱɝəɟɯ 

ɣɔɝɗɚ g=-a, ɛɜɚɞɔɗɑɒəɑ a, Ɍ ɝɌɘɑ ɞɌɖɑ, ɥɚ a+g=(0,0) ; 

7) ɓ ɚɓəɌɣɑəəɫ ɚɛɑɜɌɢɱɲ ɘəɚɒɑəəɫ ɎɔɛɗɔɎɌɯ, ɥɚ ɛɜɔ a (̧0,0)  

ɜɱɎəɫəəɫ ag=b ɓɌɎɒɐɔ ɘɌɯ ɜɚɓɎõɫɓɚɖ Ɏɱɐəɚɝəɚ g, ɫɖɔɕ ɟ ɎɔɛɌɐɖɟ 

b=(1,0)  ɟɝɞɌəɚɎɗɪɯ ɱɝəɟɎɌəəɫ ɣɔɝɗɌ g= a1/ , ɚɍɑɜəɑəɚɏɚ ɐɚ a. 

ȺɣɑɎɔɐəɚ, ɥɚ ɜɑɓɟɗɨɞɌɞ ɎɔɖɚəɌəəɫ Ɏɝɱɡ ɟɎɑɐɑəɔɡ Ɍɜɔɠɘɑɞɔɣəɔɡ 
ɐɱɕ əɌɐ ɖɚɘɛɗɑɖɝəɔɘɔ ɣɔɝɗɌɘɔ ɯ ɖɚɘɛɗɑɖɝəɔɘ ɣɔɝɗɚɘ. 
ȿɝɱ Ɍɖɝɱɚɘɔ ɛɚɗɫ ɛɑɜɑɎɱɜɫɪɞɨɝɫ ɍɑɓɛɚɝɑɜɑɐəɨɚ ɓɌ ɚɓəɌɣɑəəɫɘ ɐɱɕ 

əɌɐ ɖɚɘɛɗɑɖɝəɔɘɔ ɣɔɝɗɌɘɔ. 
Ȼɚɗɑ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ  ɌɗɏɑɍɜɌɲɣəɚ ɓɌɘɖəɑəɑ, ɞɚɍɞɚ ɐɚɎɱɗɨəɔɕ 

ɍɌɏɌɞɚɣɗɑə -+ + +1
0 1 ...n n

na z a z a  ɓ ɖɚɘɛɗɑɖɝəɔɘɔ ɖɚɑɠɱɢɱɯəɞɌɘɔ ɘɌɯ Ɏ 

 n  ɖɚɜɑəɱɎ. 

ȼɚɓɏɗɫəɑɘɚ ɛɱɐɘəɚɒɔəɟ ɣɔɝɑɗ Ɏɔɏɗɫɐɟ ( ,0)a  ɱ ɎɔɖɚəɌɯɘɚ əɌɐ 

ɑɗɑɘɑəɞɌɘɔ ɢɱɯɲ ɘəɚɒɔəɔ Ɍɜɔɠɘɑɞɔɣəɱ ɐɱɲ 
° = ° =( ,0) ( ,0) ( ,0); ( ,0)( ,0) ( ,0)a c a c a c ac . 

ɋɖɥɚ ɖɚɒəɚɘɟ ɖɚɘɛɗɑɖɝəɚɘɟ ɣɔɝɗɟ ( ,0)a  ɛɚɝɞɌɎɔɘɚ ɟ 

ɎɱɐɛɚɎɱɐəɱɝɞɨ ɐɱɕɝəɑ ɣɔɝɗɚ a , ɞɚ ɞɌɖɌ ɎɱɐɛɚɎɱɐəɱɝɞɨ ɯ ɎɓɌɯɘəɚ 

ɚɐəɚɓəɌɣəɚɪ ɎɱɐɛɚɎɱɐəɱɝɞɪ ɘɱɒ ɘəɚɒɔəɌɘɔ ɐɱɕɝəɔɡ ɱ ɖɚɘɛɗɑɖɝəɔɡ 
ɣɔɝɑɗ. ȮɚəɌ ɓɍɑɜɱɏɌɯ ɎɔɓəɌɣɑəɱ əɌ ɢɔɡ ɘəɚɒɔəɌɡ ɚɛɑɜɌɢɱɲ, ɞɚɍɞɚ ɯ 
ɱɓɚɘɚɜɠɱɓɘɚɘ ɛɚɗɱɎ  ɱ . ȹɌɐɌɗɱ ɣɔɝɗɌ ( ,0)a  ɞɌ a  ɍɟɐɑɘɚ 

ɚɞɚɞɚɒəɪɎɌɞɔ. 
ȣəɌɖɤɑ ɛɚɎɚɐɫɞɨɝɫ ɣɔɝɗɌ Ɏɔɏɗɫɐɟ (0, )b . ȹɌɛɜɔɖɗɌɐ, ɣɔɝɗɚ =(0,1)i , 

ɫɖɑ əɌɓɎɑɘɚ ɟɫɎəɚɪ ɚɐɔəɔɢɑɪ, ɘɌɯ ɎɗɌɝɞɔɎɱɝɞɨ, ɛɜɔɞɌɘɌəəɟ ɞɱɗɨɖɔ 

ɕɚɘɟ: = = -2(0,1) (0,1)(0,1) ( 1,0)  Ý =-2 1i . 

ȻɚɖɗɌɐɑɘɚ a=( , )a b . Ⱦɚɐɱ a= + = + = +( ,0) (0, ) ( ,0) ( ,0)(0,1)a b a b a bi . 

ɂɑ ɌɗɏɑɍɜɌɲɣəɌ (əɚɜɘɌɗɨəɌ) ɠɚɜɘɌ ɓɌɛɔɝɟ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ. 

ȰɚɎɱɗɨəɑ ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ ɘɚɒəɌ ɓɌɛɔɝɌɞɔ Ɏ ɌɗɏɑɍɜɌɲɣəɱɕ ɠɚɜɘɱ. 

ȶɚɘɛɗɑɖɝəɱ ɣɔɝɗɌ a= + = -a bi a bi  ɞɌ a= +a ib  ɍɟɐɑɘɚ əɌɓɔɎɌɞɔ 

ɝɛɜɫɒɑəɔɘɔ ɣɔɝɗɌɘɔ. 
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ȷɑɏɖɚ ɛɑɜɑɖɚəɌɞɔɝɨ ɟ Ɏɱɜəɚɝɞɱ ɜɱɎəɚɝɞɑɕ: 
1) = a= a+aRe ( )/2a  ("realis" ð Ɏɱɐ ɗɌɞɔəɝɨɖɚɏɚ ɝɗɚɎɌ "ɐɱɕɝəɔɕ") ð 

ɐɱɕɝəɌ ɣɌɝɞɔəɌ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ a;  

2) = a= a-aIm ( )/(2 )b i  ("imaginarius" ð "ɟɫɎəɔɕ") ð ɕɚɏɚ ɟɫɎəɌ 

ɣɌɝɞɔəɌ; 
3) ɫɖɥɚ b= ¸( , ) (0,0)c d , ɞɚ  

a ab ab
g = = =
b bb +2 2c d

. 

ȸəɚɒɔəɟ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ əɑ ɘɚɒəɌ ɟɛɚɜɫɐɖɟɎɌɞɔ ɞɌɖ, ɥɚɍ 
ɛɑɜɑɞɎɚɜɔɞɔ ɲɲ əɌ ɟɛɚɜɫɐɖɚɎɌəɑ ɛɚɗɑ ɞɌ ɥɚɍ Ɏɱɐəɚɤɑəəɫ ɛɚɜɫɐɖɟ 

ɓɍɱɏɌɗɚɝɫ əɌ  ɱɓ ɖɗɌɝɔɣəɔɘ ɛɚɜɫɐɖɚɘ. ȳɌɛɔɝ <1 2z z  ɚɓəɌɣɌɯ, ɥɚ 1z  

ɞɌ 2z  ð ɐɱɕɝəɱ ɣɔɝɗɌ, ɛɑɜɤɑ ɓ ɫɖɔɡ ɘɑəɤɑ ɐɜɟɏɚɏɚ. 

Ȼɚɗɑ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ əɑ ɜɚɓɘɱɥɑəɑ, ɚɝɖɱɗɨɖɔ Ɏ ɜɚɓɘɱɥɑəɔɡ 
ɛɚɗɫɡ ɝɟɘɌ ɖɎɌɐɜɌɞɱɎ ɐɎɚɡ ɐɚɎɱɗɨəɔɡ ɲɡəɱɡ ɑɗɑɘɑəɞɱɎ ɐɚɜɱɎəɪɯ əɟɗɪ 
ɗɔɤɑ Ɏ ɞɔɡ ɎɔɛɌɐɖɌɡ, ɖɚɗɔ ɖɚɒɑə ɑɗɑɘɑəɞ ɐɚɜɱɎəɪɯ əɟɗɪ. ȿ ɛɚɗɱ 

ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ + =2 1 0i , Ɍɗɑ ¸2 0i  ɱ ̧1 0 . 

 
1.2. ȯɑɚɘɑɞɜɔɣəɌ ɱəɞɑɜɛɜɑɞɌɢɱɫ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ Ɏ 

ɑɎɖɗɱɐɚɎɱɕ ɛɗɚɥɔəɱ 2E  

 
Ȼɜɔ ɎɔɎɣɑəəɱ ɎɗɌɝɞɔɎɚɝɞɑɕ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɓɜɟɣəɚ 

ɖɚɜɔɝɞɟɎɌɞɔɝɫ ɲɡ ɏɑɚɘɑɞɜɔɣəɚɪ ɱəɞɑɜɛɜɑɞɌɢɱɯɪ. Ⱥɝɖɱɗɨɖɔ ɖɚɘɛɗɑɖɝəɑ 
ɣɔɝɗɚ ɎɔɓəɌɣɌɯɞɨɝɫ ɟɛɚɜɫɐɖɚɎɌəɚɪ ɛɌɜɚɪ ( , )a b , ɞɚ ɛɜɔɜɚɐəɚɪ 

ɱəɞɑɜɛɜɑɞɌɢɱɯɪ ɯ ɓɚɍɜɌɒɑəəɫ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ əɌ ɛɗɚɥɔəɱ. 

ȼɚɓɏɗɫəɑɘɚ ɑɎɖɗɱɐɚɎɟ ɛɗɚɥɔəɟ ɓɱ ɎɎɑɐɑəɚɪ əɌ əɱɕ ɐɑɖɌɜɞɚɎɚɪ 
ɝɔɝɞɑɘɚɪ ɖɚɚɜɐɔəɌɞ ( , )x y . ȳ ɛɚɣɌɞɖɚɘ ɖɚɚɜɐɔəɌɞ ɝɟɘɱɝɞɔɘɚ ɣɔɝɗɚ 

=0z . ȰɌɗɱ ɐɗɫ ɓɚɍɜɌɒɑəəɫ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ əɌ ɛɗɚɥɔəɱ ɓɍɑɜɑɒɑɘɚ 

ɓɎɔɣəɱ ɐɗɫ ɑɎɖɗɱɐɚɎɚɲ ɛɗɚɥɔəɔ ɛɚɓəɌɣɑəəɫ ɖɚɚɜɐɔəɌɞ x  ɞɌ y . ȹɌ ɚɝɱ 

Ox  ɎɱɐɖɗɌɐɑɘɚ ɐɱɕɝəɟ ɣɌɝɞɔəɟ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ =x a , Ɍ əɌ ɚɝɱ Oy  

ð ɟɫɎəɟ =y b . Ⱥɝɱ Ox  ɞɌ Oy  əɌɓɎɑɘɚ ɎɱɐɛɚɎɱɐəɚ ɐɱɕɝəɚɪ ɞɌ ɟɫɎəɚɪ 

ɚɝɫɘɔ, Ɍ ɛɚɍɟɐɚɎɌəɟ ɞɌɖɔɘ ɣɔəɚɘ ɛɗɚɥɔəɟ ɍɟɐɑɘɚ əɌɓɔɎɌɞɔ 
ɖɚɘɛɗɑɖɝəɚɪ ɛɗɚɥɔəɚɪ. ȾɌɖɌ ɛɚɍɟɐɚɎɌ ɎɝɞɌəɚɎɗɪɯ ɎɓɌɯɘəɚ 

ɚɐəɚɓəɌɣəɟ ɎɱɐɛɚɎɱɐəɱɝɞɨ ɘɱɒ ɞɚɣɖɌɘɔ ɛɗɚɥɔəɔ ɞɌ ɖɚɘɛɗɑɖɝəɔɘɔ 
ɣɔɝɗɌɘɔ. 
Ⱦɚɣɖɔ ɢɱɯɲ ɛɗɚɥɔəɔ ɛɚɓəɌɣɔɘɚ ɫɖ = +z x iy , ɐɑ x  ɞɌ y  ð 

ɖɚɚɜɐɔəɌɞɔ ɞɚɣɖɔ z, ɫɖɌ ɎɱɐɛɚɎɱɐɌɯ ɖɚɘɛɗɑɖɝəɚɘɟ ɣɔɝɗɟ ɕ 

əɌɓɔɎɌɯɞɨɝɫ Ɍɠɱɖɝɚɘ (Ɏɱɐ ɗɌɞɔəɝɨɖɚɏɚ "afficse" ð "ɛɜɔɎõɫɓɌəɔɕ") 
ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ z. ȺɣɑɎɔɐəɚ, ɥɚ ɖɚɘɛɗɑɖɝəɚ-ɝɛɜɫɒɑəɔɘ ɣɔɝɗɌɘ 

ɎɱɐɛɚɎɱɐɌɪɞɨ ɞɚɣɖɔ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ, ɝɔɘɑɞɜɔɣəɱ Ɏɱɐəɚɝəɚ 

ɐɱɕɝəɚɲ ɚɝɱ (ɜɔɝ. 1.1). 
ȼɚɓɏɗɫəɑɘɚ ɝɔɝɞɑɘɟ ɎɑɖɞɚɜɱɎ, ɫɖɱ ɛɚɣɔəɌɪɞɨɝɫ Ɏ ɛɚɣɌɞɖɟ 
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ɖɚɚɜɐɔəɌɞ ɱ ɓɌɖɱəɣɟɯɞɨɝɫ Ɏ ɌɠɱɖɝɌɡ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ. ȶɚɒəɚɘɟ 
Ɏɑɖɞɚɜɟ (ɖɱəɢɪ ɎɑɖɞɚɜɌ) ɛɚɝɞɌɎɔɘɚ ɟ ɎɱɐɛɚɎɱɐəɱɝɞɨ ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ 
z  (ɜɔɝ. 1.2). ȹɟɗɨɚɎɚɘɟ Ɏɑɖɞɚɜɟ ɛɚɝɞɌɎɔɘɚ ɟ ɎɱɐɛɚɎɱɐəɱɝɞɨ ɞɚɣɖɟ =0z

. ȾɌɖɌ ɎɱɐɛɚɎɱɐəɱɝɞɨ ɎɑɖɞɚɜɱɎ ɖɚɘɛɗɑɖɝəɔɘ ɣɔɝɗɌɘ ɚɐəɚɓəɌɣəɌ. 
 

  

x 

y z x iy= +  

z x iy= -  
   

0y  
0 0 0z x iy= +  

j 

0x  

y 

x 
 

 

 ȼɔɝ. 1.1  ȼɔɝ. 1.2 
 
ɋɖɥɚ, əɌɎɛɌɖɔ, ɖɚɒəɱɕ ɞɚɣɢɱ ɛɗɚɥɔəɔ z  ɛɚɝɞɌɎɔɞɔ ɟ ɎɱɐɛɚɎɱɐəɱɝɞɨ 

Ɏɑɖɞɚɜ Oz, ɞɚ ɘɔ ɎɝɞɌəɚɎɔɘɚ ɎɓɌɯɘəɚ ɚɐəɚɓəɌɣəɟ ɎɱɐɛɚɎɱɐəɱɝɞɨ ɘɱɒ 

ɖɚɘɛɗɑɖɝəɔɘɔ ɣɔɝɗɌɘɔ ɞɌ ɎɑɖɞɚɜɌɘɔ ɓ ɑɎɖɗɱɐɚɎɚɏɚ ɛɜɚɝɞɚɜɟ 2E . 

ȹɌɐɌɗɱ ɛɚəɫɞɞɫ: ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ z, ɞɚɣɖɌ z  ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ 

ɞɌ Ɏɑɖɞɚɜ z  (Ɍɍɚ Oz) ɍɟɐɑɘɚ ɝɛɜɔɕɘɌɞɔ ɫɖ ɝɔəɚəɱɘɔ. 

ȹɌɏɌɐɌɯɘɚ, ɥɚ Ɏɑɖɞɚɜəɔɘ (ɗɱəɱɕəɔɘ) ɛɜɚɝɞɚɜɚɘ E  əɌɐ ɛɚɗɑɘ 

ɐɱɕɝəɔɡ ɣɔɝɑɗ K  əɌɓɔɎɌɯɞɨɝɫ ɟɛɚɜɫɐɖɚɎɌəɌ ɞɜɱɕɖɌ ( )+ Ö, ,E , ɫɖɌ 

ɝɖɗɌɐɌɯɞɨɝɫ ɓ ɑɗɑɘɑəɞɱɎ ɘəɚɒɔəɔ E  (ɎɑɖɞɚɜɱɎ), ɚɛɑɜɌɢɱɲ ɐɚɐɌɎɌəəɫ 

ɎɑɖɞɚɜɱɎ (ɑɗɑɘɑəɞɱɎ ɘəɚɒɔəɔ E) ɞɌ ɚɛɑɜɌɢɱɲ ɘəɚɒɑəəɫ ɎɑɖɞɚɜɱɎ əɌ 
ɑɗɑɘɑəɞɔ ɐɱɕɝəɚɏɚ ɣɔɝɗɚɎɚɏɚ ɛɚɗɫ (ɝɖɌɗɫɜ). ȿɖɌɓɌəɱ ɐɱɲ ɘɌɪɞɨ 
ɓɌɐɚɎɚɗɨəɫɞɔ Ɏɱɐɚɘɱ ɓ ɗɱəɱɕəɚɲ Ɍɗɏɑɍɜɔ Ɍɖɝɱɚɘɔ Ɏɑɖɞɚɜəɚɏɚ ɛɜɚɝɞɚɜɟ. 
Ⱥɝɖɱɗɨɖɔ ɖɚɒɑə Ɏɑɖɞɚɜ ɎɔɓəɌɣɌɯɞɨɝɫ ɐɚɎɒɔəɚɪ ɕ əɌɛɜɫɘɖɚɘ, ɞɚ 

ɎɎɑɐɑɘɚ ɢɱ ɛɚəɫɞɞɫ ɐɗɫ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ. ȰɚɎɒɔəɌ ɎɑɖɞɚɜɌ, 
ɛɚɣɌɞɚɖ ɫɖɚɏɚ ɓɍɱɏɌɯɞɨɝɫ ɓ ɛɚɣɌɞɖɚɘ ɖɚɚɜɐɔəɌɞ, Ɍ ɖɱəɑɢɨ ð ɓ Ɍɠɱɖɝɚɘ 

ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ, ɯ ɘɚɐɟɗɑɘ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ = = +2 2z r x y . 

ȶɎɌɐɜɌɞ ɢɱɯɲ Ɏɑɗɔɣɔəɔ ɘɚɒəɌ ɚɐɑɜɒɌɞɔ, ɛɚɘəɚɒɔɎɤɔ = +z x iy  əɌ 

ɝɛɜɫɒɑəɑ ɣɔɝɗɚ = -z x iy : =
2

z z z . 

ȸɚɐɟɗɨ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ ɎɔɓəɌɣɌɯɞɨɝɫ ɚɐəɚɓəɌɣəɚ. 
ȶɟɞ, ɟɞɎɚɜɑəɔɕ Ɏɑɖɞɚɜɚɘ z  ɱ ɐɚɐɌɞəɔɘ əɌɛɜɫɘɖɚɘ ɐɱɕɝəɚɲ ɚɝɱ Ox , 

Ɏɔɘɱɜɫəɔɕ ɟ əɌɛɜɫɘɖɟ ɛɜɚɞɔ ɜɟɡɟ ɏɚɐɔəəɔɖɚɎɚɲ ɝɞɜɱɗɖɔ, əɌɓɎɑɘɚ 
Ɍɜɏɟɘɑəɞɚɘ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ =j+ pArg 2z k , = ° °0, 1, 2,k  

Ȭɜɏɟɘɑəɞ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ ɎɔɓəɌɣɌɯɞɨɝɫ ɣɑɜɑɓ ɏɚɗɚɎəɑ ɓəɌɣɑəəɫ 

Ɍɜɏɟɘɑəɞɟ =jarg z  (-p¢j¢p)  ɓ ɞɚɣəɱɝɞɪ ɐɚ ɛɑɜɱɚɐɟ p2 :  



 

 13 

ë
î
p+ ²
îî

j=-p+ì
î p
î

-pîí

arctg( / ) ɛɜɔ ,

arctg( / ) ɛɜɔ ,

arctg( / ) ɛɜɔ ,

/2 ɛɜɔ ,

/2 ɛɜɔ .

y x x > 0

y x x < 0, y 0

y x x < 0, y < 0

x = 0,  y > 0

x = 0,  y < 0

. 

ȳəɌɣɑəəɫ Ɍɜɏɟɘɑəɞɟ ɘɚɒəɌ ɞɌɖɚɒ ɓəɌɕɞɔ ɜɚɓɎõɫɓɌɎɤɔ ɝɔɝɞɑɘɟ  

ë
j=î

î
ì
î j=
î
í

Re
cos ,

Im
sin .

z

z

z

z

 

Ȭɜɏɟɘɑəɞ ɣɔɝɗɌ =0z  əɑ ɎɔɓəɌɣɌɯɞɨɝɫ. 

ȹɑɚɍɡɱɐəɚ ɞɌɖɚɒ ɓɌɟɎɌɒɔɞɔ, ɥɚ ɏɚɗɚɎəɑ ɓəɌɣɑəəɫ Ɍɜɏɟɘɑəɞɟ z  ɯ 

ɜɚɓɜɔɎəɚɪ ɠɟəɖɢɱɯɪ əɌ Ɏɱɐõɯɘəɱɕ ɐɱɕɝəɱɕ ɛɱɎɚɝɱ. ɂɑ ɎɔɛɗɔɎɌɯ ɓ ɞɚɏɚ, 
ɥɚ arg z  ɛɜɫɘɟɯ ɐɚ p ɛɜɔ ɛɜɫɘɟɎɌəəɱ ɞɚɣɖɔ z  ɐɚ ɢɱɯɲ ɛɱɎɚɝɱ ɓɎɑɜɡɟ, 

Ɍ ɛɜɔ ɛɜɫɘɟɎɌəəɱ ɐɚ əɑɲ ɓəɔɓɟ arg z  ɛɜɫɘɟɯ ɐɚ -p. Ȯ ɱəɤɔɡ ɞɚɣɖɌɡ 

ɱəɞɑɜɎɌɗɟ-p p[ , ]  ɢɫ ɠɟəɖɢɱɫ əɑɛɑɜɑɜɎəɌ. 

ȹɌɎɑɐɑɘɚ ɟɘɚɎɔ ɜɱɎəɚɝɞɱ ɐɎɚɡ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ, ɛɚɐɌəɔɡ ɟ 
Ɏɔɏɗɫɐɱ ɎɑɖɞɚɜɱɎ. 

ȰɎɌ ɖɚɘɛɗɑɖɝəɱ ɣɔɝɗɌ 1z  ɞɌ 2z  ɜɱɎəɱ ɞɚɐɱ ɕ ɞɱɗɨɖɔ ɞɚɐɱ, ɖɚɗɔ ɜɱɎəɱ 

ɲɡ ɘɚɐɟɗɱ, Ɍ Ɍɜɏɟɘɑəɞɔ ɜɱɎəɱ Ɍɍɚ Ɏɱɐɜɱɓəɫɪɞɨɝɫ əɌ Ɏɑɗɔɣɔəɟ, 
ɖɜɌɞəɟ p2 :  

=1 2z z , =1 2arg argz z . 

ȿɜɌɡɚɎɟɪɣɔ, ɥɚ 1Arg z  ɱ 1arg z  ɘɚɒɟɞɨ Ɏɱɐɜɱɓəɫɞɔɝɫ ɚɐəɑ Ɏɱɐ ɚɐəɚɏɚ 

əɌ ɐɚɐɌəɚɖ, ɖɜɌɞəɔɕ p2 , ɐɜɟɏɟ ɟɘɚɎɟ ɘɚɒəɌ ɓɌɛɔɝɌɞɔ ɞɌɖ: 

= + p1 2Arg Arg 2z z k . 

ȼɱɎəɱɝɞɨ =1 1 2 2Arg Argn z n z  ɛɜɔ Í1 2,n n  ɎɎɌɒɌɯɞɨɝɫ Ɏɱɜəɚɪ, ɖɚɗɔ 

= + p1 1 2 2arg arg 2n z n z m  Ím . 

ȳɌɓəɌɣɔɘɚ, ɥɚ ɟ ɝɛɜɫɒɑəɔɡ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɘɚɐɟɗɱ ɜɱɎəɱ, Ɍ 
ɏɚɗɚɎəɱ ɓəɌɣɑəəɫ ɌɜɏɟɘɑəɞɱɎ Ɏɱɐɜɱɓəɫɪɞɨɝɫ ɓəɌɖɚɘ =-arg argz z . 

Ⱥɞɒɑ, ɜɱɎəɱɝɞɨ =z z  ɎɱɜəɌ ɗɔɤɑ ɐɗɫ ɐɱɕɝəɔɡ ɣɔɝɑɗ, Ɍ ɛɚɐɎɱɕəɌ 

ɚɛɑɜɌɢɱɫ ɝɛɜɫɒɑəəɫ ɛɜɔɎɚɐɔɞɨ ɐɚ ɛɚɣɌɞɖɚɎɚɏɚ ɓəɌɣɑəəɫ ()=z z . 

ȺɓəɌɣɑəəɫ. ȺɛɑɜɌɢɱɫ, ɫɖɌ ɖɚɒəɚɘɟ ɖɚɘɛɗɑɖɝəɚɘɟ ɣɔɝɗɟ a (̧0,0)  

ɝɞɌɎɔɞɨ ɟ ɎɱɐɛɚɎɱɐəɱɝɞɨ ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ a =
a

1
* , əɌɓɔɎɌɯɞɨɝɫ 

ɱəɎɑɜɝɱɯɪ. ȺɣɑɎɔɐəɚ, ɥɚ  
-

a = a
1

* , Ɍ a =- a+ pArg * arg 2 k . 
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ȺɓəɌɣɑəəɫ. ɃɔɝɗɚɎɌ ɛɗɚɥɔəɌ 2  əɌɓɔɎɌɯɞɨɝɫ ɖɚɘɛɗɑɖɝəɚɪ 
ɛɗɚɥɔəɚɪ, ɫɖɥɚ ɐɗɫ ɲɲ ɞɚɣɚɖ (ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ) ɟɎɑɐɑəɚ ɛɚəɫɞɞɫ 

ɘɚɐɟɗɫ, Ɍɜɏɟɘɑəɞɟ ɞɌ ɓɐɱɕɝəɪɪɞɨɝɫ Ɍɜɔɠɘɑɞɔɣəɱ ɐɱɲ əɌɐ 
ɖɚɘɛɗɑɖɝəɔɘɔ ɣɔɝɗɌɘɔ ɓɌ ɎɖɌɓɌəɔɘɔ Ɏɔɥɑ ɛɜɌɎɔɗɌɘɔ.  
ȿɝɱ ɎɎɑɐɑəɱ Ɏɑɗɔɣɔəɔ ɞɌ ɐɱɲ əɌɐ əɔɘɔ ɘɌɪɞɨ ɛɜɚɝɞɑ ɏɑɚɘɑɞɜɔɣəɑ 

ɞɜɌɖɞɟɎɌəəɫ. ȽɛɔɜɌɪɣɔɝɨ əɌ Ɏɑɖɞɚɜəɑ ɓɚɍɜɌɒɑəəɫ ɖɚɘɛɗɑɖɝəɔɡ 

ɣɔɝɑɗ ɱ ɐɱɲ əɌɐ ɎɑɖɞɚɜɌɘɔ, ɜɚɍɔɘɚ ɎɔɝəɚɎɚɖ, ɥɚ ɝɟɘɚɪ ɐɎɚɡ 

ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ 1z  ɞɌ 2z  ɯ ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ +1 2z z , ɫɖɑ 

ɓɚɍɜɌɒɌɯɞɨɝɫ Ɏɑɖɞɚɜɚɘ, ɥɚ ɓɍɱɏɌɯɞɨɝɫ ɓ ɐɱɌɏɚəɌɗɗɪ ɛɌɜɌɗɑɗɚɏɜɌɘɌ, 

ɝɞɚɜɚəɌɘɔ ɫɖɚɏɚ ɯ Ɏɑɖɞɚɜɔ 1z  ɞɌ 2z  ɓ ɛɚɣɌɞɖɌɘɔ ɟ ɞɚɣɢɱ (0,0)  (ɜɔɝ. 

1.3). ȼɱɓəɔɢɱ ɢɔɡ ɣɔɝɑɗ -1 2z z  ɎɱɐɛɚɎɱɐɌɯ Ɏɑɖɞɚɜ, ɫɖɔɕ ɝɛɚɗɟɣɌɯ ɲɡ 

Ɍɠɱɖɝɔ ɕ ɘɌɯ ɞɚɣɖɟ 2z  ɛɚɣɌɞɖɚɘ, Ɍ ɞɚɣɖɟ 1z  ð ɖɱəɢɑɘ (ɜɔɝ. 1.4). 

ȳɎɱɐɝɔ ɎɔɛɗɔɎɌɯ, ɥɚ -1 2z z  ð ɎɱɐɝɞɌəɨ ɘɱɒ ɞɚɣɖɌɘɔ 1z  ɞɌ 2z . 

  

y 

x 

1z  

2z  

1 2z z+  

   

y 

x 

1z  

2z  

1 2z z-  

 
 

 ȼɔɝ. 1.3 ȼɔɝ. 1.4 

 

ȳɚɖɜɑɘɌ, ɜɱɎəɱɝɞɨ - =r=0 constz z  ɟɝɞɌəɚɎɗɪɯ ɏɑɚɘɑɞɜɔɣəɑ ɘɱɝɢɑ 

ɞɚɣɚɖ z  ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ, ɎɱɐɐɌɗɑəɔɡ Ɏɱɐ ɠɱɖɝɚɎɌəɚɲ ɞɚɣɖɔ 0z  əɌ 

ɝɞɌɗɟ ɎɱɐɝɞɌəɨ r, ɞɚɍɞɚ ɢɑ ɏɑɚɘɑɞɜɔɣəɑ ɘɱɝɢɑ ɞɚɣɚɖ ɯ ɖɚɗɚɘ ɱɓ 

ɢɑəɞɜɚɘ ɟ ɞɚɣɢɱ 0z , ɜɌɐɱɟɝ ɫɖɚɏɚ ɐɚɜɱɎəɪɯ r. ȸɱɜɖɟɪɣɔ ɌəɌɗɚɏɱɣəɚ, 

ɟɝɞɌəɚɎɗɪɯɘɚ, ɥɚ əɑɜɱɎəɱɝɞɨ - <r0z z  ɓɚɍɜɌɒɌɯ ɘəɚɒɔəɟ ɞɚɣɚɖ, 

ɚɍɘɑɒɑəɔɡ ɢɔɘ ɖɚɗɚɘ, ɞɚɍɞɚ Ɏəɟɞɜɱɤəɱ ɞɚɣɖɔ ɖɜɟɏɌ (ɜɔɝ. 1.5). 
ȷɑɏɖɚ ɓɌɛɔɝɌɞɔ ɕ ɱəɤɱ əɑɜɱɎəɚɝɞɱ, ɫɖɱ ɎɝɞɌəɚɎɗɪɪɞɨ ɑɗɑɘɑəɞɌɜəɱ 

ɏɑɚɘɑɞɜɔɣəɱ ɚɍɜɌɓɔ. ȹɌɛɜɔɖɗɌɐ, əɑɜɱɎəɱɝɞɨ < - <0r z z R  ɚɛɔɝɟɯ 

ɘəɚɒɔəɟ Ɏəɟɞɜɱɤəɱɡ ɞɚɣɚɖ ɖɚəɢɑəɞɜɔɣəɚɏɚ ɖɱɗɨɢɫ ɓ ɢɑəɞɜɚɘ ɟ ɞɚɣɢɱ 

0z , ɚɍɘɑɒɑəɟ ɖɚɗɌɘɔ - =0z z r  ɞɌ - =0z z R  (ɜɔɝ. 1.6). 
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 ȼɔɝ. 1.5  ȼɔɝ. 1.6 
 
ȳ əɑɜɱɎəɚɝɞɱ a< <bargz  ɎɔɛɗɔɎɌɯ, ɥɚ ɎɖɌɓɌəɱ ɞɚɣɖɔ z  ɗɑɒɌɞɨ 

ɟɝɑɜɑɐɔəɱ ɖɟɞɌ, ɟɞɎɚɜɑəɚɏɚ ɛɜɚɘɑəɫɘɔ, ɫɖɱ Ɏɔɡɚɐɫɞɨ ɱɓ ɛɚɣɌɞɖɟ 
ɖɚɚɜɐɔəɌɞ ɱ əɌɡɔɗɑəɱ ɐɚ ɐɱɕɝəɚɲ ɚɝɱ ɛɱɐ ɖɟɞɌɘɔ a ɞɌ b (ɜɔɝ. 1.7).  

ȼɱɎəɫəəɫ =Rez a , =Im z b  ɓɌɐɌɪɞɨ ɛɜɫɘɱ, ɛɌɜɌɗɑɗɨəɱ 

ɖɚɚɜɐɔəɌɞəɔɘ ɚɝɫɘ, Ɍ əɑɜɱɎəɚɝɞɱ ¢ ¢Ima z b  ð ɎɑɜɞɔɖɌɗɨəɟ ɝɘɟɏɟ 

ɜɌɓɚɘ ɓ ɲɲ ɏɜɌəɔɢɑɪ (ɜɔɝ. 1.8). 

 

  
x 

y 

b 

a 

   x 

y 

a 

b 

 
 

 ȼɔɝ. 1.7  ȼɔɝ. 1.8 
 
Ȼɜɫɘɚɖɟɞəɔɖ (ɜɔɝ. 1.9) ɜɌɓɚɘ ɓ ɕɚɏɚ ɏɜɌəɔɢɑɪ ɘɚɒəɌ ɓɌɐɌɞɔ ɓɌ 

ɐɚɛɚɘɚɏɚɪ ɝɔɝɞɑɘɔ əɑɜɱɎəɚɝɞɑɕ - ¢ ¢Rea z b , ¢Im z d . 

Ʌɑ ɚɐəɔɘ ɛɜɔɖɗɌɐɚɘ ɛɜɚɝɞɚɲ ɏɑɚɘɑɞɜɔɣəɚɲ ɱəɞɑɜɛɜɑɞɌɢɱɲ 
ɓɚɍɜɌɒɑəəɫ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ əɌ ɛɗɚɥɔəɱ ɯ ɘəɚɒɔəɌ ɞɚɣɚɖ, ɫɖɟ 

ɓɌɐɌəɚ əɑɜɱɎəɱɝɞɪ - + - =z a z b c , ɐɑ a  ɞɌ b  ð ɖɚɘɛɗɑɖɝəɱ ɣɔɝɗɌ, Ɍ 

>0c . ȺɣɑɎɔɐəɚ, ɥɚ ɛɜɔ - =a b c  ɢɑ Ɏɱɐɜɱɓɚɖ, ɫɖɔɕ ɝɛɚɗɟɣɌɯ ɞɚɣɖɔ a  

ɞɌ b  (ɜɔɝ. 1.10), Ɍ ɛɜɔ - >a b c  ð ɛɚɜɚɒəɫ ɘəɚɒɔəɌ. ɋɖɥɚ ɒ 

- <a b c , ɞɚ ɢɑ ɘəɚɒɔəɌ ɞɚɣɚɖ z, ɝɟɘɌ ɎɱɐɝɞɌəɑɕ Ɏɱɐ ɫɖɔɡ ɐɚ ɐɎɚɡ 

ɠɱɖɝɚɎɌəɔɡ ɞɚɣɚɖ a  ɞɌ b  ɯ ɝɞɌɗɚɪ Ɏɑɗɔɣɔəɚɪ, ɜɱɎəɚɪ c. ɋɖ Ɏɱɐɚɘɚ ɓ 
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ɌəɌɗɱɞɔɣəɚɲ ɏɑɚɘɑɞɜɱɲ, ɞɌɖɌ ɘəɚɒɔəɌ ɞɚɣɚɖ ɯ ɑɗɱɛɝɚɘ ɱɓ ɠɚɖɟɝɌɘɔ ɟ 
ɞɚɣɖɌɡ a  ɞɌ b  (ɜɔɝ. 1.10).  

 

  

x 

y 

d 

-d 

-a b 

   

y 

a 

b 

x 

z 

 
 

 ȼɔɝ. 1.9  ȼɔɝ. 1.10 
 

Ⱥɝɖɱɗɨɖɔ ( )( )= =
2 2 22

1 2 1 2 1 2 1 2... ... ... ...n n n nz z z z z z z z z z z z , ɞɚ 

 =1 2 1 2... ...n nz z z z z z , (1.1)  

ɱ ɗɑɏɖɚ ɎɝɞɌəɚɎɔɞɔ ɜɱɎəɚɝɞɱ 

 + = + + = + +
2 22

1 2 1 2 1 2 1 2 1 2( )( ) 2Rez z z z z z z z z z ; (1.2)  

 - = - - = + -
2 22

1 2 1 2 1 2 1 2 1 2( )( ) 2Rez z z z z z z z z z . (1.3)  

ȳ ɞɚɏɚ, ɥɚ = +
2 2 2z x y , ɎɔɛɗɔɎɌɪɞɨ ɚɣɑɎɔɐəɱ əɑɜɱɎəɚɝɞɱ 

 - ¢ ¢Rez z z , - ¢ ¢Imz z z , (1.4)  

+ ²x y z . 

Ȯɔɡɚɐɫɣɔ ɓ ɏɑɚɘɑɞɜɔɣəɔɡ ɘɱɜɖɟɎɌəɨ ɗɑɏɖɚ ɚɐɑɜɒɌɞɔ Ɏɱɐɚɘɱ 

əɑɜɱɎəɚɝɞɱ ɞɜɔɖɟɞəɔɖɌ: 

 + ¢ +1 2 1 2z z z z . (1.5)  

 - ² - ² -1 2 1 2 1 2z z z z z z . (1.6)  

Ⱥɝɖɱɗɨɖɔ əɑɜɱɎəɱɝɞɨ (1.5) ɎɱɜəɌ ɐɗɫ ɐɚɎɱɗɨəɔɡ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ 1z  ɞɌ 

2z , ɞɚ əɑɜɱɎəɱɝɞɨ  

( )- -+ + + + ¢ + + + +1 2 1 1 2 1... ...n n n nz z z z z z z z  

ɞɑɒ ɍɟɐɑ Ɏɱɜəɚɪ. ȳɌɝɞɚɝɚɎɟɪɣɔ ɐɚ ɛɑɜɤɚɏɚ ɐɚɐɌəɖɌ ɛɜɌɎɚɲ ɣɌɝɞɔəɔ 

ɢɪ ɝɌɘɟ əɑɜɱɎəɱɝɞɨ ɱ ɘɑɞɚɐ ɘɌɞɑɘɌɞɔɣəɚɲ ɱəɐɟɖɢɱɲ, ɟɝɞɌəɚɎɗɪɯɘɚ, ɥɚ 

 + + + ¢ + + +1 2 1 2... ...n nz z z z z z .  (1.7)  

ȳəɌɖ ɜɱɎəɚɝɞɱ ɟ ɠɚɜɘɟɗɌɡ (1.5)ð(1.7) ɐɚɝɫɏɌɯɞɨɝɫ ɞɚɐɱ ɕ ɞɱɗɨɖɔ ɞɚɐɱ, 
ɖɚɗɔ Ɍɜɏɟɘɑəɞɔ Ɏɝɱɡ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɜɱɎəɱ, ɞɚɍɞɚ 

= = =1 2arg arg ... arg nz z z . ȳ əɑɜɱɎəɚɝɞɱ (1.7) ɎɔɛɗɔɎɌɯ Ɏɱɐɚɘɑ 
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ɏɑɚɘɑɞɜɔɣəɑ ɞɎɑɜɐɒɑəəɫ, ɥɚ ɝɟɘɌ ɐɚɎɒɔə ɐɚɎɱɗɨəɚɲ ɗɌɘɌəɚɲ ɍɱɗɨɤɑ 
ɐɚɎɒɔəɔ ɛɜɫɘɚɲ, ɫɖɌ ɝɛɚɗɟɣɌɯ ɛɚɣɌɞɚɖ ɱ ɖɱəɑɢɨ ɗɌɘɌəɚɲ. 
ȷɑɏɖɚ ɍɌɣɔɞɔ, ɥɚ ɘəɚɒɑəəɫ ɐɚɎɱɗɨəɚɏɚ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ 

= +z x iy  əɌ ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ i  ɛɜɔɎɚɐɔɞɨ ɐɚ ɛɚɎɚɜɚɞɟ ɌɠɱɖɝɌ ɢɨɚɏɚ 

ɣɔɝɗɌ əɌ ɛɜɫɘɔɕ ɖɟɞ. Ȱɱɕɝəɚ (ɜɔɝ. 1.11), = = - = -( , ) ( , )zi x y i ix y y x . 

ȻɚɎɚɜɚɞ əɌ ɱəɤɔɕ, ɢɱɗɖɚɘ ɛɑɎəɔɕ ɖɟɞ, ɘɚɒɑ ɍɟɞɔ ɜɑɌɗɱɓɚɎɌəɚ 
ɘəɚɒɑəəɫɘ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ z  əɌ ɐɑɫɖɑ ɢɱɗɖɚɘ ɛɑɎəɑ ɖɚɘɛɗɑɖɝəɑ 

ɣɔɝɗɚ a . 

ȺɐəɚɣɌɝəɚ ɐɚɎɑɐɑɘɚ, ɥɚ ɐɗɫ ɐɎɚɡ ɐɚɎɱɗɨəɔɡ ɘəɚɒɔə ɖɚɘɛɗɑɖɝəɔɡ 

ɣɔɝɑɗ 1 2, ,... nz z z  ɞɌ ¡ ¡ ¡1 2, ,... nz z z  ɎɱɜəɌ əɑɜɱɎəɱɝɞɨ ɄɎɌɜɢɌ 

= = =

¡ ¡¢ä ä ä

2
2 2

1 1 1

n n n

k k k k
k k k

z z z z  

Ȱɗɫ ɢɨɚɏɚ ɛɚɓəɌɣɔɘɚ 
=

=ä
2

1

n

k
k

A z , 
=

¡=ä
2

1

n

k
k

B z , 
=

¡=ä
1

n

k k
k

C z z . 

ɋɖɥɚ =0B , ɞɚ ɚɝɞɌəəɫ ɜɱɎəɱɝɞɨ ɛɑɜɑɡɚɐɔɞɨ ɟ ɞɚɞɚɒəɱɝɞɨ. Ȼɜɔ 

>0B  ɓ ɚɣɑɎɔɐəɚɏɚ ɝɛɱɎɎɱɐəɚɤɑəəɫ ɎɔɛɗɔɎɌɯ  

( )( )
= =

¡ ¡ ¡¢ - = - - =ä ä
2

1 1

0
n n

k k k k k k
k k

Bz Cz Bz Cz Bz Cz  

( )= - - + = -
2 2 2 22AB B C B C B C B AB C . 

ȳɎɱɐɖɔ ɘɌɯɘɚ ( )- = - ²
2 22 0AB B C B AB C . 

 

 

p

2
 

y 

y 

-y 
x x 

x 

0 

(x,y ) 

(-y,x ) 

 
 

ȼɔɝ. 1.11 
 
. 
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1.3. ȾɜɔɏɚəɚɘɑɞɜɔɣəɌ ɠɚɜɘɌ ɓɌɛɔɝɟ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ 
 
ȶɚɜɔɝəɚɪ ɫɖ ɟ ɞɑɚɜɑɞɔɣəɔɡ ɐɚɝɗɱɐɒɑəəɫɡ, ɞɌɖ ɱ Ɏ ɛɜɌɖɞɔɣəɚɘɟ 

ɎɔɖɚɜɔɝɞɌəəɱ ɯ ɞɜɔɏɚəɚɘɑɞɜɔɣəɌ ɠɚɜɘɌ ɛɚɐɌəəɫ ɖɚɘɛɗɑɖɝəɚɏɚ 

ɣɔɝɗɌ. ɋɖ ɛɚɍɌɣɔɘɚ ɐɌɗɱ, ɎɚəɌ ɎɔɫɎɗɫɯɞɨɝɫ ɓɜɟɣəɚɪ ɛɜɔ ɎɔɖɚəɌəəɱ 

ɚɛɑɜɌɢɱɕ ɘəɚɒɑəəɫ, ɛɱɐəɑɝɑəəɫ ɐɚ ɝɞɑɛɑəɫ, ɓɐɚɍɟɎɌəəɫ ɖɚɜɑəɫ ɓ 
ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ ɞɌ Ɏ ɐɑɫɖɔɡ ɱəɤɔɡ ɎɔɛɌɐɖɌɡ. ȹɑɡɌɕ = +z x iy  ð 

ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ. ȻɚɓəɌɣɔɘɚ j=arg z. Ⱦɚɐɱ, ɫɖ ɛɚɖɌɓɌəɚ əɌ 

ɜɔɝ. 1.12,  

= cos(arg )x z z , = sin(arg )y z z , 

Ɍ ɝɌɘɑ ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ z  ɘɚɒəɌ ɓɌɛɔɝɌɞɔ ɟ ɞɜɔɏɚəɚɘɑɞɜɔɣəɱɕ 

ɠɚɜɘɱ 

( ) ( )= + = j+ jcos(arg ) sin(arg ) cos sin )z z z i z z i . 

 

 

y 

y 

x x 

j siny z= j 

cosx z= j 

z  

 
 

ȼɔɝ. 1.12 
 

ȹɑɡɌɕ ɘɌɯɘɚ ɐɎɌ ɖɚɘɛɗɑɖɝəɱ ɣɔɝɗɌ = j + j1 1 1 1(cos sin )z z i  ɱ 

= j + j2 2 2 2(cos sin )z z i . Ȥɡ ɐɚɍɟɞɚɖ ɎɔɓəɌɣɔɘɚ ɓɌ ɐɚɛɚɘɚɏɚɪ ɛɜɌɎɔɗɌ 

ɘəɚɒɑəəɫ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ 

( )( )= j + j j + j =1 2 1 1 1 1 2 2 2 2cos sin cos sinz z z i z z i z  

( ) ( )( )= j j - j j + j j + j j =1 2 1 2 1 2 1 2 2 1cos cos sin sin sin cos sin cosz z i  

( )= j +j + j +j1 2 1 2 1 2cos( ) sin( )z z i . 

ȿɎɑɐɑɘɚ ɖɚɘɛɗɑɖɝəɚɓəɌɣəɟ ɠɟəɖɢɱɪ ɐɱɕɝəɚɏɚ Ɍɜɏɟɘɑəɞɟ  

 j= j+ jcos sinie i . (1.8)  

ɀɚɜɘɟɗɟ (1.8) əɌɓɔɎɌɪɞɨ ɠɚɜɘɟɗɚɪ ȱɕɗɑɜɌ.  

Ȱɗɫ ɎɎɑɐɑəɚɲ ɠɟəɖɢɱɲ jie  ɎɱɜəɌ ɞɌɖɌ ɞɑɚɜɑɘɌ. 

ȾɑɚɜɑɘɌ. ɋɖɥɚ jÍ  ɱ fÍ , Ɍ k  ð ɢɱɗɑ ɣɔɝɗɚ, ɞɚ Ɏɱɜəɱ ɜɱɎəɚɝɞɱ 
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1) =0 1;e  2) j f j+f= ( );i i ie e e  3) j+ p j=( 2 ) ;i k ie e  4) j=1ie ; 5) - j

j
=

1i
i

e
e

. 

 ȰɚɎɑɐɑəəɫ ɜɱɎəɚɝɞɱ 1) ɎɔɛɗɔɎɌɯ ɓ ɚɓəɌɣɑəəɫ, Ɍ 2) ɞɌ 3) ð ɓ 
ɐɚɎɑɐɑəɚɲ Ɏɔɥɑ ɠɚɜɘɟɗɔ ɐɗɫ ɐɚɍɟɞɖɟ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ 

= j+ j1 cos sinz i  ɞɌ = f+ f2 cos sinz i . ȳ (1.8) ɞɌ ɚɓəɌɣɑəəɫ ɘɚɐɟɗɫ 

ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ ɎɔɛɗɔɎɌɯ ɟɘɚɎɌ 4: j= j+ j =2 2cos sin 1ie . Ȱɗɫ 

ɐɚɎɑɐɑəəɫ ɟɘɚɎɔ 5 ɎɔɖɚɜɔɝɞɌɯɘɚ ɠɚɜɘɟɗɟ (1.8): 

( )( )

- j

j

j- j
= j- j= =

j+ j

j- j
= = =

j- j j+ j j+ j

2 2

cos sin
cos sin

cos sin

cos sin 1 1

cos sin cos sin cos sin

i

i

i
e i

i

i i i e

 

Ƚɞɜɚɏɑ ɎɎɑɐɑəəɫ ɠɚɜɘɟɗɔ ȱɕɗɑɜɌ ɍɟɐɑ ɓɜɚɍɗɑəɚ ɛɱɓəɱɤɑ ɛɜɔ ɎɔɎɣɑəəɱ 

ɠɟəɖɢɱɲ ze . 

ȿɜɌɡɚɎɟɪɣɔ ɠɚɜɘɟɗɟ ȱɕɗɑɜɌ, ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ ɘɚɒəɌ ɓɌɛɔɝɌɞɔ Ɏ 

ɛɚɖɌɓəɔɖɚɎɱɕ ɠɚɜɘɱ j= iz z e . Ⱥɞɒɑ, ɛɜɔ ɘəɚɒɑəəɱ ɐɎɚɡ ɖɚɘɛɗɑɖɝəɔɡ 

ɣɔɝɑɗ j
= 1

1 1
iz z e  ɞɌ j

= 2
2 2

i
z z e  ɚɐɑɜɒɟɯɘɚ 

( )j +j
= 1 2

1 2 1 2
i

z z z z e . 

Ⱥɝɖɱɗɨɖɔ ɖɚɘɛɗɑɖɝəɱ ɣɔɝɗɌ ɜɱɎəɱ ɞɚɐɱ ɕ ɞɱɗɨɖɔ ɞɚɐɱ, ɖɚɗɔ ɜɱɎəɱ ɲɡ 
ɘɚɐɟɗɱ, Ɍ Ɍɜɏɟɘɑəɞɔ ɜɱɎəɱ ɓ ɞɚɣəɱɝɞɪ ɐɚ ɌɐɔɞɔɎəɚɲ ɝɞɌɗɚɲ, ɖɜɌɞəɚɲ p2 , 

ɞɚ ɓ ɚɐɑɜɒɌəɔɡ ɜɱɎəɚɝɞɑɕ ɎɔɛɗɔɎɌɪɞɨ ɛɜɌɎɔɗɌ ɘɚɐɟɗɫ ɞɌ Ɍɜɏɟɘɑəɞɟ 

ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ: 

1) ɫɖɥɚ = j + j1 1 1 1(cos sin )z z i  ɱ ( )= j + j2 2 2 2cos sinz z i  ð ɐɎɌ 

ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɗɌ, ɞɚ  

=1 2 1 2z z z z ; = +1 2 1 2Arg( ) Arg Argz z z z ; 

2) ɫɖɥɚ, ɖɜɱɘ ɞɚɏɚ, ¸2 (0,0)z , ɞɚ 

=
11

2 2

zz

z z
; 

å õ
= -æ ö

ç ÷

1
1 2

2

Arg Arg Arg
z

z z
z

. 

ȳɌɓəɌɣɔɘɚ ɞɌɖɱ ɐɎɱ ɡɌɜɌɖɞɑɜəɱ ɜɔɝɔ ɚɛɑɜɌɢɱɲ ɘəɚɒɑəəɫ (ɐɱɗɑəəɫ) 
ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ: 

1. ȳ ɍɌɏɌɞɚɓəɌɣəɚɝɞɱ ɠɟəɖɢɱɕ ( )= +1 2 1 2arg arg argz z z z  ɞɌ 

= -1
1 2

2

arg arg arg
z

z z
z

 ɎɔɛɗɔɎɌɯ, ɥɚ ɏɚɗɚɎəɱ ɓəɌɣɑəəɫ ( )1 2arg z z  Ɍɍɚ 

( )1 2arg /z z  (ɫɖɥɚ ̧
2

0z ) əɑ ɓɌɎɒɐɔ ɓɍɱɏɌɪɞɨɝɫ ɱɓ ɝɟɘɚɪ (ɜɱɓəɔɢɑɪ) 

ɏɚɗɚɎəɔɡ ɓəɌɣɑəɨ +1 2arg argz z  (Ɍɍɚ -1 2arg argz z ).  

Ȱɱɕɝəɚ, ɫɖɥɚ ɛɚɖɗɌɝɞɔ = =-1 2 1z z , ɞɚ ( )( )( )- - = =arg 1 1 arg1 0 , Ɍɗɑ 
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ɓɌ ɠɚɜɘɟɗɚɪ ɐɗɫ ɐɚɍɟɞɖɟ ɌɜɏɟɘɑəɞɱɎ ( ) ( )- + - =p+p= parg 1 arg 1 2 . ɂɑ 

ɛɚɎõɫɓɌəɚ ɓ ɞɔɘ, ɥɚ ɠɟəɖɢɱɫ j=arg z  ɎɔɓəɌɣɑəɌ ɛɜɔ jÍ -p p( , ), 

Ɍ Ɏ ɜɚɓɏɗɫəɟɞɚɘɟ ɛɜɔɖɗɌɐɱ ɓəɌɣɑəəɫ j Ɏɔɡɚɐɔɞɨ ɓɌ ɘɑɒɱ ɢɱɯɲ ɚɍɗɌɝɞɱ. 

2. ȸəɚɒɑəəɫ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɏɑɚɘɑɞɜɔɣəɚ ɯ ɛɚɎɚɜɚɞɚɘ ɱ 

ɏɚɘɚɞɑɞɱɯɪ. ȼɑɓɟɗɨɞɌɞɚɘ ɘəɚɒɑəəɫ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ 1z  əɌ 

ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ 2z  ɯ Ɏɑɖɞɚɜ w , ɛɚɎɑɜəɟɞɔɕ Ɏɱɐəɚɝəɚ ɎɑɖɞɚɜɌ 1z  əɌ 

ɖɟɞ, ɜɱɎəɔɕ 2arg z , ɛɜɚɞɔ ɏɚɐɔəəɔɖɚɎɚɲ ɝɞɜɱɗɖɔ, Ɍ ɕɚɏɚ ɘɚɐɟɗɨ 

ɜɚɓɞɫɏəɟɞɚ Ɏ 2z  ɜɌɓɱɎ. Ȼɜɔ ɐɱɗɑəəɱ ɜɑɓɟɗɨɞɟɪɣɔɕ Ɏɑɖɞɚɜ 

ɛɚɎɑɜɞɌɯɞɨɝɫ əɌ ɖɟɞ, ɜɱɎəɔɕ 2arg z , ɓɌ ɏɚɐɔəəɔɖɚɎɚɲ ɝɞɜɱɗɖɚɪ, Ɍ 

ɘɚɐɟɗɨ 

ɜɚɓɞɫɏɟɯɞɨɝɫ Ɏ 21/ z  ɜɌɓɱɎ. ȹɌɛɜɔɖɗɌɐ, ɛɜɔ ɘəɚɒɑəəɱ ɣɔɝɗɌ z  əɌ 

ɣɔɝɗɚ 2i  Ɍɜɏɟɘɑəɞ ɚɐɑɜɒɌəɚɏɚ ɣɔɝɗɌ ɓɍɱɗɨɤɟɯɞɨɝɫ ɛɚɜɱɎəɫəɚ ɓ arg z  

əɌ ɖɟɞ p/2  ɟ əɌɛɜɫɘɖɟ ɛɜɚɞɔ ɏɚɐɔəəɔɖɚɎɚɲ ɝɞɜɱɗɖɔ, Ɍ ɘɚɐɟɗɨ ɐɚɍɟɞɖɟ 

ɢɔɡ ɣɔɝɑɗ ɯ ɐɚɍɟɞɖɚɘ ɘɚɐɟɗɫ z  ɞɌ =2 2i . 

ȳ ɛɜɌɎɔɗɌ ɎɔɖɚəɌəəɫ ɐɱɕ ɎɱɐəɱɘɌəəɫ ɞɌ ɐɱɗɑəəɫ ɎɔɛɗɔɎɌɯ, ɥɚ 

( ) ( )
-

+ p= - - - + p
-

1 0
1 0 2 0

2 0

arg 2 arg arg 2
z z

k z z z z k
z z

 

ɓɚɍɜɌɒɟɯ ɖɟɞ, ɛɱɐ ɫɖɔɘ Ɏɔɐəɚ ɓ ɞɚɣɖɔ 0z  ɛɌɜɟ ɞɚɣɚɖ 1z  ɞɌ 2z , ɖɚɗɔ 

ɖɟɞ ɓ Ɏɑɜɤɔəɚɪ Ɏ ɞɚɣɢɱ 0z  ɎɱɐɜɌɡɚɎɟɯɞɨɝɫ Ɏɱɐ ɎɑɖɞɚɜɌ -2 0z z  ɐɚ 

ɎɑɖɞɚɜɌ -1 0z z  ɟ əɌɛɜɫɘɖɟ ɛɜɚɞɔ ɜɟɡɟ ɝɞɜɱɗɖɔ ɏɚɐɔəəɔɖɌ. 

ɋɖɥɚ ɛɚɜɫɐ ɓ ɘəɚɒɔəɚɪ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɱ ɎɎɑɐɑəɔɘɔ Ɏɔɥɑ əɌɐ 
əɔɘɔ ɚɛɑɜɌɢɱɫɘɔ ɐɚɐɌɎɌəəɫ ɞɌ ɎɱɐəɱɘɌəəɫ ɜɚɓɏɗɫəɟɞɔ ɑɎɖɗɱɐɚɎɟ 

ɛɗɚɥɔəɟ 2, ɟ ɫɖɱɕ ɟɎɑɐɑəɱ ɖɚɚɜɐɔəɌɞɔ =Rex z , =Imy z , ɞɚ ɗɑɏɖɚ 

ɛɚɍɌɣɔɞɔ, ɥɚ ɢɱ ɐɎɱ ɘəɚɒɔəɔ ɱɓɚɘɚɜɠəɱ ɫɖ ɗɱəɱɕəɱ ɛɜɚɝɞɚɜɔ əɌɐ 
ɛɚɗɑɘ . 
ȳɌɟɎɌɒɑəəɫ. ȮɓɌɏɌɗɱ ɐɱɲ əɌɐ ɖɚɘɛɗɑɖɝəɔɘɔ ɣɔɝɗɌɘɔ ɞɌ ɎɑɖɞɚɜɌɘɔ ɟ 

ɛɗɚɥɔəɱ əɑ ɌɐɑɖɎɌɞəɱ. ȹɌɛɜɔɖɗɌɐ, ɐɱɫ ɘəɚɒɑəəɫ ɟ ɞɚɘɟ Ɏɔɏɗɫɐɱ, ɟ 
ɫɖɚɘɟ ɎɚəɌ ɎɎɑɐɑəɌ ɐɗɫ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ, əɑ ɘɌɯ ɑɖɎɱɎɌɗɑəɞɌ ɟ 
Ɏɑɖɞɚɜəɱɕ Ɍɗɏɑɍɜɱ. ȣ əɌɎɛɌɖɔ, ɐɱɲ ɘəɚɒɑəəɫ, ɛɜɔɞɌɘɌəəɱ Ɏɑɖɞɚɜəɱɕ 
Ɍɗɏɑɍɜɱ, Ɍ ɝɌɘɑ ɝɖɌɗɫɜəɑ ɞɌ Ɏɑɖɞɚɜəɑ ɘəɚɒɑəəɫ, əɑ ɘɌɯ ɎɱɐɛɚɎɱɐəɚɲ ɐɱɲ 

ɟ ɘəɚɒɔəɱ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ. 
 
1.4. Ȼɱɐəɑɝɑəəɫ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ ɐɚ əɌɞɟɜɌɗɨəɚɏɚ ɞɌ 

ɜɌɢɱɚəɌɗɨəɚɏɚ ɝɞɑɛɑəɫ 
 

1.4.1. ȹɌɞɟɜɌɗɨəɔɕ ɝɞɑɛɱəɨ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ 
 
ȹɑɡɌɕ ɓɌɐɌəɚ ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ = +z x iy . ȮɔɓəɌɣɔɘɚ ɖɚɘɛɗɑɖɝəɑ 



 

 21 

ɣɔɝɗɚ w , ɫɖɑ ɯ əɌɞɟɜɌɗɨəɔɘ ɝɞɑɛɑəɑɘ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ z, ɞɚɍɞɚ 

ɣɔɝɗɚ, ɥɚ ɓɌɐɚɎɚɗɨəɫɯ ɜɱɎəɫəəɫ = nw z . 

ȻɚɓəɌɣɔɘɚ: ( ) j= j+ j =cos sin iz z i z e , q= q+ q =(cos sin ) iw w i w e , 

j=arg z, Ɍ q=arg w . ȿɜɌɡɚɎɟɪɣɔ ɥɚɕəɚ ɐɚɎɑɐɑəɱ ɛɜɌɎɔɗɌ ɘɚɐɟɗɫ ɞɌ 

Ɍɜɏɟɘɑəɞɟ, ɚɐɑɜɒɔɘɚ  

( ) ( )= = j+ j = j+ jcos sin cos sin
n nnnw z z i z n i n . 

ȳɎɱɐɝɔ = ;
n

w z  =Arg Argw n z .  

Ⱥɞɒɑ,  

= = +Arg cos( arg ) sin( arg )
n n ni n zw z e z n z i z n z . 

ȳɚɖɜɑɘɌ, ɫɖɥɚ =1z , ɞɚ ɘɌɯɘɚ Ɏɱɐɚɘɟ ɠɚɜɘɟɗɟ ȸɟɌɎɜɌ 

( )j+ j = j+ jcos sin cos sin .
n

i n i n  

ȳɌɓəɌɣɔɘɚ, ɥɚ ɠɚɜɘɟɗɌ ȸɟɌɎɜɌ ɘɌɯ ɘɱɝɢɑ ɐɗɫ ɐɚɎɱɗɨəɚɏɚ ɢɱɗɚɏɚ 

ɣɔɝɗɌ Ín , ɫɖɥɚ ɛɚɖɗɌɝɞɔ =0 1z , Ɍ - =1/n nz z . 

ȮɔɖɚɜɔɝɞɚɎɟɪɣɔ ɎɎɑɐɑəɱ Ɏɔɥɑ ɛɚəɫɞɞɫ ɞɌ ɛɜɌɎɔɗɌ, ɗɑɏɖɚ 
ɛɑɜɑɖɚəɌɞɔɝɫ, ɥɚ ɐɗɫ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ Ɏɱɜəɱ ɞɌɖɱ ɣɌɝɞɚ ɎɒɔɎɌəɱ 

ɜɱɎəɚɝɞɱ, ɫɖ ɍɱəɚɘ ȹɨɪɞɚəɌ ( ) -

=

+ =ä
0

nn k k n k
n

k

z w C z w  ɞɌ ɠɚɜɘɟɗɌ ɐɗɫ 

ɝɟɘɔ ɏɑɚɘɑɞɜɔɣəɚɲ ɛɜɚɏɜɑɝɱɲ 
( )-

=

-
=

-
ä

1

1

1

1

n
n

k

k

w z
wz

z
 ɛɜɔ <1z . 

 
1.4.2. ȶɚɜɱəɨ əɌɞɟɜɌɗɨəɚɏɚ ɝɞɑɛɑəɫ ɓ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ 

 

ȹɑɡɌɕ ( ) ( )( )= j+ p + j+ pcos 2 sin 2z z k i k . ȳəɌɕɐɑɘɚ ɣɔɝɗɚ =mw z . 

ȺɓəɌɣɑəəɫ. Ȼɱɐ ɖɚɜɑəɑɘ ɝɞɑɛɑəɫ Ím  ɱɓ ɣɔɝɗɌ z  ɍɟɐɑɘɚ ɜɚɓɟɘɱɞɔ 

ɞɌɖɑ ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ w , ɫɖɑ ɛɱɝɗɫ ɛɱɐəɑɝɑəəɫ ɐɚ ɝɞɑɛɑəɫ m  ɐɌɯ 

ɛɚɣɌɞɖɚɎɑ ɓəɌɣɑəəɫ ɣɔɝɗɌ z, ɞɚɍɞɚ =mw z . 

ȹɑɡɌɕ ( )= j+ jcos sinz z i , Ɍ ( )= q+ qcos sinw w i . Ⱦɚɐɱ 

( ) ( )( ) ( )= j+ p + j+ p = q+ qcos 2 sin 2 cos sin
m

z z k i k w m i m . 

Ȱɗɫ ɎɔɖɚəɌəəɫ ɢɱɯɲ ɜɱɎəɚɝɞɱ əɑɚɍɡɱɐəɚ ɕ ɐɚɝɞɌɞəɨɚ, ɥɚɍ  

=
m

w z  ɱ 
+ p

= =
Arg arg 2

arg
z z k

w
m m

. 

Ⱥɞɒɑ, 

+

=mw z ; j+ p= q2k m . Ȭɍɚ 
j+ p

q =
2

k
k

m
, ɞɚɍɞɚ 
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+

=mw z
j+ p j+ på õ

+æ ö
ç ÷

2 2
cos sin

k k
i

m m
 ɛɜɔ (= -0, 1k m ). 

ȳɏɱɐəɚ ɓ ɛɑɜɱɚɐɔɣəɱɝɞɪ ɞɜɔɏɚəɚɘɑɞɜɔɣəɔɡ ɠɟəɖɢɱɕ ɛɜɔ ²k m  

ɓəɌɣɑəəɫ qk  ɍɟɐɟɞɨ ɛɚɎɞɚɜɪɎɌɞɔɝɨ. 

ȿ əɌɎɑɐɑəɔɡ Ɏɔɥɑ ɠɚɜɘɟɗɌɡ ɛɱɐ 
+

n r  ɜɚɓɟɘɱɯɘɚ Ɍɜɔɠɘɑɞɔɣəɑ 

ɓəɌɣɑəəɫ ɖɚɜɑəɫ ɓ ɐɚɐɌɞəɚɏɚ ɣɔɝɗɌ. ȿ ɛɚɐɌɗɨɤɔɡ ɓɌɛɔɝɌɡ ɓəɌɖ +" "  
ɍɱɗɫ ɝɔɘɎɚɗɟ ɖɚɜɑəɫ ɘɚɒɑ ɍɟɞɔ ɚɛɟɥɑəɔɘ, ɫɖɥɚ ɢɑ əɑ ɎɔɖɗɔɖɌɯ 
əɑɛɚɜɚɓɟɘɱəɨ. 

ȳəɌɣɑəəɫ m z , ɐɗɫ ɫɖɚɏɚ 

+

=m mz z
å õ

+æ ö
ç ÷

arg arg
cos sin

z z
i

m m
 (ɞɚɍɞɚ 

ɛɜɔ =0k ), əɌɓɔɎɌɯɞɨɝɫ ɏɚɗɚɎəɔɘ ɓəɌɣɑəəɫ ɖɚɜɑəɫ. 

ȼɚɓɏɗɫəɑɘɚ ɐɑɫɖɱ ɛɜɔɖɗɌɐɔ ɚɍɣɔɝɗɑəəɫ ɖɚɜɑəɱɎ. Ȱɗɫ ɓəɌɡɚɐɒɑəəɫ 

ɓəɌɣɑəɨ i  ɟɝɞɌəɚɎɔɘɚ, ɥɚ ɘɚɐɟɗɨ i  ɐɚɜɱɎəɪɯ 1, Ɍ Ɍɜɏɟɘɑəɞ ð p/2 . 

Ⱦɚɐɱ ɓəɌɣɑəəɫ i  ɓəɌɡɚɐɔɘɚ ɓɌ ɠɚɜɘɟɗɚɪ  

( ) ( )= = p + p + p + p1(cos /2 2 /2 sin /2 2 /2)kz i k i k , =0,1k . 

Ⱥɞɒɑ, ɏɚɗɚɎəɑ ɓəɌɣɑəəɫ ɖɚɜɑəɫ ɓ i  (ɛɜɔ =0k ) ɐɚɜɱɎəɪɯ 

( )
p

p p
= = + = +4

0
2

cos sin 1
4 4 2

i
z e i i , Ɍ 

( )
p

p p
= = + =- +

5

4
1

5 5 2
cos sin 1

4 4 2

i
z e i i . 

ȬəɌɗɚɏɱɣəɚ ɖɚɜɱəɨ -1  ɘɌɯ ɐɎɌ ɓəɌɣɑəəɫ, ɫɖɱ ɎɱɐɛɚɎɱɐəɚ ɐɚɜɱɎəɪɪɞɨ 

i  ɞɌ -i . 

Ȱɗɫ ɚɍɣɔɝɗɑəəɫ ɓəɌɣɑəɨ -1 3i  ɓɌɛɔɤɑɘɚ ɣɔɝɗɚ = -1 3z i  ɟ 

ɛɚɖɌɓəɔɖɚɎɱɕ ɠɚɜɘɱ 

p
-

= 32
i

z e . Ⱦɚɐɱ 

p p
- +

=

2

6 22

k
i i

kz e , =0,1k . ȳɎɱɐɖɔ 

p
- p p -å õ

= = - =æ ö
ç ÷

6
0

3
2 2 cos sin

6 6 2

i i
z e i , 

Ɍ 

p
p p -å õ

= = + =- =-æ ö
ç ÷

5

6
1 0

5 5 3
2 2 cos sin

6 6 2

i i
z e i z . 

Ⱥɝɖɱɗɨɖɔ = + p= +Arg arg 2 arg Arg1z z k z , ɞɚ ɚɍɣɔɝɗɔɞɔ ɓəɌɣɑəəɫ 

m z  ɘɚɒəɌ ɓɌ ɠɚɜɘɟɗɚɪ 

+

=m mz z
j+ p j+ på õ

+æ ö
ç ÷

2 2
cos sin

k k
i

m m
=
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++

è øå õ å õ
= + +é ùæ ö æ ö

ç ÷ ç ÷é ùê ú

arg arg 1 1
cos sin 1 cos sinmm

z z Arg Arg
z i i

m m m m
. 

ȳɎɱɐɝɔ ɎɔɛɗɔɎɌɯ, ɥɚ Ɏɝɱ ɓəɌɣɑəəɫ m z  ɚɐɑɜɒɟɪɞɨɝɫ Ɏ ɜɑɓɟɗɨɞɌɞɱ 

ɘəɚɒɑəəɫ ɏɚɗɚɎəɚɏɚ ɓəɌɣɑəəɫ ɢɨɚɏɚ ɖɚɜɑəɫ əɌ ɓəɌɣɑəəɫ ɖɚɜɑəɱɎ 
ɎɱɐɛɚɎɱɐəɚɏɚ ɝɞɑɛɑəɫ ɓ ɚɐɔəɔɢɱ. Ⱥɞɒɑ, ɖɚɜɱəɨ ɝɞɑɛɑəɫ m  ɓ 

ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ əɌɍɟɎɌɯ m  ɜɱɓəɔɡ ɖɚɘɛɗɑɖɝəɔɡ ɓəɌɣɑəɨ. Ȯɚəɔ ɟ 

ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ ɓɚɍɜɌɒɌɪɞɨɝɫ ɞɚɣɖɌɘɔ m z , ɥɚ ɗɑɒɌɞɨ ɟ 

ɎɑɜɤɔəɌɡ ɛɜɌɎɔɗɨəɚɏɚ m -ɖɟɞəɔɖɌ, ɎɛɔɝɌəɚɏɚ Ɏ ɖɚɗɚ ɜɌɐɱɟɝɚɘ 

r=m z  ɱɓ ɢɑəɞɜɚɘ ɟ ɞɚɣɢɱ =0z . Ȱɱɕɝəɚ, ɘɚɐɟɗɱ Ɏɝɱɡ ɞɚɣɚɖ =m
kz z  

= -( 0,1,2,... 1)k m  ɜɱɎəɱ ɘɱɒ ɝɚɍɚɪ ɞɌ ɐɚɜɱɎəɪɪɞɨ r, Ɍ ɛɑɜɑɡɱɐ Ɏɱɐ 

ɞɚɣɖɔ -1kz  ɐɚ ɞɚɣɖɔ kz  ɓɐɱɕɝəɪɯɞɨɝɫ ɓɍɱɗɨɤɑəəɫɘ ɓəɌɣɑəəɫ 

Ɍɜɏɟɘɑəɞɟ əɌ p2 / m. ȺɣɑɎɔɐəɚ, ɥɚ ɓəɌɣɑəəɫ 1m  ɘɌɪɞɨ Ɏɔɏɗɫɐ 

=0 1z , 
p p

= +1
2 2

cos sinz i
m m

, 
p p

= +2
4 4

cos sinz i
m m

, 

p+ p -

-
p p

= = -

2 2 ( 1)

1
2 2

cos sin

m
i

m
mz e i

m m
. 

ȳ əɌɎɑɐɑəɔɡ ɘɱɜɖɟɎɌəɨ ɎɔɛɗɔɎɌɯ, ɥɚ ɝɑɜɑɐ ɖɚɜɑəɱɎ əɑɛɌɜəɚɏɚ 
ɝɞɑɛɑəɫ m  ɓ ɐɚɐɌɞəɚɏɚ ɣɔɝɗɌ ɯ ɚɐɔə ɐɱɕɝəɔɕ ɐɚɐɌɞəɔɕ ɖɚɜɱəɨ 

+

=0
mz z , Ɍ ɝɑɜɑɐ ɖɚɜɑəɱɎ ɛɌɜəɚɏɚ ɝɞɑɛɑəɫ =2m l  ɓ ɐɚɐɌɞəɚɏɚ ɣɔɝɗɌ 

ɱɝəɟɪɞɨ ɐɎɌ ɐɱɕɝəɔɡ ɖɚɜɑəɫ 

+

=0
mz z  ɞɌ 

+

=-mlz z .  

ȽɛɜɌɎɐɱ, ɓ ɠɚɜɘɟɗɔ 

+

=m
kz z

+ p + på õ
+æ ö

ç ÷

0 2 0 2
cos sin

k k
i

m m
 ɎɔɛɗɔɎɌɯ, 

ɥɚ 

+

=0
mz z . ɋɖɥɚ ɛɚɖɗɌɐɑɘɚ, ɥɚ = +2 1m l , ɞɚ ɝɑɜɑɐ ɘəɚɒɔəɔ ɣɔɝɑɗ 

+

2

2 1

k

l
 ɛɜɔ =1,2,...2k l  ɢɱɗɔɡ ɣɔɝɑɗ əɑ ɱɝəɟɯ, Ɍ ɚɞɒɑ, ɒɚɐəɑ ɓəɌɣɑəəɫ 

kz  əɑ ɍɟɐɑ ɐɱɕɝəɔɘ. ȻɚɖɗɌɐɌɪɣɔ =2m l , ɍɌɣɔɘɚ, ɥɚ ɝɑɜɑɐ ɢɱɯɲ 

ɘəɚɒɔəɔ (= - + -1,2,... 1, , 1,..,2 1k l l l l ) ɱɝəɟɯ ɣɔɝɗɚ =k l  ɞɌɖɑ, ɥɚ 

Ɏɱɐəɚɤɑəəɫ =
2

1
2

k

l
 ɍɟɐɑ əɑɛɌɜəɔɘ ɢɱɗɔɘ, Ɍ ɚɞɒɑ, ɖɚɜɱəɨ 

+

=-mlz z  

ɍɟɐɑ ɐɱɕɝəɔɘ ɱ Ɏɱɐõɯɘəɔɘ ɣɔɝɗɚɘ. 

ȻɚɖɌɒɑɘɚ, ɥɚ ɐɗɫ ɐɚɎɱɗɨəɚɲ ɞɚɣɖɔ z  ɓəɌɣɑəəɫ ɖɚɜɑəɫ -2 1z  

ɗɑɒɌɞɨ əɌ ɛɜɫɘɱɕ, ɫɖɌ ɛɜɚɡɚɐɔɞɨ ɣɑɜɑɓ ɛɚɣɌɞɚɖ ɖɚɚɜɐɔəɌɞ ɱ 
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ɛɌɜɌɗɑɗɨəɌ ɍɱɝɑɖɞɜɔɝɱ ɖɟɞɌ ɓ Ɏɑɜɤɔəɚɪ ɟ ɞɚɣɢɱ z  ɞɜɔɖɟɞəɔɖɌ, 

Ɏɑɜɤɔəɔ ɫɖɚɏɚ ɓəɌɡɚɐɫɞɨɝɫ Ɏ ɞɚɣɖɌɡ -1, 1, z .  

ȹɑɡɌɕ z  ð ɐɚɎɱɗɨəɑ ɠɱɖɝɚɎɌəɑ ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ, Ɍ 0z  ɞɌ 1z  ð 

ɓəɌɣɑəəɫ ɖɚɜɑəɫ -2 1z . ȻɚɓəɌɣɔɘɚ ɣɑɜɑɓ ( )a = +1 arg 1z  ɱ 

( )a = -2 arg 1z  (ɜɔɝ. 1.13). Ⱦɚɐɱ ( )- =a +a2
1 2arg 1z , Ɍ ɚɞɒɑ, 

( )a +a + p

= - = -

1 2 21
2 2 221 1

k
i

kz z z e , =0,1k . ȳəɌɣɑəəɫ ɖɚɜɑəɫ -2 1z  

ɘɌɪɞɨ ɞɌɖɱ ɏɚɗɚɎəɱ ɓəɌɣɑəəɫ ɌɜɏɟɘɑəɞɱɎ: 
a +a1 2

2
 ɞɌ . 

Ⱥɝɖɱɗɨɖɔ a =a +b2 1  (ɜɔɝ. 1.13), ɞɚ ɞɚɣɖɔ 0z  ɞɌ 1z  ɘɌɪɞɨ Ɍɜɏɟɘɑəɞɔ 

b
a +1

2
 ɞɌ 

b
a + +p1

2
. Ⱥɞɒɑ, ɢɱ ɞɚɣɖɔ ɗɑɒɌɞɨ əɌ ɛɜɫɘɱɕ, ɫɖɌ ɛɜɚɡɚɐɔɞɨ 

ɣɑɜɑɓ ɛɚɣɌɞɚɖ ɖɚɚɜɐɔəɌɞ ɱ ɛɌɜɌɗɑɗɨəɌ ɍɱɝɑɖɞɜɔɝɱ ɖɟɞɌ ɎɖɌɓɌəɚɏɚ 
ɞɜɔɖɟɞəɔɖɌ ɓ Ɏɑɜɤɔəɚɪ Ɏ ɞɚɣɢɱ z  

 

 

z+1 

g 

y 

1a  

 

-1 

z 

0 1 

z-1 

2a  

 
 

ȼɔɝ. 1.13 
 
ȼɑɓɪɘɟɪɣɔ, ɓɌɓəɌɣɔɘɚ, ɥɚ ɛɜɔ ɎɔɖɚəɌəəɱ ɚɛɑɜɌɢɱɕ ɛɱɐəɑɝɑəəɫ ɐɚ 

ɝɞɑɛɑəɫ ɞɌ ɐɚɍɟɎɌəəɫ ɖɚɜɑəɫ ɓ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ ɢɑ ɖɚɘɛɗɑɖɝəɑ 
ɣɔɝɗɚ ɐɚɢɱɗɨəɚ ɓɌɛɔɝɌɞɔ ɟ ɞɜɔɏɚəɚɘɑɞɜɔɣəɱɕ Ɍɍɚ ɛɚɖɌɓəɔɖɚɎɱɕ ɠɚɜɘɱ. 

 
1.4.3. ȼɌɢɱɚəɌɗɨəɔɕ ɝɞɑɛɱəɨ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ 
 

ȹɑɡɌɕ ( )= j+ jcos sinz z i . ȮɔɓəɌɣɔɘɚ Ɏɑɗɔɣɔəɟ =

m

nw z  ɫɖ ɣɔɝɗɚ, 

ɥɚ ɓɌɐɚɎɚɗɨəɫɯ ɜɱɎəɱɝɞɨ =n mw z . ȮɔɖɚɜɔɝɞɚɎɟɪɣɔ ɚɐɑɜɒɌəɱ Ɏɔɥɑ 

ɜɑɓɟɗɨɞɌɞɔ, ɗɑɏɖɚ ɛɑɜɑɖɚəɌɞɔɝɫ ɟ ɝɛɜɌɎɑɐɗɔɎɚɝɞɱ ɠɚɜɘɟɗɔ 

p
aa
+

+

2

21
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( ) ( )
å õ

= j+ p + j+ pæ ö
ç ÷

/
cos 2 sin 2

m n m m
w z k i k

n n
 ɛɜɔ (= -0, 1k n ). 

ȳɌɟɎɌɒɔɘɚ, ɥɚ ɘəɚɒɔəɔ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ( )
m

n z  ɞɌ 
n mz  

ɓɍɱɏɌɪɞɨɝɫ ɞɚɐɱ ɕ ɞɱɗɨɖɔ ɞɚɐɱ, ɖɚɗɔ m  ɱ n  ð ɎɓɌɯɘəɚ ɛɜɚɝɞɱ ɣɔɝɗɌ. 

Ȱɱɕɝəɚ, əɑɡɌɕ = j+ j(cos sin )z z i  ɱ ɣɔɝɗɌ n  ɞɌ m  əɑ ɎɓɌɯɘəɚ ɛɜɚɝɞɱ, 

Ɍ 0n  ð ɲɡ əɌɕɍɱɗɨɤɔɕ ɝɛɱɗɨəɔɕ ɐɱɗɨəɔɖ: = 0n n q , = 0m n p . Ⱦɚɐɱ ɓɌ 

ɛɚɍɟɐɚɎɌəɚɪ Ɏɔɥɑ ɠɚɜɘɟɗɚɪ ɘɌɯɘɚ ɞɌɖɱ ɘəɚɒɔəɔ ɖɚɘɛɗɑɖɝəɔɡ 
ɣɔɝɑɗ:  

j+ p j+ på õ
= = +æ ö

ç ÷

2 2
cos sin

mn m n
k

m k m k
z z z i

n n
, = -( 0, 1)k n  ɞɌ 

( ) ( ) j+ p j+ på õ
= = + =æ ö

ç ÷

( 2 ) ( 2 )
cos sin

mm
n n

l
m l m l

z z z i
n n

 

( )å õj+ p j+ p
= +æ ö

ç ÷

( 2 ) ( 2 )
cos sin

m
n

q l q l
z i

p p
, ( = -0, 1l p ). 

ȺɣɑɎɔɐəɚ, ɥɚ ɘəɚɒɔəɔ ɣɔɝɑɗ kz  ɞɌ lz  ɓɍɱɏɌɪɞɨɝɫ ɞɚɐɱ ɕ ɞɱɗɨɖɔ ɞɚɐɱ, 

ɖɚɗɔ =0 1n , ɞɚɍɞɚ ɖɚɗɔ n  ɞɌ m  ð ɎɓɌɯɘəɚ ɛɜɚɝɞɱ əɌɞɟɜɌɗɨəɱ ɣɔɝɗɌ. 

 

 
1.5. ȯɑɚɘɑɞɜɔɣəɌ ɱəɞɑɜɛɜɑɞɌɢɱɫ ɘəɚɒɔəɔ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ 

əɌ ɝɠɑɜɱ ȼɱɘɌəɌ. Ȼɚəɫɞɞɫ ɜɚɓɤɔɜɑəɚɲ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ  
 

Ȱɗɫ ɠɟəɖɢɱɕ ɖɚɘɛɗɑɖɝəɚɲ ɓɘɱəəɚɲ z  ɓəɌɣɑəəɫ ɓɘɱəɪɯɞɨɝɫ əɑ ɞɱɗɨɖɔ 

ɟ ɝɖɱəɣɑəəɱɕ ɣɌɝɞɔəɱ ɛɗɚɥɔəɔ, Ɍɗɑ ɕ ɘɚɒɑ ɛɜɫɘɟɎɌɞɔ ɐɚ əɑɎɗɌɝəɚɲ 

ɐɗɫ 2E  əɑɝɖɱəɣɑəəɚ ɎɱɐɐɌɗɑəɚɲ ɞɚɣɖɔ. ȾɌɖɟ ɞɚɣɖɟ ɍɟɐɑɘɚ əɌɓɔɎɌɞɔ 

əɑɝɖɱəɣɑəəɚ ɎɱɐɐɌɗɑəɚɪ ɞɌ ɛɚɓəɌɣɌɞɔ ɝɔɘɎɚɗɚɘ =¤z . Ȼɜɚɞɑ 

ɏɑɚɘɑɞɜɔɣəɑ ɞɜɌɖɞɟɎɌəəɫ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ əɑ ɚɍɘɑɒɟɯɞɨɝɫ ɕɚɏɚ 
ɱəɞɑɜɛɜɑɞɌɢɱɯɪ ɫɖ ɞɚɣɖɔ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ Ɍɍɚ ɎɑɖɞɚɜɌ Ɏ əɱɕ. 
ȾɌɖɌ ɎɱɐɛɚɎɱɐəɱɝɞɨ ɎɱɜəɌ ɗɔɤɑ ɐɗɫ ɞɚɣɚɖ ɝɖɱəɣɑəəɚɲ ɣɌɝɞɔəɔ 

ɛɗɚɥɔəɔ, ɞɚɍɞɚ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ, ɫɖɱ ɘɌɪɞɨ ɝɖɱəɣɑəəɔɕ ɘɚɐɟɗɨ. 
Ⱥɝɖɱɗɨɖɔ ɐɗɫ ɣɔɝɑɗ ɓ əɑɚɍɘɑɒɑəɔɘ ɘɚɐɟɗɑɘ əɑ ɎɝɞɌəɚɎɗɑəɚ 
ɎɱɐɛɚɎɱɐəɔɡ ɚɍɜɌɓɱɎ ɟ ɑɎɖɗɱɐɚɎɱɕ ɛɗɚɥɔəɱ, ɞɚ, ɥɚɍ ɚɐɑɜɒɌɞɔ 
ɐɚɝɞɌɞəɨɚ ɣɱɞɖɑ ɏɑɚɘɑɞɜɔɣəɑ ɞɜɌɖɞɟɎɌəəɫ əɑɝɖɱəɣɑəəɚ Ɏɑɗɔɖɚɏɚ 
ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ =¤( )z , ɜɚɓɏɗɫəɑɘɚ ɎɱɐɚɍɜɌɒɑəəɫ ɖɚɘɛɗɑɖɝəɚɲ 

ɛɗɚɥɔəɔ əɌ ɝɠɑɜɟ ȼɱɘɌəɌ, ɫɖɑ ɜɑɌɗɱɓɟɯɞɨɝɫ ɝɞɑɜɑɚɏɜɌɠɱɣəɚɪ 
ɛɜɚɑɖɢɱɯɪ. 

 
1.5.1. ȽɞɑɜɑɚɏɜɌɠɱɣəɌ ɛɜɚɑɖɢɱɫ. ȽɠɑɜɌ ȼɱɘɌəɌ ɫɖ 

ɏɑɚɘɑɞɜɔɣəɔɕ ɚɍɜɌɓ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ 
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ȿ ɞɜɔɎɔɘɱɜəɚɘɟ ɛɜɚɝɞɚɜɱ ɎɎɑɐɑɘɚ ɐɑɖɌɜɞɚɎɟ ɝɔɝɞɑɘɟ ɖɚɚɜɐɔəɌɞ 

x h V, , . Ȼɗɚɥɔəɟ V=0  ɚɞɚɞɚɒəɔɘɚ ɓ ɖɚɘɛɗɑɖɝəɚɪ ɛɗɚɥɔəɚɪ  ɓ 

ɖɚɚɜɐɔəɌɞɌɘɔ ( , )x y  ɱ ɍɟɐɑɘɚ ɎɔɘɌɏɌɞɔ, ɥɚɍ ɓɍɱɏɌɗɔɝɫ ɛɚɣɌɞɖɔ 

ɖɚɚɜɐɔəɌɞ ɚɍɚɡ ɝɔɝɞɑɘ x hV( , , )  ɟ ɛɜɚɝɞɚɜɱ 3E  ɞɌ ( , )x y  ɟ ɛɗɚɥɔəɱ , Ɍ 

əɌɛɜɫɘɖɔ ɚɝɑɕ Ox  ɞɌ Oy  ɎɱɐɛɚɎɱɐɌɗɔ əɌɛɜɫɘɖɌɘ xO  ɞɌ hO . ȿ 

ɝɔɝɞɑɘɱ ɖɚɚɜɐɔəɌɞ x hV( , , )  ɛɚɍɟɐɟɯɘɚ ɝɠɑɜɟ ɜɌɐɱɟɝɚɘ =1/2R  ɱɓ 

ɢɑəɞɜɚɘ ɟ ɞɚɣɢɱ (0,0,1/2)  (ɜɔɝ. 1.14). 

 

 

P 

0 
z xx 

yh 

( ), ,M x h z 

z 

 
 

ȼɔɝ. 1.14 

 
ȹɑɡɌɕ z  ð ɐɚɎɱɗɨəɌ ɞɚɣɖɌ ɛɗɚɥɔəɔ ( , )x y , P  ð ɞɚɣɖɌ ɓ 

ɖɚɚɜɐɔəɌɞɌɘɔ (0,0,1) , ɫɖɟ əɌɓɔɎɌɪɞɨ ɛɚɗɪɝɚɘ ɝɠɑɜɔ. ȺɣɑɎɔɐəɚ, ɥɚ 

ɛɜɫɘɌ P z  ɛɑɜɑɞəɑ ɝɠɑɜɟ Ɏ ɯɐɔəɱɕ ɞɚɣɢɱ = x hV( , , )M . ȶɚɒəɱɕ ɞɚɣɢɱ 

ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ ɘɔ ɛɚɝɞɌɎɔɗɔ ɟ ɎɱɐɛɚɎɱɐəɱɝɞɨ ɞɚɣɖɟ ɝɠɑɜɔ. ȣ 
əɌɎɛɌɖɔ ð ɖɚɒəɱɕ ɞɚɣɢɱ ɝɠɑɜɔ = x hV( , , )M  ɍɟɐɑ ɎɱɐɛɚɎɱɐɌɞɔ ɯɐɔəɌ 

ɞɚɣɖɌ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ, ɫɖɌ ɗɑɒɔɞɨ əɌ ɛɑɜɑɞɔəɱ ɛɜɫɘɚɲ PM  ɓ 
ɖɚɘɛɗɑɖɝəɚɪ ɛɗɚɥɔəɚɪ. ɂɔɘ ɟɝɞɌəɚɎɗɪɯɞɨɝɫ ɎɓɌɯɘəɚ ɚɐəɚɓəɌɣəɌ 

ɎɱɐɛɚɎɱɐəɱɝɞɨ ɘɱɒ ɟɝɱɘɌ ɞɚɣɖɌɘɔ ɝɖɱəɣɑəəɚɲ ɣɌɝɞɔəɔ ɖɚɘɛɗɑɖɝəɚɲ 
ɛɗɚɥɔəɔ ɞɌ ɞɚɣɖɌɘɔ ɝɠɑɜɔ, ɚɖɜɱɘ ɞɚɣɖɔ P . 

ȰɚɘɚɎɔɘɚɝɨ ɞɚɣɖɟ ɝɠɑɜɔ = x hV( , , )M  ( )¸M P , ɫɖɌ ɎɱɐɛɚɎɱɐɌɯ ɛɜɔ 

ɝɞɑɜɑɚɏɜɌɠɱɣəɱɕ ɛɜɚɑɖɢɱɲ ɞɚɣɢɱ z, ɎɎɌɒɌɞɔ əɚɎɔɘ ɓɚɍɜɌɒɑəəɫɘ 

ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ z. Ȱɗɫ ɎɔɖɚəɌəəɫ ɐɱɕ əɌɐ ɖɚɘɛɗɑɖɝəɔɘɔ 

ɣɔɝɗɌɘɔ, ɓɌɐɌəɔɘɔ əɌ ɝɠɑɜɱ, ɍɟɐɑɘɚ ɛɑɜɑɡɚɐɔɞɔ ɐɚ ɲɡ 
ɝɞɑɜɑɚɏɜɌɠɱɣəɔɡ ɛɜɚɑɖɢɱɕ əɌ ɛɗɚɥɔəɟ, ɎɔɖɚəɟɎɌɞɔ ɞɌɘ ɐɱɲ ɓɌ 
ɎɎɑɐɑəɔɘɔ Ɏɔɥɑ ɛɜɌɎɔɗɌɘɔ, Ɍ ɛɚɞɱɘ ɛɚɎɑɜɞɌɞɔɝɫ əɌ ɝɠɑɜɟ. 
Ȱɗɫ ɞɚɣɖɔ P  ɥɑ əɑ ɎɝɞɌəɚɎɗɑəɚ ɎɱɐɛɚɎɱɐəɚɝɞɱ Ɏ ɖɚɘɛɗɑɖɝəɱɕ 
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ɛɗɚɥɔəɱ. ȶɚɜɔɝɞɟɪɣɔɝɨ ɛɚəɫɞɞɫɘɔ ɑɎɖɗɱɐɚɎɚɲ ɏɑɚɘɑɞɜɱɲ, ɗɚɏɱɣəɚ ɍɟɗɚ ɍ 
ɢɱɕ ɞɚɣɢɱ ɛɚɝɞɌɎɔɞɔ ɟ ɎɱɐɛɚɎɱɐəɱɝɞɨ ɖɚɗɚ ɓ əɑɝɖɱəɣɑəəɔɘ ɜɌɐɱɟɝɚɘ ɱɓ 
ɢɑəɞɜɚɘ ɟ ɛɚɣɌɞɖɟ ɖɚɚɜɐɔəɌɞ. ȺɐəɌɖ ɞɌɖɌ ɛɚɍɟɐɚɎɌ ɛɚɜɟɤɔɞɨ 
ɎɓɌɯɘəɟ ɚɐəɚɓəɌɣəɱɝɞɨ ɞɚɣɚɖ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ ɞɌ ɝɠɑɜɔ. Ⱦɚɘɟ 

ɛɜɔɕɘɑɘɚ ɏɱɛɚɞɑɓɟ, ɥɚ ɞɚɣɢɱ P  ɟ ɛɗɚɥɔəɱ  ɎɱɐɛɚɎɱɐɌɯ ɯɐɔəɌ 
əɑɝɖɱəɣɑəəɚ ɎɱɐɐɌɗɑəɌ ɞɚɣɖɌ =¤z  ɓ ɜɱɓəɔɘɔ ɘɚɒɗɔɎɔɘɔ 

əɌɛɜɫɘɖɌɘɔ ɜɟɡɟ ɐɚ əɑɲ. ȿ ɢɨɚɘɟ ɜɌɓɱ ɚɍɜɌɓ ɢɱɯɲ ɞɚɣɖɔ əɌ ɝɠɑɜɱ (ɞɚɣɖɌ 

P) əɱɣɔɘ əɑ Ɏɱɐɜɱɓəɫɯɞɨɝɫ Ɏɱɐ ɱəɤɔɡ ɞɚɣɚɖ ɝɠɑɜɔ. ȼɌɓɚɘ ɓ ɞɔɘ, əɚɎɑ 
ɣɔɝɗɚ =¤z  əɑ ɘɚɒɑ ɍɜɌɞɔ ɟɣɌɝɞɱ ɟ ɎɔɖɚəɌəəɱ Ɍɜɔɠɘɑɞɔɣəɔɡ 

ɚɛɑɜɌɢɱɕ əɌɜɱɎəɱ ɓ ɱəɤɔɘɔ, ɚɝɖɱɗɨɖɔ ɢɱ ɐɱɲ ɎɔɓəɌɣɑəɱ ɗɔɤɑ ɐɗɫ 
ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ (ɞɚɣɚɖ ɝɠɑɜɔ), ɫɖɱ ɎɱɐɛɚɎɱɐɌɪɞɨ ɞɚɣɖɌɘ ɝɖɱəɣɑəəɚɲ 
ɣɌɝɞɔəɔ ɛɗɚɥɔəɔ.  
ȾɌɖɑ ɛɜɚɑɖɞɟɎɌəəɫ ɞɚɣɚɖ ɝɠɑɜɔ əɌ ɖɚɘɛɗɑɖɝəɟ ɛɗɚɥɔəɟ ɕ əɌɎɛɌɖɔ 

ɘɌɯ əɌɓɎɟ ɝɞɑɜɑɚɏɜɌɠɱɣəɚɲ ɛɜɚɑɖɢɱɲ, Ɍ ɛɚɍɟɐɚɎɌəɌ ɝɠɑɜɌ əɌɓɔɎɌɯɞɨɝɫ 
ɝɠɑɜɚɪ ȼɱɘɌəɌ.  
Ƚɠɑɜɟ ȼɱɘɌəɌ ɞɌɖɚɒ əɌɓɔɎɌɪɞɨ ɝɠɑɜɚɪ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ. 

ȸəɚɒɔəɟ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɘɚɒəɌ ɞɜɌɖɞɟɎɌɞɔ ɫɖ ɞɚɣɖɔ ɝɠɑɜɔ 
ȼɱɘɌəɌ. ɋɖɥɚ ɞɚɣɖɌ =¤z  ɎɔɖɗɪɣɌɯɞɨɝɫ ɓ ɜɚɓɏɗɫɐɟ, ɞɚ ɐɚɢɱɗɨəɚ 

ɖɚɜɔɝɞɟɎɌɞɔɝɫ ɖɚɘɛɗɑɖɝəɚɪ ɛɗɚɥɔəɚɪ. Ȼɜɚɞɑ, ɫɖɥɚ 
ɎɔɖɚɜɔɝɞɚɎɟɎɌɞɔ ɝɠɑɜɟ ȼɱɘɌəɌ ɫɖ ɏɑɚɘɑɞɜɔɣəɑ ɘɱɝɢɑ ɖɚɘɛɗɑɖɝəɔɡ 
ɣɔɝɑɗ, ɞɚ ɖɚɘɛɗɑɖɝəɟ ɛɗɚɥɔəɟ ɘɚɒəɌ ɜɚɓɏɗɫɐɌɞɔ ɫɖ ăɏɑɚɏɜɌɠɱɣəɟ 
ɖɌɜɞɟó ɎɱɐɛɚɎɱɐəɔɡ ɝɠɑɜɔɣəɔɡ ɏɜɌɠɱɖɱɎ (ɚɍɜɌɓɱɎ). ȺɣɑɎɔɐəɚ, ɥɚ əɌ 

ɝɠɑɜɱ ȼɱɘɌəɌ ɘɚɒəɌ ɎɎɑɝɞɔ ɛɚəɫɞɞɫ ɎɱɐɝɞɌəɱ ɘɱɒ ɞɚɣɖɌɘɔ (ɘɑɞɜɔɖɔ) ɱ 
əɌɛɜɫɘɖɱɎ ɛɜɫɘɟɎɌəəɫ. Ⱥɝɖɱɗɨɖɔ, ɫɖ ɘɔ ɛɑɜɑɖɚəɌɯɘɚɝɫ ɐɌɗɱ, 
ɝɞɑɜɑɚɏɜɌɠɱɣəɌ ɛɜɚɑɖɢɱɫ ɯ əɑɛɑɜɑɜɎəɔɘ ɱ ɚɐəɚɓəɌɣəɔɘ 

ɎɱɐɚɍɜɌɒɑəəɫɘ, ɞɚ ɐɚɎɱɗɨəɱ ɏɑɚɘɑɞɜɔɣəɱ ɘɱɝɢɫ ɞɚɣɚɖ ɛɗɚɥɔəɔ ɍɟɐɟɞɨ 
ɚɐəɚɓəɌɣəɚ ɕ əɑɛɑɜɑɜɎəɚ ɎɱɐɚɍɜɌɒɌɞɔɝɨ ɟ ɎɱɐɛɚɎɱɐəɱ ɏɑɚɘɑɞɜɔɣəɱ 

ɘɱɝɢɫ əɌ ɝɠɑɜɱ. Ȯɱɜəɔɘ ɍɟɐɑ ɕ ɚɍɑɜəɑəɑ ɞɎɑɜɐɒɑəəɫ. ȳ ɢɨɚɏɚ, ɫɖ 
əɌɝɗɱɐɚɖ, ɎɔɛɗɔɎɌɯ əɑɛɑɜɑɜɎəɑ ɞɌ ɎɓɌɯɘəɚ ɚɐəɚɓəɌɣəɑ ɎɱɐɚɍɜɌɒɑəəɫ 
ɐɚɎɱɗɨəɚɲ ɘəɚɒɔəɔ ɞɚɣɚɖ ɛɗɚɥɔəɔ ɱ ɝɠɑɜɔ. Ⱥɞɒɑ, ɛɚəɫɞɞɫ ɚɍɗɌɝɞɱ, ɲɲ 
ɏɜɌəɔɢɱ ɞɌ ɱəɤɱ ɏɑɚɘɑɞɜɔɣəɱ ɕ ɞɚɛɚɗɚɏɱɣəɱ ɛɚəɫɞɞɫ ɓɍɑɜɱɏɌɪɞɨɝɫ ɛɜɔ 
ɝɞɑɜɑɚɏɜɌɠɱɣəɚɘɟ ɎɱɐɚɍɜɌɒɑəəɱ. 

ȺɓəɌɣɑəəɫ. ȶɚɘɛɗɑɖɝəɟ ɛɗɚɥɔəɟ , ɐɚɛɚɎəɑəɟ ɯɐɔəɚɪ 
əɑɝɖɱəɣɑəəɚ ɎɱɐɐɌɗɑəɚɪ ɞɚɣɖɚɪ =¤z , əɌɓɎɑɘɚ ɜɚɓɤɔɜɑəɚɪ 

ɖɚɘɛɗɑɖɝəɚɪ ɛɗɚɥɔəɚɪ ɞɌ ɛɚɓəɌɣɔɘɚ = ¤{ } . 

ȳɌɟɎɌɒɔɘɚ, ɥɚ ɟ ɎɔɛɌɐɖɟ, ɖɚɗɔ ɚɐəɑ ɖɚɘɛɗɑɖɝəɑ ɣɔɝɗɚ Íz , 

Ɍ ɱəɤɑ =¤0z , ɞɚ əɌɐ ɢɔɘɔ ɣɔɝɗɌɘɔ ɐɚɛɟɝɞɔɘɱ ɞɱɗɨɖɔ ɞɌɖɱ ɐɱɲ: 

+ = +¤=¤0z z z ,  ɞɌ = =
¤0

0.
z z

z
 Ȱɱɲ ɐɚɐɌɎɌəəɫ ¤+¤, 

ɘəɚɒɑəəɫ Ö¤0  ɞɌ ɐɱɗɑəəɫ ¤ ¤/  əɌ ɘəɚɒɔəɱ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ əɑ 

ɎɔɓəɌɣɑəɱ. 
 

¤=¤Öz
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1.5.2. ȳɎõɫɓɚɖ ɘɱɒ ɖɚɚɜɐɔəɌɞɌɘɔ ɝɠɑɜɔ ȼɱɘɌəɌ ɞɌ 
ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ ɛɜɔ ɝɞɑɜɑɚɏɜɌɠɱɣəɱɕ ɛɜɚɑɖɢɱɲ 

 
Ȼɚɍɟɐɟɯɘɚ ɠɚɜɘɟɗɔ, ɫɖɱ ɎɝɞɌəɚɎɗɪɪɞɨ ɓɎõɫɓɚɖ ɘɱɒ ɞɚɣɖɌɘɔ 

ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ = +z x iy  ɱ ɞɚɣɖɌɘɔ = x hV( , , )M  ɝɠɑɜɔ ȼɱɘɌəɌ. 

ȻɜɚɎɑɐɑɘɚ ɛɜɚɘɱəɨ, ɫɖɔɕ Ɏɔɡɚɐɔɞɨ ɱɓ ɞɚɣɖɔ P, ɛɑɜɑɞɔəɌɯ ɝɠɑɜɟ Ɏ 

ɞɚɣɢɱ x hV( , , )M  ɱ ɛɗɚɥɔəɟ Z  ð ɟ ɞɚɣɢɱ ¡( , ,0)M x y  (ɜɔɝ. 1.14). Ⱥɝɖɱɗɨɖɔ 

ɞɚɣɖɌ M  əɌɗɑɒɔɞɨ ɝɠɑɜɱ, ɞɚ ɲɲ ɖɚɚɜɐɔəɌɞɔ ɓɌɐɚɎɚɗɨəɫɪɞɨ ɜɱɎəɫəəɫ 

ɝɠɑɜɔ  

å õ
x +h + V- =æ ö

ç ÷

2
2 2 1 1

2 4
, 

Ɍɍɚ 

 ( )x +h =V -V2 2 1 . (1.9)  

Ⱦɚɣɖɔ =(0,0,1)P , = x hV( , , )M  ɞɌ ¡=( , ,0)M x y  ɗɑɒɌɞɨ əɌ ɚɐəɱɕ ɛɜɫɘɱɕ, 

ɲɡ ɖɚɚɜɐɔəɌɞɔ ɓɌɐɚɎɚɗɨəɫɪɞɨ ɜɱɎəɫəəɫ ɛɜɫɘɚɲ 

x- h- V-
= =

- - -

0 0 1

0 0 0 1x y
. 

ȳɎɱɐɝɔ  

x
= -V1

x
; 
h
= -V1

y
. 

Ⱥɞɒɑ, 

 
x

=
-V1

x ; 
h

=
-V1

y . (1.10)  

Ⱥɝɖɱɗɨɖɔ ¸M P, ɞɚ V 1̧  ɞɌ ɚɍɔɐɎɱ ɣɌɝɞɔəɔ ɜɱɎəɫəəɫ (1.9) ɘɚɒəɌ 

ɜɚɓɐɱɗɔɞɔ əɌ -V2(1 ) :  

( ) ( )

x +h V
=
-V-V

2 2

2 11
. 

ȳ (1.10) ɎɔɛɗɔɎɌɯ, ɥɚ 
( )

x +h
+ =

-V

2 2
2 2

2
1

x y . Ⱥɞɒɑ, ( )( )+ -V =V2 2 1x y . 

ȼɚɓɎõɫɓɌɎɤɔ ɢɱ ɜɱɎəɫəəɫ Ɏɱɐəɚɝəɚ V, ɚɐɑɜɒɔɘɚ 

 
+

V= =
+ + +

22 2

2 2 21 1

zx y

x y z
. (1.11)  

Ȼɱɝɗɫ ɛɱɐɝɞɌəɚɎɖɔ V ɟ (1.10) ɓəɌɕɐɑɘɚ  

 x= -V = =
+ + +

2 2 2

Re
(1 )

1 1

x z
x

x y z
, (1.12)  
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 h= -V = =
+ + +

2 2 2

Im
(1 )

1 1

y z
y

x y z
. (1.13)  

ɀɚɜɘɟɗɔ (1.10) ɟɝɞɌəɚɎɗɪɪɞɨ ɓɌɗɑɒəɱɝɞɨ ɖɚɚɜɐɔəɌɞ ( ),x y  

ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ  Ɏɱɐ ɖɚɚɜɐɔəɌɞ x hV( , , )  ɝɠɑɜɔ ȼɱɘɌəɌ, Ɍ (1.11)ð

(1.13) ð ɎɔɜɌɒɌɪɞɨ ɓɌɗɑɒəɱɝɞɨ ɖɚɚɜɐɔəɌɞ ɝɠɑɜɔ ȼɱɘɌəɌ Ɏɱɐ ɖɚɚɜɐɔəɌɞ 
ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ ɛɜɔ ɝɞɑɜɑɚɏɜɌɠɱɣəɱɕ ɛɜɚɑɖɢɱɲ. ȿɜɌɡɚɎɟɪɣɔ 
ɛɜɔɕəɫɞɱ ɛɜɔɛɟɥɑəəɫ ɕ ɚɐɑɜɒɌəɱ ɠɚɜɘɟɗɔ, ɘɔ ɍɟɐɑɘɚ ɚɞɚɞɚɒəɪɎɌɞɔ 

ɜɚɓɤɔɜɑəɟ ɖɚɘɛɗɑɖɝəɟ ɛɗɚɥɔəɟ ɓɱ ɝɠɑɜɚɪ ȼɱɘɌəɌ. 
 
1.6. ȮɗɌɝɞɔɎɚɝɞɱ ɝɞɑɜɑɚɏɜɌɠɱɣəɚɲ ɛɜɚɑɖɢɱɲ 
 
ȽɞɑɜɑɚɏɜɌɠɱɣəɌ ɛɜɚɑɖɢɱɫ ɘɌɯ ɐɎɱ ɎɌɒɗɔɎɱ ɎɗɌɝɞɔɎɚɝɞɱ: ɐɚɎɱɗɨəɚɘɟ 

ɖɚɗɟ əɌ ɛɗɚɥɔəɱ z  ɝɞɑɜɑɚɏɜɌɠɱɣəɌ ɛɜɚɑɖɢɱɫ ɝɞɌɎɔɞɨ ɟ ɎɱɐɛɚɎɱɐəɱɝɞɨ 

ɖɚɗɚ əɌ ɝɠɑɜɱ, ɖɜɱɘ ɞɚɏɚ, ɎɚəɌ ɓɍɑɜɱɏɌɯ ɖɟɞɔ ɘɱɒ ɖɜɔɎɔɘɔ Ɏ ɛɗɚɥɔəɱ 

ɞɌ ɲɡ ɚɍɜɌɓɌɘɔ əɌ ɝɠɑɜɱ. ɂɱ ɝɌɘɱ ɎɗɌɝɞɔɎɚɝɞɱ ɓɍɑɜɱɏɌɪɞɨɝɫ ɕ ɛɜɔ 
ɎɱɐɚɍɜɌɒɑəəɱ ɝɠɑɜɔ ȼɱɘɌəɌ əɌ ɖɚɘɛɗɑɖɝəɟ ɛɗɚɥɔəɟ. ȮɔɖɚɜɔɝɞɚɎɟɪɣɔ 
ɠɚɜɘɟɗɔ (1.10) ɞɌ (1.11)ð(1.13), ɐɚɎɑɐɑɘɚ ɎɖɌɓɌəɱ ɎɗɌɝɞɔɎɚɝɞɱ 
ɝɞɑɜɑɚɏɜɌɠɱɣəɚɲ ɛɜɚɑɖɢɱɲ. 

 

1.6.1. ȶɜɟɏɚɎɌ ɎɗɌɝɞɔɎɱɝɞɨ 
 
Ⱦɟɞ ɱ ɐɌɗɱ ɖɚɗɚɘ Ɏ ɟɓɌɏɌɗɨəɑəɚɘɟ ɜɚɓɟɘɱəəɱ ɍɟɐɑɘɚ əɌɓɔɎɌɞɔ ɫɖ 

ɖɚɗɚ ɓɱ ɝɖɱəɣɑəəɔɘ, ɞɌɖ ɱ ɓ əɑɝɖɱəɣɑəəɔɘ ɜɌɐɱɟɝɚɘ, ɞɚɍɞɚ ɛɜɫɘɟ. Ȼɱɐ 

ɓɚɎəɱɤəɨɚɪ ɞɚɣɖɚɪ ɐɑɫɖɚɲ ɘəɚɒɔəɔ D  ɝɠɑɜɔ (Ɍɍɚ ɛɗɚɥɔəɔ) ɍɟɐɑɘɚ 

ɜɚɓɟɘɱɞɔ ɞɚɣɖɟ ɝɠɑɜɔ (Ɍɍɚ, ɎɱɐɛɚɎɱɐəɚ, ɛɗɚɥɔəɔ), ɫɖɌ əɑ əɌɗɑɒɔɞɨ 
ɘəɚɒɔəɱ D  ɜɌɓɚɘ ɓ ɐɑɫɖɔɘ ɚɖɚɗɚɘ, ɥɚ ɘɱɝɞɔɞɨ ɢɪ ɞɚɣɖɟ. 
ȾɑɚɜɑɘɌ. ȰɚɎɱɗɨəɑ ɖɚɗɚ Ɏ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ ɎɱɐɚɍɜɌɒɌɯɞɨɝɫ əɌ 

ɖɚɗɚ əɌ ɝɠɑɜɱ ȼɱɘɌəɌ.  
 ȼɱɎəɫəəɫ ɖɚɗɌ əɌ ɝɠɑɜɱ ɎɔɓəɌɣɔɘɚ ɫɖ ɜɚɓɎõɫɓɚɖ ɝɔɝɞɑɘɔ ɜɱɎəɫəɨ, 

ɚɐəɑ ɓ ɫɖɔɡ ɎɔɓəɌɣɌɯ ɐɚɎɱɗɨəɟ ɛɗɚɥɔəɟ, ɥɚ ɛɑɜɑɞɔəɌɯ ɝɠɑɜɟ, Ɍ ɐɜɟɏɑ 
ð ɛɚɎɑɜɡəɪ ɝɠɑɜɔ. ȳɌɛɔɤɑɘɚ ɜɱɎəɫəəɫ ɛɑɜɑɞɔəɟ ɛɗɚɥɔəɔ ɞɌ ɝɠɑɜɔ: 

x+ h+ V+ =ë
î
ì å õ
x +h + V- =î æ ö

ç ÷í

2
2 2

0,

1 1

2 4.

A B C D

 

Ⱦɟɞ , , ,A B C D  ð ɐɑɫɖɱ ɐɱɕɝəɱ ɣɔɝɗɌ.  

Ȼɜɔɛɟɝɞɔɘɚ, ɥɚ ɞɚɣɖɌ =(0,0,1)P  əɑ əɌɗɑɒɔɞɨ ɟɖɌɓɌəɚɘɟ ɖɚɗɟ. 

ȮɔɖɚɜɔɝɞɌɎɤɔ ɠɚɜɘɟɗɔ (1.11)ð(1.13), ɓ ɛɑɜɤɚɏɚ ɜɱɎəɫəəɫ ɚɐɑɜɒɔɘɚ  

( ) ( )
( )
( )

+
+ + + =

+ + + + + +

2 2

2 2 2 2 2 2
0

1 1 1

x yx y
A B C D

x y x y x y
. 
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ȳɎɱɐɝɔ, ɛɱɝɗɫ ɛɜɚɝɞɔɡ ɛɑɜɑɞɎɚɜɑəɨ, ɛɜɔɡɚɐɔɘɚ ɐɚ ɜɱɎəɫəəɫ ɖɚɗɌ ɟ 
ɛɗɚɥɔəɱ ( , )x y :  

( )( )+ + + + + =2 2 0A x By C D x y D . 

ȳɚɖɜɑɘɌ, ɫɖɥɚ ɞɚɣɖɌ =(0,0,1)P  əɌɗɑɒɔɞɨ ɢɨɚɘɟ ɖɚɗɟ, ɞɚ + =0D C . ȿ 

ɢɨɚɘɟ ɜɌɓɱ ɜɱɎəɫəəɫ ɛɗɚɥɔəɔ ɘɌɯ Ɏɔɏɗɫɐ x+ h+ -V =(1 ) 0A B C . 

ȭɑɜɟɣɔ ɐɚ ɟɎɌɏɔ ɠɚɜɘɟɗɔ (1.12), (1.13), ɚɐɑɜɒɔɘɚ, ɥɚ Ɏ 
ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ ɚɍɜɌɓɚɘ ɖɚɗɌ, ɥɚ ɛɜɚɡɚɐɔɞɨ ɣɑɜɑɓ ɛɚɗɪɝ, ɯ 
ɛɜɫɘɌ 

+ - =0Ax By C . 

ȰɚɎɑɐɑɘɚ ɚɍɑɜəɑəɑ ɞɎɑɜɐɒɑəəɫ. ȳɌɛɔɤɑɘɚ ɜɱɎəɫəəɫ ɖɚɗɌ ɟ 

ɛɗɚɥɔəɱ z  ɟ Ɏɔɏɗɫɐɱ + + + + =2 2( ) 0A x y Bx Cy D , ɐɑ , , ,A B C D  ð ɐɱɕɝəɱ 

ɖɚɑɠɱɢɱɯəɞɔ. Ȼɜɔ =0A  ð ɢɑ ɜɱɎəɫəəɫ ɛɜɫɘɚɲ. ȻɱɐɝɞɌɎɔɘɚ ɝɪɐɔ 

ɓɌɘɱɝɞɨ x  ɞɌ y  ɓəɌɣɑəəɫ ɓɌ ɠɚɜɘɟɗɌɘɔ (1.10) ɱ, ɟɜɌɡɚɎɟɪɣɔ ɜɱɎəɫəəɫ 

ɝɠɑɜɔ, ɚɐɑɜɒɔɘɚ 
V x h
+ + + =

-V -V -V
0

1 1 1
A B C D . ȺɝɞɌəəɯ ɜɱɎəɚɝɔɗɨəɑ 

ɜɱɎəɫəəɪ 

 ( )x+ h+ - V+ =0B C A D D . (1.14)  

ɂɑ ɜɱɎəɫəəɫ ɛɗɚɥɔəɔ Ɏ ɞɜɔɎɔɘɱɜəɚɘɟ ɛɜɚɝɞɚɜɱ. Ⱥɝɖɱɗɨɖɔ <V<0 1, ɞɚ 

ɛɗɚɥɔəɌ ɛɑɜɑɞɔəɌɯ ɝɠɑɜɟ ȼɱɘɌəɌ. ȸəɚɒɔəɌ ɞɚɣɚɖ ɝɠɑɜɔ M , ɫɖɌ 
ɎɱɐɛɚɎɱɐɌɯ ɖɚɗɟ, ɘɌɯ ɗɑɒɌɞɔ əɌ ɛɑɜɑɞɔəɱ (1.9) ɱ (1.14) (ɝɠɑɜɔ ɞɌ 
ɛɗɚɥɔəɔ)  
ȺɣɑɎɔɐəɚ, ɥɚ ɐɚɎɱɗɨəɑ ɖɚɗɚ ɐɱɗɔɞɨ ɛɗɚɥɔəɟ əɌ ɐɎɱ ɣɌɝɞɔəɔ ð 

Ɏəɟɞɜɱɤəɪ ɕ ɓɚɎəɱɤəɪ. ȳɏɱɐəɚ ɓ əɑɛɑɜɑɜɎəɱɝɞɪ ɞɌ ɎɓɌɯɘəɚɪ 
ɚɐəɚɓəɌɣəɱɝɞɪ ɚɍɜɌɓ ɖɚɗɌ ɛɜɔ ɝɞɑɜɑɚɏɜɌɠɱɣəɱɕ ɛɜɚɑɖɢɱɲ ɞɑɒ ɐɱɗɔɞɨ 

ɛɚɎɑɜɡəɪ ɝɠɑɜɔ ȼɱɘɌəɌ əɌ ɐɎɱ ɣɌɝɞɔəɔ. Ⱥɞɒɑ, ɘɚɒəɌ ɛɚɍɟɐɟɎɌɞɔ 
əɑɝɖɱəɣɑəəɚ ɘɌɗɔɕ ɝɠɑɜɔɣəɔɕ ɚɖɱɗ ɜɌɐɱɟɝɚɘ e ɞɚɣɖɔ P  əɌ ɝɠɑɜɱ 

ȼɱɘɌəɌ ɞɌɖ, ɥɚ ɛɜɔ ɝɞɑɜɑɚɏɜɌɠɱɣəɱɕ ɛɜɚɑɖɢɱɲ Ɏɱə ɎɱɐɚɍɜɌɒɌɯɞɨɝɫ Ɏ 

ɚɖɱɗ ɞɚɣɖɔ =¤z  ɱ ɘɌɯ Ɏɔɏɗɫɐ ɓɚɎəɱɤəɚɝɞɱ ɖɚɗɌ >z R  ɓ ɐɚɝɞɌɞəɨɚ 

Ɏɑɗɔɖɔɘ R, ɫɖɔɕ ɑɖɎɱɎɌɗɑəɞəɔɕ ɚɖɚɗɟ <e=
1 1

z R
. 

 

1.6.2. ȮɗɌɝɞɔɎɱɝɞɨ ɓɍɑɜɑɒɑəəɫ ɖɟɞɱɎ 
 

ȶɟɞɚɘ ɘɱɒ ɖɜɔɎɔɘɔ g1  ɞɌ g2  ɟ ɛɗɚɥɔəɱ ɍɟɐɑɘɚ ɎɎɌɒɌɞɔ ɖɟɞ, ɫɖɔɕ 

ɟɞɎɚɜɪɪɞɨ ɐɚɞɔɣəɱ ɐɚ ɢɔɡ ɖɜɔɎɔɡ ɟ ɞɚɣɢɱ ɲɡ ɛɑɜɑɞɔəɟ. ȬəɌɗɚɏɱɣəɚ 
ɎɔɓəɌɣɔɘɚ ɖɟɞ ɘɱɒ ɖɜɔɎɔɘɔ əɌ ɝɠɑɜɱ ȼɱɘɌəɌ (ɜɔɝ. 1.15).  
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ȼɔɝ. 1.15 
 
ȾɑɚɜɑɘɌ. Ȼɜɔ ɝɞɑɜɑɚɏɜɌɠɱɣəɱɕ ɛɜɚɑɖɢɱɲ ɖɟɞɔ ɘɱɒ ɖɜɔɎɔɘɔ əɌ 

ɝɠɑɜɱ ɐɚɜɱɎəɪɪɞɨ ɎɱɐɛɚɎɱɐəɔɘ ɖɟɞɌɘ ɘɱɒ ɲɡ ɚɍɜɌɓɌɘɔ əɌ ɛɗɚɥɔəɱ. 

 ȹɑɡɌɕ x h V0 0 0 0( , , )M  ð ɐɚɎɱɗɨəɌ, ɎɱɐɘɱəəɌ Ɏɱɐ ɛɚɗɪɝɌ P  ɞɚɣɖɌ əɌ 

ɝɠɑɜɱ, Ɍ g1  ɞɌ g2  ð əɑɛɑɜɑɜɎəɱ ɖɜɔɎɱ əɌ ɝɠɑɜɱ, ɫɖɱ ɛɜɚɡɚɐɫɞɨ ɣɑɜɑɓ 

ɞɚɣɖɟ 0M  ɱ ɘɌɪɞɨ ɟ əɱɕ ɐɚɞɔɣəɱ. ȹɑɡɌɕ ɖɟɞ, ɟɞɎɚɜɑəɔɕ ɐɚɞɔɣəɔɘɔ, 

ɐɚɜɱɎəɪɯ a. Ⱥɝɖɱɗɨɖɔ g1  ɞɌ g2  ð ɖɜɔɎɱ ɓ ɐɚɞɔɣəɔɘɔ, ɞɚ ɢɑ ɚɓəɌɣɌɯ, 

ɥɚ Ɏɚəɔ ɘɚɒɟɞɨ ɍɟɞɔ ɓɌɐɌəɱ ɛɌɜɌɘɑɞɜɔɣəɚ ɓɌ ɐɚɛɚɘɚɏɚɪ ɠɟəɖɢɱɕ 

x =j( )k k t , h =f( )k k t , V =c( )k k t  =( 1,2)k , ɫɖɱ ɓɌɐɚɎɚɗɨəɫɪɞɨ ɜɱɎəɫəəɫ 

ɝɠɑɜɔ ( ) ( ) ( )j + f + c =
2 2 2

( ) ( ) ( ) 1k k kt t t , ɐɔɠɑɜɑəɢɱɕɚɎɌəɱ Ɏ ɞɚɣɢɱ =0t t , 

Ɍ ɞɌɖɚɒ ( ) ( ) ( )¡ ¡ ¡j + f + c ¸
2 2 2

( ) ( ) ( ) 0k k kt t t . 

ȽɖɚɜɔɝɞɌɯɘɚɝɫ ɝɞɑɜɑɚɏɜɌɠɱɣəɔɘ ɎɱɐɚɍɜɌɒɑəəɫɘ. ȻɚɓəɌɣɔɘɚ ɣɑɜɑɓ 

0 0 0( , ,0)Z x y  ɞɚɣɖɟ ɛɗɚɥɔəɔ, ɫɖɌ ɯ ɚɍɜɌɓɚɘ ɞɚɣɖɔ 0M  əɌ ɝɠɑɜɱ, Ɍ 

ɣɑɜɑɓ G1  ɞɌ G2  ð ɚɍɜɌɓɔ ɖɜɔɎɔɡ g1  ɞɌ g2. Ⱦɚɐɱ ɖɚɚɜɐɔəɌɞɔ ɖɜɔɎɔɡ G1

 ɱ G2  ɘɚɒəɌ ɓɌɐɌɞɔ ɜɱɎəɫəəɫɘɔ 

x j h f
= = = =
-V -c -V -c

( ) ( )
,

1 1 ( ) 1 1 ( )

k k k k
k k

k k k k

t t
x y

t t
, =1,2k . 
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Ⱥɝɖɱɗɨɖɔ ̧0M P, ɞɚ -c ¸01 ( ) 0t , ɚɞɒɑ, ɘɚɒəɌ ɓɜɚɍɔɞɔ ɎɔɝəɚɎɚɖ, 

ɥɚ ɖɜɔɎɱ ɓ ɐɚɞɔɣəɔɘɔ g1  ɞɌ g2  ɛɜɔ ɝɞɑɜɑɚɏɜɌɠɱɣəɚɘɟ ɎɱɐɚɍɜɌɒɑəəɱ 

ɛɑɜɑɡɚɐɫɞɨ ɟ ɖɜɔɎɱ ɓ ɐɚɞɔɣəɔɘɔ G1  ɞɌ G2, Ɍ ɣɔɝɗɌ ¡0( )kx t  ɞɌ ¡0( )ky t , ɫɖɱ 

ɡɌɜɌɖɞɑɜɔɓɟɪɞɨ əɌɛɜɫɘɖɔ ɐɚɞɔɣəɔɡ ɐɚ G1  ɞɌ G2  ɟ ɞɚɣɢɱ 0Z , 

ɎɔɓəɌɣɌɪɞɨɝɫ ɓɌ ɠɚɜɘɟɗɌɘɔ 

( )

¡ ¡x -V +V x
¡ =

-V

0 0 0 0
0 2

0

( )(1 ( )) ( ) ( )
( )

1 ( )

k k k k
k

k

t t t t
x t

t
, 

( )

¡ ¡h -V +V h
¡ =

-V

0 0 0 0
0 2

0

( )(1 ( )) ( ) ( )
( )

1 ( )

k k k k
k

k

t t t t
y t

t
. 

ȻɚɓəɌɣɔɘɚ ɣɑɜɑɓ b ɖɟɞ ɘɱɒ ɐɚɞɔɣəɔɘɔ ɐɚ G1  ɞɌ G2  ɟ ɞɚɣɢɱ 0Z . 

ȻɚɖɌɒɑɘɚ, ɥɚ Ɏɱə ɐɚɜɱɎəɪɯ a. Ȱɗɫ ɢɨɚɏɚ ɛɜɚɐɚɎɒɔɘɚ ɐɚɞɔɣəɱ ɐɚ 

ɝɠɑɜɔɣəɔɡ ɖɜɔɎɔɡ ɐɚ ɛɑɜɑɞɔəɟ ɲɡ ɓ ɐɚɞɔɣəɚɪ ɛɗɚɥɔəɚɪ ɐɚ ɝɠɑɜɔ Ɏ 
ɞɚɣɢɱ P  (ɐɔɎ. ɜɔɝ. 1.15). ȼɚɓɏɗɫəɑɘɚ ɞɜɔɖɟɞəɔɖɔ DAPB  ɞɌ DAMB . 
Ⱥɝɖɱɗɨɖɔ AB  ð ɝɛɱɗɨəɌ ɝɞɚɜɚəɌ ɚɍɚɡ ɞɜɔɖɟɞəɔɖɱɎ, =AP AM  ɞɌ 
=BP BM  ɫɖ ɐɚɞɔɣəɱ ɐɚ ɖɚɗɌ, ɥɚ Ɏɔɡɚɐɫɞɨ ɓ ɚɐəɱɯɲ ɞɚɣɖɔ, ɞɚ 

ɞɜɔɖɟɞəɔɖɔ DAPB  ɞɌ DAMB  ɜɱɎəɱ ɘɱɒ ɝɚɍɚɪ. Ⱥɞɒɑ, 

Ï =Ï =aAPB AMD . ȼɌɓɚɘ ɓ ɞɔɘ, ɐɚɞɔɣəɱ ɐɚ ɛɜɚɑɖɢɱɕ ɖɜɔɎɔɡ 

ɛɌɜɌɗɑɗɨəɱ ɛɜɫɘɔɘ AP  ɞɌ BP, ɚɝɖɱɗɨɖɔ ɢɱ ɐɚɞɔɣəɱ ɯ ɛɜɫɘɔɘɔ, 
ɟɞɎɚɜɑəɔɘɔ ɛɑɜɑɞɔəɚɘ ɛɗɚɥɔə PAM  ɱ PBM  ɱɓ ɛɗɚɥɔəɚɪ ɛɜɚɑɖɢɱɕ. 
Ⱥɞɒɑ, ɖɟɞ ɘɱɒ əɔɘɔ ɐɚɜɱɎəɪɯ Ï =aAPB , ɞɚɍɞɚ b=a 

ȾɌɖɔɘ ɣɔəɚɘ, ɝɞɑɜɑɚɏɜɌɠɱɣəɌ ɛɜɚɑɖɢɱɫ ɯ əɑɛɑɜɑɜɎəɔɘ ɎɓɌɯɘəɚ 
ɚɐəɚɓəɌɣəɔɘ ɎɱɐɚɍɜɌɒɑəəɫɘ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ əɌ ɝɠɑɜɟ ȼɱɘɌəɌ. 

Ȼɜɔ ɢɨɚɘɟ ɎɱɐɚɍɜɌɒɑəəɱ ɖɚɗɌ əɌ ɛɗɚɥɔəɱ ɎɱɐɚɍɜɌɒɌɪɞɨɝɫ Ɏ ɖɚɗɌ əɌ 
ɝɠɑɜɱ ɕ əɌɎɛɌɖɔ, Ɍ ɖɟɞɔ ɘɱɒ ɐɚɎɱɗɨəɔɘɔ ɖɜɔɎɔɘɔ, ɫɖɱ ɘɌɪɞɨ ɐɚɞɔɣəɱ, 
ɞɌ ɲɡ ɚɍɜɌɓɌɘɔ ɓɍɑɜɱɏɌɪɞɨɝɫ.  
Ȯɱɐɖɜɔɞɟ ɛɗɚɥɔəɟ  ɘɚɒəɌ ɚɞɚɞɚɒəɔɞɔ ɓ ɛɚɎɑɜɡəɑɪ ɝɠɑɜɔ 

ȼɱɘɌəɌ S  ɍɑɓ ɛɚɗɪɝɌ, ɞɚɍɞɚ {}\S P , Ɍ ɜɚɓɤɔɜɑəɟ ɖɚɘɛɗɑɖɝəɟ ɛɗɚɥɔəɟ 

 ð ɓ ɟɝɱɯɪ ɝɠɑɜɚɪ ȼɱɘɌəɌ S . 

 
1.7. ȸɑɞɜɔɣəɱ ɝɛɱɎɎɱɐəɚɤɑəəɫ Ɏ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ ɞɌ əɌ 

ɝɠɑɜɱ ȼɱɘɌəɌ 
 
Ⱥɐəɱɯɪ ɓ ɠɟəɐɌɘɑəɞɌɗɨəɔɡ ɡɌɜɌɖɞɑɜɔɝɞɔɖ ɘəɚɒɔəɔ ɞɚɣɚɖ ɯ 

ɘɑɞɜɔɖɌ. ȮɚəɌ ɎɝɞɌəɚɎɗɪɯ ɎɱɐɝɞɌəɨ ɘɱɒ ɞɚɣɖɌɘɔ ɘəɚɒɔəɔ. ȸɑɞɜɔɣəɱ 
ɛɜɚɝɞɚɜɔ ɐɚɓɎɚɗɫɪɞɨ ɎɔɜɌɓɔɞɔ ɘɚɎɚɪ ɏɑɚɘɑɞɜɱɲ ɓəɌɣəɟ ɖɱɗɨɖɱɝɞɨ 
ɜɑɓɟɗɨɞɌɞɱɎ ɘɌɞɑɘɌɞɔɣəɚɏɚ ɌəɌɗɱɓɟ, ɟɎɑɝɞɔ Ɏ ɘɑɞɜɔɣəɔɡ ɛɜɚɝɞɚɜɌɡ 
ɞɌɖɱ ɎɌɒɗɔɎɱ ɛɚəɫɞɞɫ, ɫɖ ɛɚɎəɚɞɌ, ɖɚɘɛɌɖɞəɱɝɞɨ, ɓɎõɫɓəɱɝɞɨ ɛɜɚɝɞɚɜɟ 
ɞɌ ɱə. 

ȹɌɏɌɐɌɯɘɚ ɠɚɜɘɌɗɨəɑ ɚɓəɌɣɑəəɫ ɘɑɞɜɔɖɔ. 
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ȺɓəɌɣɑəəɫ. ȹɑɡɌɕ X  ð ɐɚɎɱɗɨəɌ ɘəɚɒɔəɌ. Ⱦɚɐɱ ɎɱɐɚɍɜɌɒɑəəɫ 
r

½½2X  əɌɓɔɎɌɯɞɨɝɫ ɘɑɞɜɔɖɚɪ, ɫɖɥɚ " Í Í Í( , , )x X y X z X  

Ɏɔɖɚəɟɪɞɨɝɫ Ɍɖɝɱɚɘɔ: 

1) r =( , ) 0x y  Ý = =0x y ; 

2) r =r( , ) ( , )x y y x ; 

3) r ¢r +r( , ) ( , ) ( , )x y x z z y . 

ȿɎɑɐɑəəɫ ɘɑɞɜɔɖɔ Ɏ ɞɚɘɟ ɣɔ ɱəɤɚɘɟ ɛɜɚɝɞɚɜɱ ɎɓɌɏɌɗɱ 
əɑɚɐəɚɓəɌɣəɑ. ȮɱɐɛɚɎɱɐəɚ ɐɚ ɜɚɓɏɗɫəɟɞɔɡ Ɏɔɥɑ ɏɑɚɘɑɞɜɔɣəɔɡ 

ɱəɞɑɜɛɜɑɞɌɢɱɕ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ əɌ ɛɗɚɥɔəɱ ɞɌ ɝɠɑɜɱ ȼɱɘɌəɌ 
ɎɎɑɐɑɘɚ ɟ ɢɔɡ ɘəɚɒɔəɌɡ ɎɱɐɛɚɎɱɐəɱ ɘɑɞɜɔɖɔ.  
ȮɔɓəɌɣɔɘɚ ɎɱɐɝɞɌəɨ ɘɱɒ ɞɚɣɖɌɘɔ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ . 

ȺɓəɌɣɑəəɫ. ȹɑɡɌɕ = +1 1 1z x iy , = +2 2 2z x iy  ð ɞɚɣɖɔ ɖɚɘɛɗɑɖɝəɚɲ 

ɛɗɚɥɔəɔ. Ⱦɚɐɱ ɎɱɐɝɞɌəɨ ɘɱɒ əɔɘɔ Ɏ ɑɎɖɗɱɐɚɎɱɕ Ɏɑɖɞɚɜəɱɕ ɘɑɞɜɔɢɱ 
ɚɍɣɔɝɗɪɯɞɨɝɫ ɓɌ ɠɚɜɘɟɗɚɪ 

 ( ) ( )- = - + -
2 2

1 2 1 2 1 2z z x x y y . (1.15)  

ȮɔɖɚəɌəəɫ ɐɎɚɡ ɛɑɜɤɔɡ Ɍɖɝɱɚɘ ɐɗɫ ɘɚɐɟɗɫ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ əɑ 
ɎɔɖɗɔɖɌɯ ɝɟɘəɱɎɟ. Ȯɔɡɚɐɫɣɔ ɓ ɏɑɚɘɑɞɜɔɣəɚɲ ɱəɞɑɜɛɜɑɞɌɢɱɲ 
ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ, ɗɑɏɖɚ ɛɑɜɑɖɚəɌɞɔɝɫ, ɥɚ ɐɗɫ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ 

Ɏɱɜəɱ əɑɜɱɎəɚɝɞɱ ɞɜɔɖɟɞəɔɖɌ - ¢ + ¢ +1 2 1 2 1 2z z z z z z .  

ȳ ɟɎɑɐɑəəɫɘ ɘɚɐɟɗɫ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ Ɏ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ 

ɎɎɑɐɑəɚ ɘɑɞɜɔɖɟ, Ɍ ɟɛɚɜɫɐɖɚɎɌəɌ ɣɑɞɎɱɜɖɌ ( )= + Ö Ö, , ,E  ɯ 

əɚɜɘɚɎɌəɔɘ ɛɜɚɝɞɚɜɚɘ əɌɐ ɛɚɗɑɘ . 

ȺɓəɌɣɑəəɫ. ȹɑɡɌɕ x h V1 1 1 1( , , )Z  ɱ x h V2 2 2 2( , , )Z  ð ɓɚɍɜɌɒɑəəɫ ɞɚɣɚɖ 1z  ɱ 

2z  əɌ ɝɠɑɜɱ ȼɱɘɌəɌ. Ƚɠɑɜɔɣəɚɪ (ɡɚɜɐɚɎɚɪ) ɎɱɐɝɞɌəəɪ ɘɱɒ ɞɚɣɖɌɘɔ 

1Z  ɱ 2Z  əɌɓɔɎɌɯɞɨɝɫ ɑɎɖɗɱɐɚɎɌ əɚɜɘɌ ɎɑɖɞɚɜɌ x -x h -h V -V1 2 1 2 1 2( , , ) , 

ɞɚɍɞɚ ɎɱɐɝɞɌəɨ ɘɱɒ ɚɍɜɌɓɌɘɔ ɞɚɣɚɖ 1z  ɱ 2z  əɌ ɝɠɑɜɱ ȼɱɘɌəɌ  

 

r = x h V - x h V =

= x -x + h -h + V -V

1 2 1 1 1 1 2 2 2 2

2 2 2
1 2 1 2 1 2

( , ) ( , , ) ( , , )

( ) ( ) ( ) .

Z Z Z Z

 (1.16)  

ȿɜɌɡɚɎɟɪɣɔ ɓɎõɫɓɚɖ ɘɱɒ ɖɚɚɜɐɔəɌɞɌɘɔ ɛɗɚɥɔə ( , )x y  ɞɌ x hV( , , )  

ɝɠɑɜɔ ȼɱɘɌəɌ (1.10) ɱ (1.11)ð(1.13), ɗɑɏɖɚ ɎɝɞɌəɚɎɔɞɔ, ɥɚ  
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1 1

z z
z z

z z

. (1.17)  

Ȱɗɫ ɞɚɣɚɖ ɜɚɓɤɔɜɑəɚɲ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ ɐɚɢɱɗɨəɚ 
ɎɔɖɚɜɔɝɞɚɎɟɎɌɞɔ ɝɠɑɜɔɣəɟ ɘɑɞɜɔɖɟ. Ʌɚɍ ɎɔɓəɌɣɔɞɔ ɎɱɐɝɞɌəɨ ɘɱɒ 
ɞɚɣɖɚɪ, ɥɚ ɗɑɒɔɞɨ ɟ ɝɖɱəɣɑəəɱɕ ɣɌɝɞɔəɱ ɛɗɚɥɔəɔ, ɱ əɑɝɖɱəɣɑəəɚ 

ɎɱɐɐɌɗɑəɚɪ ɞɚɣɖɚɪ Ɏ (1.17), ɛɚɖɗɌɐɑɘɚ =1z z ; ¤2z . Ȼɱɝɗɫ 

əɑɝɖɗɌɐəɔɡ ɛɑɜɑɞɎɚɜɑəɨ (ɐɱɗɑəəɫ əɌ 2z  ɞɌ ɚɢɱəɖɔ ɏɜɌəɔɣəɚɏɚ 

ɓəɌɣɑəəɫ) ɘɌɯɘɚ 

 r ¤ =

+
2

1
( , )

1

z

z

. (1.18)  

ȿɎɑɐɑəəɫ Ɏ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ ɘɑɞɜɔɖɔ ɛɑɜɑɞɎɚɜɪɯ ɲɲ əɌ 
ɘɑɞɜɔɣəɔɕ ɛɜɚɝɞɱɜ, ɐɗɫ ɑɗɑɘɑəɞɱɎ ɫɖɚɏɚ Ɏɔɖɚəɟɪɞɨɝɫ Ɏɝɱ Ɍɖɝɱɚɘɔ 
ɎɱɐɝɞɌəɱ. 
ȷɑɏɖɚ ɛɚɖɌɓɌɞɔ, ɥɚ ɘɚɐɟɗɨ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ Ɏ əɚɜɘɚɎɌəɚɘɟ ɛɚɗɱ 

ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɯ əɑɛɑɜɑɜɎəɚɪ ɠɟəɖɢɱɯɪ. 

ɋɖɥɚ 1z  ɞɌ 2z  ð ɖɚɘɛɗɑɖɝəɱ ɣɔɝɗɌ, ɥɚ ɗɑɒɌɞɨ ɟ ɖɜɟɓɱ { }Í ¢:z z R

( < <+¤0 R ), ɞɚ ɑɎɖɗɱɐɚɎɌ ɱ ɝɠɑɜɔɣəɌ ɘɑɞɜɔɖɔ ɑɖɎɱɎɌɗɑəɞəɱ. ɂɑ 

ɎɔɛɗɔɎɌɯ ɓ ɚɣɑɎɔɐəɚɲ əɑɜɱɎəɚɝɞɱ  

 
-

¢r ¢ -
+

1 2
1 2 1 22

( , )
1

z z
z z z z

R
. (1.19)  

Ⱦɚɘɟ ɝɠɑɜɔɣəɟ ɘɑɞɜɔɖɟ ɓɌɝɞɚɝɚɎɟɪɞɨ ɛɜɔ ɜɚɓɏɗɫɐɱ əɑɚɍɘɑɒɑəɔɡ 

ɘəɚɒɔə. ȹɌɐɌɗɱ, ɘɔ ɍɟɐɑɘɚ ɜɚɓɏɗɫɐɌɞɔ əɌ ɘəɚɒɔəɱ  ɑɎɖɗɱɐɚɎɟ 

ɘɑɞɜɔɖɟ, Ɍ əɌ  ð ɝɠɑɜɔɣəɟ.  
 
1.8. Ⱦɚɛɚɗɚɏɱɣəɱ ɝɞɜɟɖɞɟɜɔ Ɏ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ 
 
Ȼɜɔ ɎɔɎɣɑəəɱ ɞɑɚɜɱɲ ɠɟəɖɢɱɕ ɖɚɘɛɗɑɖɝəɚɲ ɓɘɱəəɚɲ ɘɔ ɍɟɐɑɘɚ ɘɌɞɔ 
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ɝɛɜɌɎɟ ɓ ɜɱɓəɚɘɌəɱɞəɔɘɔ ɞɚɣɖɌɘɔ ɜɚɓɤɔɜɑəɚɲ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ 
ɞɌ ɲɡ ɘəɚɒɔəɌɘɔ. Ⱦɚɘɟ, ɥɚɍ əɑ ɎɔəɔɖɌɗɚ əɑɛɚɜɚɓɟɘɱəɨ ɟ ɞɗɟɘɌɣɑəəɱ 
ɞɔɡ ɣɔ ɱəɤɔɡ ɞɑɜɘɱəɱɎ, əɌɎɑɐɑɘɚ ɚɝəɚɎəɱ ɚɓəɌɣɑəəɫ ɞɌ ɞɎɑɜɐɒɑəəɫ 
ɞɑɚɜɱɲ ɘəɚɒɔə. 

Ȯɱɐɚɘɚ, ɥɚ ɘəɚɒɔəɌ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɘɌɯ ɐɎɱ ɝɞɜɟɖɞɟɜɔ: 

ɌɗɏɑɍɜɌɲɣəɟ ɝɞɜɟɖɞɟɜɟ ɛɚɗɫ ɕ ɞɚɛɚɗɚɏɱɣəɟ ɛɜɚɝɞɚɜɟ (ɐɎɚɎɔɘɱɜəɚɏɚ 
ɑɎɖɗɱɐɚɎɚɏɚ). ȿ ɛ.1.1 ɜɚɓɏɗɫəɟɞɚ Ɍɜɔɠɘɑɞɔɖɚ-ɌɗɏɑɍɜɌɲɣəɱ ɎɗɌɝɞɔɎɚɝɞɱ 
ɛɚɗɫ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɱ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ, ɫɖɱ ɎɔɓəɌɣɌɪɞɨ ɕɚɏɚ 
ɌɗɏɑɍɜɌɲɣəɟ ɝɞɜɟɖɞɟɜɟ. ȰɌɗɱ ɜɚɓɏɗɫəɑɘɚ əɑɚɍɡɱɐəɱ ɐɗɫ ɎɔɎɣɑəəɫ 

ɎɗɌɝɞɔɎɚɝɞɑɕ ɘəɚɒɔə ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɚɓəɌɣɑəəɫ ɚɖɚɗɟ, ɚɍɗɌɝɞɱ, 
ɘɑɒɱ ɘəɚɒɔəɔ, ɏɜɌəɔɣəɚɲ ɞɚɣɖɔ ɞɌ ɱə. ȮɔɎɣɔɘɚ ɓɎõɫɓɖɔ, ɫɖɱ 
ɎɔəɔɖɌɪɞɨ ɘɱɒ ɑɗɑɘɑəɞɌɘɔ ɘəɚɒɔə ɛɜɔ ɎɎɑɐɑəəɱ ɢɔɡ ɛɚəɫɞɨ.  
Ȱɗɫ ɐɚɝɫɏəɑəəɫ ɛɚɝɞɌɎɗɑəɚɲ ɘɑɞɔ ð ɛɚɍɟɐɚɎɔ ɞɚɛɚɗɚɏɱɲ Ɏ 

ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ ð ɝɖɚɜɔɝɞɌɯɘɚɝɫ Ɏɱɐɚɘɔɘɔ ɞɚɛɚɗɚɏɱɣəɔɘɔ 

ɎɗɌɝɞɔɎɚɝɞɫɘɔ ɑɎɖɗɱɐɚɎɚɲ ɛɗɚɥɔəɔ, ɱɓɚɘɚɜɠəɚɲ , Ɍ ɞɌɖɚɒ ɟɎɑɐɑɘɚ 
əɚɎɱ ɎɗɌɝɞɔɎɚɝɞɱ, ɛɜɔɞɌɘɌəəɱ ɝɌɘɑ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ. 
Ʌɚɍ ɛɱɐɖɜɑɝɗɔɞɔ ɜɚɗɨ ɏɑɚɘɑɞɜɔɣəɔɡ ɛɚəɫɞɨ ɟ ɞɑɚɜɱɲ ɠɟəɖɢɱɕ 

ɖɚɘɛɗɑɖɝəɚɲ ɓɘɱəəɚɲ, əɌɏɌɐɌɯɘɚ ɐɑɫɖɱ Ɏɱɐɚɘɚɝɞɱ ɱɓ ɓɌɏɌɗɨəɚɲ ɞɚɛɚɗɚɏɱɲ. 
ȰɚɘɚɎɔɘɚɝɫ ɛɚɓəɌɣɌɞɔ Ɏɑɗɔɖɔɘɔ ɗɌɞɔəɝɨɖɔɘɔ ɗɱɞɑɜɌɘɔ , ,...A B  

ɘəɚɒɔəɔ, Ɍ ɘɌɗɔɘɔ , ...a b  ð ɲɡ ɑɗɑɘɑəɞɔ. ȱɗɑɘɑəɞɔ ɐɚɎɱɗɨəɚɲ 

ɘəɚɒɔəɔ E  əɌɓɎɑɘɚ ɲɲ ɞɚɣɖɌɘɔ. 

ȻɜɚɌəɌɗɱɓɟɎɌɎɤɔ ɠɟəɐɌɘɑəɞɌɗɨəɱ ɛɚəɫɞɞɫ ɘɌɞɑɘɌɞɔɣəɚɏɚ ɌəɌɗɱɓɟ 
(əɌɛɜ., ɞɚɣɖɌ ɐɚɞɔɖɟ Ɍɍɚ ɏɜɌəɔɣəɌ ɞɚɣɖɌ, əɑɛɑɜɑɜɎəɱɝɞɨ, ɓɍɱɒəɱɝɞɨ), 
ɍɌɣɔɘɚ, ɥɚ Ɏɚəɔ ɘɚɒɟɞɨ ɍɟɞɔ ɚɛɔɝɌəɱ ɗɔɤɑ ɓɌ ɐɚɛɚɘɚɏɚɪ Ɏɱɐɖɜɔɞɔɡ 
ɘəɚɒɔə. ɂɫ ɚɍɝɞɌɎɔəɌ ɝɞɌɗɌ ɚɝəɚɎɚɪ ɱɐɑɲ ɎɎɌɒɌɞɔ ɛɑɜɎɱɝəɔɘ 

ɛɚəɫɞɞɫɘ ɌəɌɗɱɓɟ ɝɔɝɞɑɘɟ Ɏɱɐɖɜɔɞɔɡ ɘəɚɒɔə, ɥɚ ɛɜɔɎɑɗɚ 
ɘɌɞɑɘɌɞɔɖɱɎ ɐɚ ɓɌɏɌɗɨəɚɏɚ ɛɚəɫɞɞɫ ɞɚɛɚɗɚɏɱɣəɚɏɚ ɛɜɚɝɞɚɜɟ. 
ȳɌɏɌɗɨəɚɛɜɔɕəɫɞɌ ɓɌɜɌɓ ɌɖɝɱɚɘɌɞɔɖɌ ɞɚɛɚɗɚɏɱɣəɔɡ ɛɜɚɝɞɚɜɱɎ 
ɓõɫɎɔɗɌɝɨ ɟɛɑɜɤɑ Ɏ ɜɚɍɚɞɌɡ ȶ. ȶɟɜɌɞɚɎɝɨɖɚɏɚ (1922ɜ. ð ɚɛɑɜɌɞɚɜ 
ɓɌɘɔɖɌəəɫ), Ȼ. ȬɗɑɖɝɌəɐɜɚɎɌ (1925ɜ. ð Ɏɱɐɖɜɔɞɱ ɘəɚɒɔəɔ), 

Ȯ. Ƚɑɜɛɔəɝɨɖɚɏɚ (1927ɜ. ð ɓɌɘɖəɑəɱ ɘəɚɒɔəɔ). 
ȺɓəɌɣɑəəɫ. ȹɑɡɌɕ X  ð ɐɑɫɖɌ ɘəɚɒɔəɌ ɞɚɣɚɖ. Ⱦɚɛɚɗɚɏɱɯɪ 

(ɞɚɛɚɗɚɏɱɣəɚɪ ɝɞɜɟɖɞɟɜɚɪ) ɟ X  əɌɓɔɎɌɯɞɨɝɫ ɐɚɎɱɗɨəɌ ɝɔɝɞɑɘɌ t ɲɲ 

ɛɱɐɘəɚɒɔə, ɫɖɌ ɓɌɐɚɎɚɗɨəɫɯ ɟɘɚɎɔ: 

1) { }Å Ìt,X ; 

2) aÍtG , aÍA  Ý  a
aÍ

Ít
A

G , ɐɑ A  ð ɐɚɎɱɗɨəɌ ɘəɚɒɔəɌ ɱəɐɑɖɝɱɎ; 

3) aÍtG , { }aÍ1,..., n  Ý  a
a=

Ít
1

n
G . 

ȺɓəɌɣɑəəɫ. ȿɛɚɜɫɐɖɚɎɌəɌ ɛɌɜɌ ( )= t,T X  əɌɓɔɎɌɯɞɨɝɫ 

ɞɚɛɚɗɚɏɱɣəɔɘ ɛɜɚɝɞɚɜɚɘ.  
ȺɓəɌɣɑəəɫ. ȸəɚɒɔəɔ, ɥɚ əɌɗɑɒɌɞɨ ɞɚɛɚɗɚɏɱɲ t, əɌɓɔɎɌɪɞɨɝɫ 
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Ɏɱɐɖɜɔɞɔɘɔ.  
ȺɓəɌɣɑəəɫ. ȸəɚɒɔəɔ, ɫɖɱ ɯ ɐɚɛɚɎəɑəəɫɘ ɐɚ Ɏɱɐɖɜɔɞɔɡ ɘəɚɒɔə, 

əɌɓɔɎɌɪɞɨɝɫ ɓɌɘɖəɑəɔɘɔ. 

ȾɑɚɜɑɘɌ. ȹɑɡɌɕ ( )t,X  ð ɞɚɛɚɗɚɏɱɣəɔɕ ɛɜɚɝɞɱɜ. Ⱦɚɐɱ ɘəɚɒɔəɔ X , Å 

ɓɌɘɖəɑəɱ; ɛɑɜɑɞɔə ɐɚɎɱɗɨəɚɲ ɖɱɗɨɖɚɝɞɱ ɓɌɘɖəɑəɔɡ ɘəɚɒɔə ð ɓɌɘɖəɑəɌ 

ɘəɚɒɔəɌ; ɚɍõɯɐəɌəəɫ ɝɖɱəɣɑəəɚɲ ɖɱɗɨɖɚɝɞɱ ɓɌɘɖəɑəɔɡ ɘəɚɒɔə ð 
ɓɌɘɖəɑəɌ ɘəɚɒɔəɌ. 
Ȼɜɚɛɚəɟɯɘɚ ɣɔɞɌɣɌɘ ɐɚɎɑɝɞɔ ɢɑ ɞɎɑɜɐɒɑəəɫ ɝɌɘɚɝɞɱɕəɚ. 

Ȼɚəɫɞɞɫ Ɏɱɐɖɜɔɞɚɲ ɘəɚɒɔəɔ Ɏ ɞɚɛɚɗɚɏɱɣəɚɘɟ ɛɜɚɝɞɚɜɱ 
ɛɚɝɞɟɗɪɯɞɨɝɫ. Ʌɚɍ ɐɚɎɑɝɞɔ, ɥɚ ɐɑɫɖɌ ɘəɚɒɔəɌ M  ɟ ɞɚɛɚɗɚɏɱɣəɚɘɟ 
ɛɜɚɝɞɚɜɱ T  ɎɱɐɖɜɔɞɌ, ɞɜɑɍɌ ɐɚɎɑɝɞɔ, ɥɚ ɎɚəɌ əɌɗɑɒɔɞɨ ɕɚɏɚ ɞɚɛɚɗɚɏɱɲ. 
ȳɜɚɓɟɘɱɗɚ, ɥɚ əɌ ɚɐəɱɕ ɱ ɞɱɕ ɝɌɘɱɕ ɘəɚɒɔəɱ X  ɘɚɒəɌ ɎɎɑɝɞɔ ɜɱɓəɱ 

ɞɚɛɚɗɚɏɱɲ, ɟɞɎɚɜɔɎɤɔ ɜɱɓəɱ ɞɚɛɚɗɚɏɱɣəɱ ɛɜɚɝɞɚɜɔ. ɋɖɥɚ əɌ X  ɓɌɐɌəɚ 

ɠɱɖɝɚɎɌəɟ ɞɚɛɚɗɚɏɱɪ, ɞɚ ɞɚɛɚɗɚɏɱɣəɔɕ ɛɜɚɝɞɱɜ ɛɚɓəɌɣɌɞɔɘɑɘɚ ɛɜɚɝɞɚ 
ɣɑɜɑɓ X . 
ȺɓəɌɣɑəəɫ. ȻɱɐɘəɚɒɔəɌ O  ɞɚɛɚɗɚɏɱɣəɚɏɚ ɛɜɚɝɞɚɜɟ X  əɌɓɔɎɌɯɞɨɝɫ 

ɚɖɚɗɚɘ ɞɚɣɖɔ Íx X , ɫɖɥɚ ɎɚəɌ ɘɱɝɞɔɞɨ ɞɌɖɟ Ɏɱɐɖɜɔɞɟ Ɏ X  

ɛɱɐɘəɚɒɔəɟ G, ɥɚ Í Ìx G O .  

ȺɓəɌɣɑəəɫ. ȾɚɣɖɌ Íx X  əɌɓɔɎɌɯɞɨɝɫ ɞɚɣɖɚɪ ɐɚɞɔɖɟ ɘəɚɒɔəɔ 

ÌM X , ɫɖɥɚ ɖɚɒəɔɕ ɚɖɱɗ ɞɚɣɖɔ x  ɘɱɝɞɔɞɨ ɡɚɣɌ ɍ ɚɐəɟ ɞɚɣɖɟ ɓ M .  

ȺɓəɌɣɑəəɫ. ȾɚɣɖɌ Íx X  ð ɏɜɌəɔɣəɌ ɞɚɣɖɌ ɘəɚɒɔəɔ ÌM X , ɫɖɥɚ 

ɖɚɒəɔɕ ɚɖɱɗ ɞɚɣɖɔ x  ɘɱɝɞɔɞɨ ɡɚɣɌ ɍ ɚɐəɟ ɞɚɣɖɟ ɓ M , ɥɚ əɑ 

ɓɍɱɏɌɯɞɨɝɫ ɓ x . 

ȺɓəɌɣɑəəɫ. Ƚɟɖɟɛəɱɝɞɨ ɞɚɣɚɖ ɐɚɞɔɖɟ ɘəɚɒɔəɔ ÌM X  əɌɓɔɎɌɯɞɨɝɫ 

ɓɌɘɔɖɌəəɫɘ ɘəɚɒɔəɔ M  ɱ ɛɚɓəɌɣɌɯɞɨɝɫ clM Ɍɍɚ M . Ƚɟɖɟɛəɱɝɞɨ 

ɏɜɌəɔɣəɔɡ ɞɚɣɚɖ ɘəɚɒɔəɔ ÌM X  əɌɓɔɎɌɯɞɨɝɫ ɛɚɡɱɐəɚɪ ɘəɚɒɔəɚɪ 

ɘəɚɒɔəɔ M  ɱ ɛɚɓəɌɣɌɯɞɨɝɫ ¡M . 

ȳɌɓəɌɣɔɘɚ, ɥɚ ¡M  ð ɓɌɘɖəɑəɌ ɘəɚɒɔəɌ.  
Ȼɜɚɛɚəɟɯɘɚ ɣɔɞɌɣɑɎɱ ɝɌɘɚɝɞɱɕəɚ ɛɑɜɑɖɚəɌɞɔɝɫ, ɥɚ ɚɛɑɜɌɢɱɫ 

ɓɌɘɔɖɌəəɫ ɘɌɯ ɞɌɖɱ ɎɗɌɝɞɔɎɚɝɞɱ: 

1) ɘəɚɒɔəɌ M  ɞɚɛɚɗɚɏɱɣəɚɏɚ ɛɜɚɝɞɚɜɟ X  ɓɌɘɖəɑəɌ Ú  =M M ; 

2) ÌM M ; 

3) ÌM N  Ý  ÌM N ; 

4) =M M ; 

5) =M N M N ; 

6) Å=Å. 

ȹɑɡɌɕ A , B  ð ɛɱɐɘəɚɒɔəɔ ɞɚɛɚɗɚɏɱɣəɚɏɚ ɛɜɚɝɞɚɜɟ X , ɛɜɔɣɚɘɟ 

ÌA B . Ƀɔ ɘɚɒəɌ ɝɞɎɑɜɐɒɟɎɌɞɔ, ɥɚ ÌA B ? 

ȸɔ ɎɎɌɒɌɯɘɚ, ɥɚ ɐɚɝɔɞɨ ɛɚɎɣɌɗɨəɔɘ ɐɗɫ ɣɔɞɌɣɌ ɍɟɐɑ ɐɚɝɎɱɐ, 

əɌɍɟɞɔɕ ɛɜɔ ɝɛɜɚɍɱ ɐɌɞɔ ɎɱɐɛɚɎɱɐɨ əɌ əɌɝɞɟɛəɑ ɛɔɞɌəəɫ. 
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ȳɌɐɌɣɌ ȶ. ȶɟɜɌɞɚɎɝɨɖɚɏɚ. Ƚɖɱɗɨɖɔ ɜɱɓəɔɡ ɘəɚɒɔə ɘɚɒəɌ ɚɞɜɔɘɌɞɔ 
ɱɓ ɓɌɐɌəɚɲ ɘəɚɒɔəɔ ɞɚɛɚɗɚɏɱɣəɚɏɚ ɛɜɚɝɞɚɜɟ ɓɌ ɐɚɛɚɘɚɏɚɪ ɚɛɑɜɌɢɱɕ 
ɓɌɘɔɖɌəəɫ ɞɌ Ɏɓɫɞɞɫ ɐɚɛɚɎəɑəəɫ? 
ȺɓəɌɣɑəəɫ. ȾɚɣɖɌ Íx M  ð ɱɓɚɗɨɚɎɌəɌ ɞɚɣɖɌ ɘəɚɒɔəɔ ÌM X , ɫɖɥɚ 

ɱɝəɟɯ ɞɌɖɔɕ ɲɲ ɚɖɱɗ O, ɥɚ {}=O M x . 

ȺɓəɌɣɑəəɫ. ȹɑɡɌɕ A  ɞɌ B  ð ɐɎɱ ɘəɚɒɔəɔ Ɏ ɞɚɛɚɗɚɏɱɣəɚɘɟ 

ɛɜɚɝɞɚɜɱ X . ȸəɚɒɔəɌ A  əɌɓɔɎɌɯɞɨɝɫ ɥɱɗɨəɚɪ ɟ B , ɫɖɥɚ ÌB A .  

ȺɓəɌɣɑəəɫ. ɋɖɥɚ =A X , ɞɚ ɘəɚɒɔəɌ ÌA X  əɌɓɔɎɌɯɞɨɝɫ Ɏɝɪɐɔ 

ɥɱɗɨəɚɪ. 
ȺɓəɌɣɑəəɫ. ȸəɚɒɔəɌ A  əɌɓɔɎɌɯɞɨɝɫ əɱɐɑ əɑ ɥɱɗɨəɚɪ, ɫɖɥɚ ɎɚəɌ əɑ 

ɯ ɥɱɗɨəɚɪ Ɏ ɒɚɐəɱɕ əɑɛɚɜɚɒəɱɕ Ɏɱɐɖɜɔɞɱɕ ɘəɚɒɔəɱ ɛɜɚɝɞɚɜɟ X . 
ȺɓəɌɣɑəəɫ. ȾɚɣɖɌ Íx X  əɌɓɔɎɌɯɞɨɝɫ Ɏəɟɞɜɱɤəɨɚɪ ɞɚɣɖɚɪ 

ɘəɚɒɔəɔ ÌM X , ɫɖɥɚ ɱɝəɟɯ ɚɖɱɗ ɞɚɣɖɔ x , ɫɖɔɕ ɢɱɗɖɚɘ ɘɱɝɞɔɞɨɝɫ Ɏ 

M .  
ȬəɌɗɚɏɱɣəɚ ɘɚɒɑɘɚ əɌɓɎɌɞɔ ɞɚɣɖɟ Íx X  ɓɚɎəɱɤəɨɚɪ ɞɚɣɖɚɪ 

ɘəɚɒɔəɔ ÌM X , ɫɖɥɚ ɱɝəɟɯ ɚɖɱɗ ɞɚɣɖɔ x , ɥɚ Ɏɑɝɨ ɘɱɝɞɔɞɨɝɫ Ɏ \X M

.  
ȺɓəɌɣɑəəɫ. Ƚɟɖɟɛəɱɝɞɨ Ɏəɟɞɜɱɤəɱɡ ɞɚɣɚɖ ɘəɚɒɔəɔ ÌM X  

əɌɓɔɎɌɯɞɨɝɫ Ɏəɟɞɜɱɤəɱɝɞɪ ɘəɚɒɔəɔ M  ɱ ɛɚɓəɌɣɌɯɞɨɝɫ int M  Ɍɍɚ 0M

. 
ȺɓəɌɣɑəəɫ. ȾɚɣɖɌ Íx X  əɌɓɔɎɌɯɞɨɝɫ ɘɑɒɚɎɚɪ ɞɚɣɖɚɪ ɘəɚɒɔəɔ 

ÌM X , ɫɖɥɚ ɐɚɎɱɗɨəɔɕ ɚɖɱɗ ɞɚɣɖɔ x  ɘɱɝɞɔɞɨ ɞɚɣɖɔ ɓ M  ɞɌ \X M .  

ȺɓəɌɣɑəəɫ. Ƚɟɖɟɛəɱɝɞɨ ɘɑɒɚɎɔɡ ɞɚɣɚɖ ɘəɚɒɔəɔ ÌM X  

əɌɓɔɎɌɯɞɨɝɫ ɘɑɒɑɪ ɘəɚɒɔəɔ M  ɱ ɛɚɓəɌɣɌɯɞɨɝɫ frM  Ɍɍɚ µM . 

ȳ ɚɓəɌɣɑəəɫ ɎɔɛɗɔɎɌɯ, ɥɚ µ = \M M X M . 

ȼɚɓɏɗɫəɑɘɚ ɐɚɖɗɌɐəɱɤɑ ɖɚɘɛɗɑɖɝəɟ ɛɗɚɥɔəɟ . 

ȺɓəɌɣɑəəɫ. d-ɚɖɚɗɚɘ ɞɚɣɖɔ Í0z  əɌɓɔɎɌɯɞɨɝɫ ɘəɚɒɔəɌ ɞɚɣɚɖ 

ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ { }d = Í - <d0 0( , ) :U z z z z . 

ȣəɤɔɘɔ ɝɗɚɎɌɘɔ, d-ɚɖɱɗ ð ɢɑ ɘəɚɒɔəɌ ɞɚɣɚɖ z  ɖɚɘɛɗɑɖɝəɚɲ 

ɛɗɚɥɔəɔ , ɫɖɱ ɗɑɒɌɞɨ ɟɝɑɜɑɐɔəɱ ɖɜɟɏɌ ɜɌɐɱɟɝɚɘ d ɱɓ ɢɑəɞɜɚɘ ɟ ɞɚɣɢɱ 

0z . Ⱥɞɒɑ, ɐɚɎɱɗɨəɌ ɞɚɣɖɌ z  ɘɌɯ əɑɝɖɱəɣɑəəɟ ɖɱɗɨɖɱɝɞɨ ɚɖɚɗɱɎ. 

ȬəɌɗɚɏɱɣəɚ d-ɚɖɚɗɚɘ ɞɚɣɖɔ Í0z  əɌɓɔɎɌɯɞɨɝɫ ɘəɚɒɔəɌ 

( ){ }d = Í r <d0 0( , ) : ,U z z z z . 

Ȼɜɚɖɚɗɚɞɔɘ d-ɚɖɚɗɚɘ ɞɚɣɖɔ Í0z  ɍɟɐɑɘɚ əɌɓɔɎɌɞɔ ɘəɚɒɔəɟ 

{ }Í < - <d0: 0z z z .  

ȺɓəɌɣɑəəɫ. ȸəɚɒɔəɌ ÌG  əɌɓɔɎɌɯɞɨɝɫ Ɏɱɐɖɜɔɞɚɪ ɘəɚɒɔəɚɪ, 

ɫɖɥɚ ɐɗɫ ɐɚɎɱɗɨəɚɲ ɞɚɣɖɔ Í0z G  ɱɝəɟɯ ɞɌɖɔɕ d-ɚɖɱɗ d0( , )U z , ɥɚ 
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d Ì0( , )U z G . 

ȽɔɝɞɑɘɌ Ɏɝɱɡ ɛɱɐɘəɚɒɔə, ɥɚ ɓɌɐɚɎɚɗɨəɫɪɞɨ ɚɓəɌɣɑəəɫ Ɏɱɐɖɜɔɞɚɲ 
ɘəɚɒɔəɔ, ɟɞɎɚɜɪɯ ɞɚɛɚɗɚɏɱɣəɟ ɝɞɜɟɖɞɟɜɟ əɌ ɜɚɓɤɔɜɑəɱɕ ɖɚɘɛɗɑɖɝəɱɕ 

ɛɗɚɥɔəɱ . Ȱɗɫ ɖɚəɖɜɑɞəɚɲ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ ɚɝəɚɎəɱ ɞɚɛɚɗɚɏɱɣəɱ 
ɛɚəɫɞɞɫ ɘɚɒəɌ ɟɞɚɣəɔɞɔ, ɝɖɚɜɔɝɞɌɎɤɔɝɨ d-ɚɖɚɗɌɘɔ. 

ȺɓəɌɣɑəəɫ. ȾɚɣɖɌ Í0z  əɌɓɔɎɌɯɞɨɝɫ ɏɜɌəɔɣəɚɪ ɞɚɣɖɚɪ ɘəɚɒɔəɔ 

ÌE , ɫɖɥɚ "d>0  ɘəɚɒɔəɌ d0( , )E U z  ɘɱɝɞɔɞɨ ɞɚɣɖɔ ɓ E, Ɏɱɐɘɱəəɱ 

Ɏɱɐ 0z .  

ɂɑ ɚɓəɌɣɑəəɫ ɑɖɎɱɎɌɗɑəɞəɑ ɞɚɘɟ, ɥɚ ɐɚɎɱɗɨəɔɕ ɚɖɱɗ ɏɜɌəɔɣəɚɲ 

ɞɚɣɖɔ 0z  ɘɱɝɞɔɞɨ əɑɝɖɱəɣɑəəɟ ɖɱɗɨɖɱɝɞɨ ɞɚɣɚɖ E. Ȱɱɕɝəɚ, ɫɖɍɔ Ɏ 

ɐɑɫɖɚɘɟ ɚɖɚɗɱ ɞɚɣɖɔ 0z  ɓəɌɡɚɐɔɗɌɝɫ ɗɔɤɑ ɝɖɱəɣɑəəɌ ɖɱɗɨɖɱɝɞɨ ɞɚɣɚɖ ɓ 

E, Ɏɱɐɘɱəəɔɡ Ɏɱɐ 0z , ɞɚ ɚɐəɌ ɓ əɔɡ ɍɟɗɌ ɍ əɌɕɍɗɔɒɣɚɪ ɐɚ 0z . ȹɑɡɌɕ 

ɢɑ ɞɚɣɖɌ a . Ⱦɚɐɱ Ɏ ɚɖɚɗɱ d0( , )U z , ɐɑ ( )<d<r00 ,a z , əɑ ɘɱɝɞɔɗɚɝɫ ɍ 

ɒɚɐəɚɲ ɞɚɣɖɔ ɓ E, ɥɚ ɝɟɛɑɜɑɣɔɞɨ ɛɜɔɕəɫɞɱɕ ɟɘɚɎɱ. 
ȺɓəɌɣɑəəɫ. ȺɍɗɌɝɞɪ Ɏ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ əɌɓɔɎɌɯɞɨɝɫ ɎɱɐɖɜɔɞɌ 

ɘəɚɒɔəɌ ɞɚɣɚɖ, ɫɖɌ ɘɌɯ ɞɌɖɟ ɎɗɌɝɞɔɎɱɝɞɨ: ɐɎɱ ɲɲ ɐɚɎɱɗɨəɱ ɞɚɣɖɔ ɘɚɒəɌ 

ɓõɯɐəɌɞɔ ɗɌɘɌəɚɪ, ɝɖɗɌɐɑəɚɪ ɞɱɗɨɖɔ ɓ ɞɚɣɚɖ ɢɱɯɲ ɘəɚɒɔəɔ. 
ȼɚɓɏɗɫəɑɘɚ ɐɑɫɖɱ ɛɜɔɖɗɌɐɔ ɘəɚɒɔə, ɫɖɱ ɯ ɚɍɗɌɝɞɫɘɔ. 

1. ȸəɚɒɔəɌ <1z  ɯ ɚɍɗɌɝɞɪ. ȮɚəɌ ɎɱɐɖɜɔɞɌ, ɞɚɘɟ ɥɚ ɲɲ ɞɚɣɖɔ 

ɗɑɒɌɞɨ ɟɝɑɜɑɐɔəɱ ɖɜɟɏɌ ɓ ɚɐɔəɔɣəɔɘ ɜɌɐɱɟɝɚɘ, ɚɍɘɑɒɑəɚɏɚ ɖɚɗɚɘ (ɍɑɓ 
ɏɜɌəɔɢɱ), ɱ ɐɗɫ Ɏɝɱɡ ɞɚɣɚɖ ɱɝəɟɪɞɨ ɚɖɚɗɔ, ɫɖɱ əɌɗɑɒɌɞɨ ɖɜɟɏɟ. ȰɜɟɏɌ 
ɎɗɌɝɞɔɎɱɝɞɨ ɚɣɑɎɔɐəɌ. Ⱥɞɒɑ, ɢɫ ɘəɚɒɔəɌ ɯ ɚɍɗɌɝɞɪ (ɜɔɝ. 1.16). 

2. ȸəɚɒɔəɌ - <3 5z  ɞɑɒ ɍɟɐɑ ɚɍɗɌɝɞɪ. 

3. ȸəɚɒɔəɌ ¢1z  əɑ ɍɟɐɑ ɚɍɗɌɝɞɪ, ɚɝɖɱɗɨɖɔ ɎɚəɌ ɓɌɘɖəɑəɌ, ɞɚɘɟ 

ɥɚ ɐɗɫ ɞɚɣɚɖ, ɥɚ ɗɑɒɌɞɨ əɌ ɖɚɗɱ =1z , əɑ ɘɚɒəɌ ɛɚɍɟɐɟɎɌɞɔ 

ɎɱɐɛɚɎɱɐəɱ ɚɖɚɗɔ. 
4. ȺɍɗɌɝɞɪ ɞɌɖɚɒ əɑ ɍɟɐɑ ɘəɚɒɔəɌ ɞɚɣɚɖ, ɝɖɗɌɐɑəɌ ɓ ɞɚɣɚɖ ɐɎɚɡ 

ɖɜɟɏɱɎ <1z  ɞɌ - <2 1/2z  (ɜɔɝ. 1.17), ɚɝɖɱɗɨɖɔ əɑ ɍɟɐɑ ɎɔɖɚəɟɎɌɞɔɝɨ 

ɐɜɟɏɌ ɎɔɘɚɏɌ ɚɓəɌɣɑəəɫ. 
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 ȼɔɝ. 1.16 ȼɔɝ. 1.17 
 
5. ȺɍɗɌɝɞɪ əɑ ɍɟɐɑ ɕ ɘəɚɒɔəɌ ɞɚɣɚɖ z, ɫɖɌ ɎɔɓəɌɣɑəɌ ɝɟɖɟɛəɱɝɞɪ 

əɑɜɱɎəɚɝɞɑɕ <1z  ɞɌ < <2 3z  (ɜɔɝ. 1.18), ɚɝɖɱɗɨɖɔ ɒɚɐəɟ ɞɚɣɖɟ ɖɜɟɏɌ 

<1z  əɑ ɘɚɒəɌ ɝɛɚɗɟɣɔɞɔ ɓ ɞɚɣɖɌɘɔ ɖɱɗɨɢɫ < <2 3z  ɗɌɘɌəɚɪ, ɫɖɌ ɍ 

ɝɖɗɌɐɌɗɌɝɨ ɞɱɗɨɖɔ ɓ ɞɚɣɚɖ ɐɌəɚɲ ɘəɚɒɔəɔ. 
 

 

2 x 

y 

1 3 

 
 

ȼɔɝ. 1.18 
 
ȺɓəɌɣɑəəɫ. ȹɑɛɚɜɚɒəɪ ɘəɚɒɔəɟ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ÌE  

əɌɓɎɑɘɚ ɚɍɘɑɒɑəɚɪ ɘəɚɒɔəɚɪ, ɫɖɥɚ ɱɝəɟɯ ɞɌɖɔɕ ɖɜɟɏ 

{ }= Í ¢:RK z z R ( < <+¤0 R ), ɥɚ Ì RE K .  

ȺɓəɌɣɑəəɫ. ȰɱɌɘɑɞɜ əɑɛɚɜɚɒəɨɚɲ ɘəɚɒɔəɔ ÌE  ɎɔɓəɌɣɌɯɞɨɝɫ ɓɌ 

ɠɚɜɘɟɗɚɪ ()
Í
xÍ

= -x
,

sup
z E

E

d E z . 

ȳ ɚɓəɌɣɑəəɫ ɎɔɛɗɔɎɌɯ, ɥɚ ɐɱɌɘɑɞɜ əɑɛɚɜɚɒəɨɚɲ ɘəɚɒɔəɔ ÌE  

ɘɚɒɑ ɍɟɞɔ əɑɎɱɐ'ɯɘəɔɘ ɐɱɕɝəɔɘ ɣɔɝɗɚɘ Ɍɍɚ +¤. ɋɖɥɚ ÌE F , ɞɚ 

() ()¢d E d F . ȼɱɎəɱɝɞɨ ()=0d E  ɘɌɯ ɘɱɝɢɑ ɗɔɤɑ ɞɚɐɱ, ɖɚɗɔ ɘəɚɒɔəɌ E  

ɚɐəɚɞɚɣɖɚɎɌ. ȸəɚɒɔəɌ ÌE  ɚɍɘɑɒɑəɌ ɞɚɐɱ ɕ ɞɱɗɨɖɔ ɞɚɐɱ, ɖɚɗɔ 

()<+¤d E . 

ȺɓəɌɣɑəəɫ. ȮɱɐɝɞɌəəɪ ɘɱɒ ɘəɚɒɔəɌɘɔ 1E  ɞɌ 2E  əɌɓɔɎɌɯɞɨɝɫ 

ɎɑɗɔɣɔəɌ ( )
Í
Í

r = -
1 1
2 2

1 2 1 2
,

, inf
z E
z E

E E z z . 

ɋɖɥɚ ɘəɚɒɔəɌ {}=1E z  ɚɐəɚɞɚɣɖɚɎɌ, ɞɚ ɓɌɘɱɝɞɨ ( )r 1 2,E E  ɛɔɤɑɘɚ 

( )r 2,z E .  

ɋɖɥɚ ¸A B Å, ɞɚ ( )r =, 0A B , Ɍɗɑ ( )r =, 0A B  Ý/ ¸A B Å. 

Ȼɜɚɛɚəɟɯɘɚ ɣɔɞɌɣɑɎɱ əɌɎɑɝɞɔ ɎɱɐɛɚɎɱɐəɔɕ ɛɜɔɖɗɌɐ. 
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ȺɓəɌɣɑəəɫ. ȸəɚɒɔəɌ ÌE  əɌɓɔɎɌɯɞɨɝɫ ɖɚɘɛɌɖɞəɚɪ, ɫɖɥɚ 

ɐɚɎɱɗɨəɌ əɑɝɖɱəɣɑəəɌ ɛɱɐɘəɚɒɔəɌ ÌA E  ɘɌɯ ɛɜɔəɌɕɘəɱ ɚɐəɟ 

ɏɜɌəɔɣəɟ ɞɚɣɖɟ. 

ȺɓəɌɣɑəəɫ. ȸəɚɒɔəɌ ÌE  əɌɓɔɎɌɯɞɨɝɫ ɖɚɘɛɌɖɞɚɘ, ɫɖɥɚ 

ɐɚɎɱɗɨəɌ əɑɝɖɱəɣɑəəɌ ɛɱɐɘəɚɒɔəɌ ÌA E  ɘɌɯ ɛɜɔəɌɕɘəɱ ɚɐəɟ 

ɏɜɌəɔɣəɟ ɞɚɣɖɟ, ɥɚ əɌɗɑɒɔɞɨ E . 

Ȼɜɚɛɚəɟɯɘɚ ɣɔɞɌɣɑɎɱ ɐɚɎɑɝɞɔ, ɥɚ ɖɚɘɛɌɖɞ ÌE  ɯ ɓɌɘɖəɑəɚɪ 

ɘəɚɒɔəɚɪ, Ɍ ɖɚɘɛɌɖɞəɌ ɘəɚɒɔəɌ ÌE  ð ɥɑ ɕ ɚɍɘɑɒɑəɚɪ. 

ȾɑɚɜɑɘɌ ȶɌəɞɚɜɌ. ȽɛɌɐəɌ ɛɚɝɗɱɐɚɎəɱɝɞɨ əɑɛɚɜɚɒəɱɡ ɓɌɘɖəɑəɔɡ 

ɛɱɐɘəɚɒɔə É É É É É1 2 3 ...nE E E E  ɖɚɘɛɌɖɞəɚɲ ɘəɚɒɔəɔ E  ɘɌɯ 

əɑɛɚɜɚɒəɱɕ ɛɑɜɑɞɔə. 
 ȹɑ ɚɍɘɑɒɟɪɣɔ ɓɌɏɌɗɨəɚɝɞɱ, ɍɟɐɑɘɚ ɎɎɌɒɌɞɔ, ɥɚ ɘɌɯɘɚ ɗɔɤɑ 

ɛɚɛɌɜəɚ ɜɱɓəɱ ɘəɚɒɔəɔ, ɫɖɔɡ ɱɝəɟɯ əɑɝɖɱəɣɑəəɌ ɖɱɗɨɖɱɝɞɨ. ȣəɌɖɤɑ 

ɞɑɚɜɑɘɌ ɚɣɑɎɔɐəɌ. Ⱥɞɒɑ, + ¸Å1\k kE E  ɞɌ ɱɝəɟɯ ɞɚɣɖɌ Ík ka E  ɞɌɖɌ, 

ɥɚ +Î 1k ka E , =( 1,2,...)k . ȳɏɱɐəɚ ɓ ɖɚɘɛɌɖɞəɱɝɞɪ E  ɘəɚɒɔəɌ ɞɚɣɚɖ 

{ }= 1 2, ,... ,...nM a a a  ɘɌɯ ɏɜɌəɔɣəɟ ɞɚɣɖɟ Ía E , ɫɖɌ ɯ ɏɜɌəɔɣəɚɪ ɐɗɫ 

Ɏɝɱɡ ɘəɚɒɔə kE , ɚɝɖɱɗɨɖɔ ɟ ɛɜɚɞɔɗɑɒəɚɘɟ ɎɔɛɌɐɖɟ, ɫɖɥɚ ¡Î
0k ka E , 

ɞɚ Ɏ ɐɑɫɖɚɘɟ ɲɲ ɚɖɚɗɱ aU  ɘɱɝɞɔɞɨɝɫ ɗɔɤɑ ɝɖɱəɣɑəəɌ ɖɱɗɨɖɱɝɞɨ ɞɚɣɚɖ ɓ 

0kE  (ɫɖ ɢɑ ɐɚɎɑɐɑəɚ ɜɌəɱɤɑ) ɱ, ɚɞɒɑ, ð ɝɖɱəɣɑəəɌ ɖɱɗɨɖɱɝɞɨ ɞɚɣɚɖ ɓ M , 

ɥɚ ɝɟɛɑɜɑɣɔɞɨ ɚɓəɌɣɑəəɪ ɞɚɣɖɔ a . ȳɏɱɐəɚ ɱɓ ɓɌɘɖəɑəɱɝɞɪ kE  ɞɚɣɖɌ 

Í ka E , ( =1,2,..k ) ɱ, ɚɝɖɱɗɨɖɔ Í k
k

a E , ɞɚ ̧k
k

E Å  

ȺɓəɌɣɑəəɫ. ȽɖɱəɣɑəəɌ Ɍɍɚ ɓɗɱɣɑəəɌ ɝɔɝɞɑɘɔ { }= kG G  Ɏɱɐɖɜɔɞɔɡ 

ɘəɚɒɔə əɌɓɔɎɌɪɞɨɝɫ Ɏɱɐɖɜɔɞɔɘ ɛɚɖɜɔɞɞɫɘ ɘəɚɒɔəɔ ÌE , ɫɖɥɚ

 ɖɚɒəɌ ɞɚɣɖɌ Íz E  əɌɗɑɒɔɞɨ ɛɜɔəɌɕɘəɱ ɚɐəɱɕ ɱɓ ɘəɚɒɔə ɝɔɝɞɑɘɔ G , 

ɞɚɍɞɚ Ì k
k

E G . 

ȷɑɘɌ ȯɑɕəɑ ð ȭɚɜɑɗɫ. ȳ ɐɚɎɱɗɨəɚɏɚ ɓɗɱɣɑəəɚɏɚ ɛɚɖɜɔɞɞɫ { }= kG G  

ɖɚɘɛɌɖɞɌ ÌE  ɘɚɒəɌ Ɏɔɐɱɗɔɞɔ ɝɖɱəɣɑəəɑ ɛɚɖɜɔɞɞɫ ɢɱɯɲ ɘəɚɒɔəɔ.  

 ɋɖɥɚ ɛɚɖɜɔɞɞɫ { }= kG G  ɯ ɓɗɱɣɑəəɔɘ ɛɚɖɜɔɞɞɫɘ ɖɚɘɛɌɖɞɌ ÌE , 

ɞɚ ɘəɚɒɔəɔ 
=

=
1

\
n

n k
k

E E G  ɓɌɘɖəɑəɱ ɕ ɟɞɎɚɜɪɪɞɨ ɝɛɌɐəɟ 

ɛɚɝɗɱɐɚɎəɱɝɞɨ ɞɌɖɟ, ɥɚ =k
k

E Å. ɂɑ ɘɚɒɗɔɎɚ ɗɔɤɑ Ɏ ɞɚɘɟ ɎɔɛɌɐɖɟ, 

ɖɚɗɔ ɐɗɫ ɐɑɫɖɚɏɚ 0n  ɘəɚɒɔəɌ =
0nE Å (ɐɔɎ. ɞɑɚɜɑɘɟ ȶɌəɞɚɜɌ), ɞɚɍɞɚ 
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=

=
0

1

\
n

k
k

E G Å. ɂɑ ɚɓəɌɣɌɯ, ɥɚ 
=

Ì
0

1

n

k
k

E G   

 
1.9. ȻɚɝɗɱɐɚɎəɚɝɞɱ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ 

 

ȺɓəɌɣɑəəɫ. ɃɔɝɗɚɎɚɪ ɛɚɝɗɱɐɚɎəɱɝɞɪ { }nz  ɟ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ 

əɌɓɔɎɌɯɞɨɝɫ ɎɱɐɚɍɜɌɒɑəəɫ ɘəɚɒɔəɔ ɢɱɗɔɡ əɑɎɱɐõɯɘəɔɡ ɣɔɝɑɗ ɟ 

ɖɚɘɛɗɑɖɝəɟ ɛɗɚɥɔəɟ.  

ȻɚɝɗɱɐɚɎəɱɝɞɨ { }nz  ð ɢɑ ɖɚɘɛɗɑɖɝəɚɓəɌɣəɌ ɠɟəɖɢɱɫ, ɎɔɓəɌɣɑəɌ əɌ 

ɘəɚɒɔəɱ ɢɱɗɔɡ əɑɎɱɐõɯɘəɔɡ ɣɔɝɑɗ. ɃɔɝɗɌ, ɫɖɱ Ɏɡɚɐɫɞɨ ɐɚ ɛɚɝɗɱɐɚɎəɚɝɞɱ, 
əɌɓɔɎɌɪɞɨɝɫ ɲɲ ɑɗɑɘɑəɞɌɘɔ. ȻɚɝɗɱɐɚɎəɱɝɞɨ ɘɌɯ əɑɝɖɱəɣɑəəɟ ɖɱɗɨɖɱɝɞɨ 

ɑɗɑɘɑəɞɱɎ. ȱɗɑɘɑəɞɔ ɛɚɝɗɱɐɚɎəɚɝɞɱ əɑ ɚɍɚɎõɫɓɖɚɎɚ ɘɌɪɞɨ ɍɟɞɔ 

ɜɱɓəɔɘɔ. ȹɌɛɜɔɖɗɌɐ, 
ë û
+ -ì ü

í ý

1
,0,1,0,2 ,0, ,...

2 2

i
i i . 

ȺɓəɌɣɑəəɫ. ȻɚɝɗɱɐɚɎəɱɝɞɨ { }nz  əɌɓɔɎɌɯɞɨɝɫ ɚɍɘɑɒɑəɚɪ, ɫɖɥɚ ɱɝəɟɯ 

ɞɌɖɑ ɝɖɱəɣɑəəɑ ɣɔɝɗɚ >0R , ɥɚ ɐɗɫ Ɏɝɱɡ n  ( =0,1,2,...n ) Ɏɔɖɚəɟɯɞɨɝɫ 

ɟɘɚɎɌ <nz R. ȯɑɚɘɑɞɜɔɣəɚ ɢɑ ɎɱɐɛɚɎɱɐɌɯ ɞɚɘɟ, ɥɚ Ɏɝɱ ɑɗɑɘɑəɞɔ ɐɌəɚɲ 

ɛɚɝɗɱɐɚɎəɚɝɞɱ ɘɚɒəɌ ɜɚɓɘɱɝɞɔɞɔ Ɏɝɑɜɑɐɔəɱ ɖɜɟɏɌ ɓ ɢɑəɞɜɚɘ ɟ ɞɚɣɢɱ 

=0z  ɓɱ ɝɖɱəɣɑəəɔɘ ɜɌɐɱɟɝɚɘ R . 

ȺɓəɌɣɑəəɫ. ȯɜɌəɔɣəɚɪ ɞɚɣɖɚɪ ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nz  əɌɓɔɎɌɯɞɨɝɫ 

ɞɚɣɖɌ a  ɞɌɖɌ, ɥɚ "e>0  Ɏ ɚɖɚɗɱ e( , )U a  ɓəɌɡɚɐɔɞɨɝɫ əɑɝɖɱəɣɑəəɌ 

ɖɱɗɨɖɱɝɞɨ ɑɗɑɘɑəɞɱɎ ɛɚɝɗɱɐɚɎəɚɝɞɱ.  

ɋɖɥɚ ɛɚɝɗɱɐɚɎəɱɝɞɨ { }nz  ɘɌɯ ɯɐɔəɟ ɏɜɌəɔɣəɟ ɞɚɣɖɟ a , ɞɚ ɖɌɒɟɞɨ, 

ɥɚ ɛɚɝɗɱɐɚɎəɱɝɞɨ { }nz  ɓɍɱɏɌɯɞɨɝɫ ɐɚ ɞɚɣɖɔ a , Ɍɍɚ ɞɚɣɖɌ a  ɯ ɏɜɌəɔɢɑɪ 

ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nz . 

Ⱦɑ, ɥɚ ɞɚɣɖɌ 0z  ɯ ɏɜɌəɔɢɑɪ ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nz , ɛɚɓəɌɣɔɘɚ 

¤
= 0lim n

n
z z , Ɍɍɚ 

¤
 0n

n
z z . ɋɖɥɚ ɓɌɐɌəɚ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɖɚɘɛɗɑɖɝəɔɡ 

ɣɔɝɑɗ, ɞɚ ɲɲ ɓɍɱɒəɱɝɞɨ ɱ ɜɚɓɍɱɒəɱɝɞɨ ɜɱɎəɚɝɔɗɨəɱ ɱɝəɟɎɌəəɪ ɯɐɔəɚɲ 
ɏɜɌəɔɣəɚɲ ɞɚɣɖɔ ɞɌ, ɎɱɐɛɚɎɱɐəɚ, Ɏɱɐɝɟɞəɚɝɞɱ Ɍɍɚ ɱɝəɟɎɌəəɪ ɖɱɗɨɖɚɡ 
ɏɜɌəɔɣəɔɡ ɞɚɣɚɖ. ȹɌɛɜɔɖɗɌɐ, ɜɚɓɍɱɒəɌ ɛɚɝɗɱɐɚɎəɱɝɞɨ 

ë û
ì ü
í ý

2 3 4
,0, ,0, ,0, ,0,...

2 3 4 5

i i i i
 ɘɌɯ ɐɎɱ ɏɜɌəɔɣəɱ ɞɚɣɖɔ: 0  ɞɌ i . 

ȾɑɚɜɑɘɌ ȭɚɗɨɢɌəɚ ð ȮɑɕɯɜɤɞɜɌɝɝɌ. ȰɚɎɱɗɨəɌ ɚɍɘɑɒɑəɌ 
ɛɚɝɗɱɐɚɎəɱɝɞɨ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɘɌɯ Ɏ  ɛɜɔəɌɕɘəɱ ɚɐəɟ ɏɜɌəɔɣəɟ 
ɞɚɣɖɟ.  

 Ⱥɝɖɱɗɨɖɔ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɚɍɘɑɒɑəɌ, ɞɚ Ɏɝɱ ɲɲ ɑɗɑɘɑəɞɔ { }nz  ɘɚɒəɌ 

ɜɚɓɘɱɝɞɔɞɔ Ɏɝɑɜɑɐɔəɱ ɖɜɟɏɌ <z R. Ⱥɛɔɤɑɘɚ əɌɎɖɚɗɚ ɢɨɚɏɚ ɖɜɟɏɌ 

ɖɎɌɐɜɌɞ D , ɝɞɚɜɚəɔ ɫɖɚɏɚ ɛɌɜɌɗɑɗɨəɱ ɖɚɚɜɐɔəɌɞəɔɘ ɚɝɫɘ. ȼɚɓɱɍõɯɘɚ 
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ɖɎɌɐɜɌɞ əɌ ɣɚɞɔɜɔ ɜɱɎəɱ ɣɌɝɞɔəɔ ɛɜɫɘɔɘɔ, ɛɌɜɌɗɑɗɨəɔɘɔ ɝɞɚɜɚəɌɘ 
ɖɎɌɐɜɌɞɌ. Ⱦɚɐɱ ɛɜɔəɌɕɘəɱ Ɏ ɚɐəɚɘɟ ɓ əɚɎɔɡ ɖɎɌɐɜɌɞɱɎ ɍɟɐɑ ɘɱɝɞɔɞɔɝɫ 
əɑɝɖɱəɣɑəəɌ ɖɱɗɨɖɱɝɞɨ ɑɗɑɘɑəɞɱɎ ɐɌəɚɲ ɛɚɝɗɱɐɚɎəɚɝɞɱ. ȻɚɓəɌɣɔɘɚ ɢɑɕ 

ɖɎɌɐɜɌɞ ɣɑɜɑɓ 1D  ɱ ɜɚɓɱɍõɯɘɚ ɕɚɏɚ əɌ ɣɚɞɔɜɔ ɜɱɎəɔɡ ɖɎɌɐɜɌɞɔ ɞɔɘ 

ɝɌɘɔɘ ɝɛɚɝɚɍɚɘ. Ȯɔɐɱɗɔɘɚ ɓ əɚɎɚɲ ɣɑɞɎɱɜɖɔ ɞɚɕ ɖɎɌɐɜɌɞ, ɟ ɫɖɚɘɟ 

ɘɱɝɞɔɞɨɝɫ əɑɝɖɱəɣɑəəɌ ɘəɚɒɔəɌ ɑɗɑɘɑəɞɱɎ ɛɚɝɗɱɐɚɎəɚɝɞɱ, ɱ 
ɛɜɚɐɚɎɒɔɘɚ ɛɜɚɢɑɝ ɐɌɗɱ. ȿ ɜɑɓɟɗɨɞɌɞɱ, ɛɱɝɗɫ n  ɖɜɚɖɱɎ, ɚɐɑɜɒɔɘɚ 

ɛɚɝɗɱɐɚɎəɱɝɞɨ ɖɎɌɐɜɌɞɱɎ, ɫɖɱ ɘɌɪɞɨ ɞɌɖɱ ɎɗɌɝɞɔɎɚɝɞɱ: Ɍ) ɖɚɒɑə ɓ əɔɡ 

ɘɱɝɞɔɞɨ əɑɝɖɱəɣɑəəɟ ɖɱɗɨɖɱɝɞɨ ɑɗɑɘɑəɞɱɎ ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nz ; ɍ) ɖɚɒɑə 

ɛɚɛɑɜɑɐəɱɕ ɘɱɝɞɔɞɨ ɟ ɝɚɍɱ əɌɝɞɟɛəɔɕ + Ë1n nD D ; Ɏ) ɐɱɌɏɚəɌɗɱ ɖɎɌɐɜɌɞɱɎ 

ɛɜɫɘɟɪɞɨ ɐɚ əɟɗɫ ɛɜɔ ¤n .  

Ƚɛɜɚɑɖɞɟɯɘɚ ɖɚɒɑə ɱɓ ɖɎɌɐɜɌɞɱɎ əɌ ɖɚɚɜɐɔəɌɞəɱ ɚɝɱ. Ⱥɐɑɜɒɔɘɚ ɐɎɱ 

ɛɚɝɗɱɐɚɎəɚɝɞɱ ɎɖɗɌɐɑəɔɡ ɎɱɐɜɱɓɖɱɎ: { }( )nd x  ð əɌ ɚɝɱ Ox  ɞɌ { }( )nd y  ð əɌ 

ɚɝɱ Oy . ȺɣɑɎɔɐəɚ, ɥɚ ɐɚɎɒɔəɔ ɢɔɡ ɎɱɐɜɱɓɖɱɎ ɛɜɫɘɟɪɞɨ ɐɚ əɟɗɫ ɛɜɔ 

¤n . ȶɚɒəɌ ɓ ɛɚɝɗɱɐɚɎəɚɝɞɑɕ ɘɌɯ ɯɐɔəɟ ɝɛɱɗɨəɟ ɞɚɣɖɟ ɐɗɫ Ɏɝɱɡ 

ɎɱɐɜɱɓɖɱɎ. ȻɚɓəɌɣɔɘɚ ɲɲ ɖɚɚɜɐɔəɌɞɔ ɣɑɜɑɓ x əɌ ɚɝɱ Ox  ɞɌ h ð əɌ 

ɚɝɱ Oy . ȻɚɖɌɒɑɘɚ, ɥɚ ɞɚɣɖɌ V=x+ hi  ɯ ɏɜɌəɔɣəɚɪ ɐɗɫ ɛɚɝɗɱɐɚɎəɚɝɞɱ 

{ }nz . Ȱɗɫ ɢɨɚɏɚ ɎɎɑɐɑɘɚ ɚɖɱɗ { }V e = -V <e( , ) :U z z . ȻɚɣɔəɌɪɣɔ ɓ 

ɐɑɫɖɚɏɚ əɚɘɑɜɌ N , ɟɝɱ ɛɚɍɟɐɚɎɌəɱ ɖɎɌɐɜɌɞɔ nD , ( = + +1, 2,...n N N ) 

ɘɱɝɞɫɞɨɝɫ Ɏɝɑɜɑɐɔəɱ ɚɖɚɗɟ V e( , )U , ɞɚɍɞɚ ËnD V e( , )U . Ȭ ɚɝɖɱɗɨɖɔ Ɏ nD  

ɘɱɝɞɔɞɨɝɫ əɑɝɖɱəɣɑəəɌ ɖɱɗɨɖɱɝɞɨ ɑɗɑɘɑəɞɱɎ ɐɌəɚɲ ɛɚɝɗɱɐɚɎəɚɝɞɱ, ɞɚ ɕ 

ɚɖɱɗ V e( , )U  ɞɌɖɚɒ ɘɱɝɞɔɞɨ əɑɝɖɱəɣɑəəɟ ɲɡ ɖɱɗɨɖɱɝɞɨ. Ⱥɞɒɑ, ɓɌ 

ɎɔɓəɌɣɑəəɫɘ, ɞɚɣɖɌ V ɯ ɏɜɌəɔɣəɚɪ ɐɗɫ ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nz   

ȳɌɓəɌɣɔɘɚ, ɥɚ ɎɓɌɏɌɗɱ Ɏ ɞɚɛɚɗɚɏɱɣəɚɘɟ ɛɜɚɝɞɚɜɱ ɛɚəɫɞɞɫ ɚɍɘɑɒɑəɚɲ 
ɘəɚɒɔəɔ əɑ ɘɌɯ ɓɘɱɝɞɟ. ȵɚɏɚ ɓɌɘɱəɫɯ ɛɚəɫɞɞɫ ɖɚɘɛɌɖɞəɚɝɞɱ. Ȼɜɔ 

ɢɨɚɘɟ ɓɍɑɜɱɏɌɪɞɨɝɫ ɚɝəɚɎəɱ ɎɗɌɝɞɔɎɚɝɞɱ ɛɜɚɝɞɚɜɟ, ɫɖɱ 
ɡɌɜɌɖɞɑɜɔɓɟɪɞɨɝɫ ɞɑɚɜɑɘɚɪ. 

ȾɑɚɜɑɘɌ ȿ ɜɚɓɤɔɜɑəɱɕ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ  ɐɚɎɱɗɨəɌ 

ɛɚɝɗɱɐɚɎəɱɝɞɨ { }nz , Í Ìnz E  ɘɌɯ ɛɜɔəɌɕɘəɱ ɚɐəɟ ɏɜɌəɔɣəɟ ɞɚɣɖɟ. 

 Ȱɱɕɝəɚ, ɫɖɥɚ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɚɍɘɑɒɑəɌ, ɞɚ ɱɝəɟɎɌəəɫ ɏɜɌəɔɣəɚɲ 

ɞɚɣɖɔ ɎɔɛɗɔɎɌɯ ɓ ɞɑɚɜɑɘɔ ȭɚɗɨɢɌəɚ ð ȮɑɕɯɜɤɞɜɌɝɝɌ ɐɗɫ ɘəɚɒɔəɔ 2

. ɋɖɥɚ ɒ ɘəɚɒɔəɌ { }nz  əɑ ɚɍɘɑɒɑəɌ ɞɌ Ɏ ɲɲ ɝɖɱəɣɑəəɱɕ ɣɌɝɞɔəɱ ɘɚɒɑ 

əɑ ɱɝəɟɎɌɞɔ ɏɜɌəɔɣəɚɲ ɞɚɣɖɔ, ɞɚ ɱɝəɟɯ ɞɌɖɑ ɐɚɝɞɌɞəɨɚ Ɏɑɗɔɖɑ ɐɚɐɌɞəɑ 

ɣɔɝɗɚ R, ɥɚ ɓɚɎəɱɤəɱɝɞɨ ɖɜɟɏɌ >z R  (ɞɚɍɞɚ ɚɖɱɗ əɑɝɖɱəɣɑəəɚ 

ɎɱɐɐɌɗɑəɚɲ ɞɚɣɖɔ) ɘɱɝɞɔɞɨ əɑɝɖɱəɣɑəəɟ ɖɱɗɨɖɱɝɞɨ ɣɗɑəɱɎ ɛɚɝɗɱɐɚɎəɚɝɞɱ, 
Ɍ ɚɞɒɑ, ɱ ɏɜɌəɔɣəɟ ɞɚɣɖɟ  
ȾɌɖɔɘ ɣɔəɚɘ, Ɏ ɑɎɖɗɱɐɚɎɱɕ ɛɗɚɥɔəɱ ( , )x y  ɘɚɒɟɞɨ ɱɝəɟɎɌɞɔ 

ɛɚɝɗɱɐɚɎəɚɝɞɱ, ɫɖɱ əɑ ɘɌɪɞɨ ɏɜɌəɔɣəɚɲ ɞɚɣɖɔ, ɞɚɐɱ ɫɖ ɟ ɜɚɓɤɔɜɑəɱɕ 
ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ ɐɚɎɱɗɨəɌ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɘɌɯ ɏɜɌəɔɣəɟ ɞɚɣɖɟ. 
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ȼɚɓɤɔɜɑəɌ ɖɚɘɛɗɑɖɝəɌ ɛɗɚɥɔəɌ ɯ ɖɚɘɛɌɖɞɚɘ. 

ȶɜɔɞɑɜɱɕ ȶɚɤɱ. Ȱɗɫ ɞɚɏɚ, ɥɚɍ ɛɚɝɗɱɐɚɎəɱɝɞɨ { }nz  ɍɟɗɌ ɓɍɱɒəɚɪ, 

əɑɚɍɡɱɐəɚ ɕ ɐɚɝɞɌɞəɨɚ, ɥɚɍ "e>0  ɱɝəɟɎɌɎ əɚɘɑɜ Í0n  ɞɌɖɔɕ, ɥɚ 

¡" ²0n n  ɱ ¡¡" ²0n n  ¡ ¡¡- <en nz z . 

 ȹɑɚɍɡɱɐəɱɝɞɨ. ȹɑɡɌɕ ɛɚɝɗɱɐɚɎəɱɝɞɨ { }nz  ɓɍɱɏɌɯɞɨɝɫ ɐɚ ɐɑɫɖɚɲ 

ɞɚɣɖɔ 0z . ɂɑ ɚɓəɌɣɌɯ, ɥɚ "e>0 , $ əɚɘɑɜ e Í0( )n N  ɞɌɖɔɕ, ɥɚ ɛɜɔ 

> 0n n  Ɏɔɖɚəɟɯɞɨɝɫ əɑɜɱɎəɱɝɞɨ 
e

- <0
2

nz z . ɂɫ əɑɜɱɎəɱɝɞɨ ɍɟɐɑ Ɏɱɜəɚɪ 

ɱ ¡" ²0n n  ɞɌ ¡¡" ²0n n , ɞɚɍɞɚ ¡
e

- <0
2

nz z  ɞɌ ¡¡
e

- <0
2

nz z . Ⱥɝɖɱɗɨɖɔ 

( )( )¡ ¡¡ ¡ ¡¡- = - - - ¢0 0n n n nz z z z z z ¡- +0nz z ¡¡- <e0nz z , 

ɞɚ əɑɚɍɡɱɐəɱɝɞɨ ɐɚɎɑɐɑəɚ. 
ȰɚɝɞɌɞəɱɝɞɨ. Ȼɜɔɛɟɝɞɔɘɚ, ɥɚ ɟɘɚɎɌ ɞɑɚɜɑɘɔ Ɏɔɖɚəɟɯɞɨɝɫ, ɞɚɍɞɚ 

Ɏɝɱ ɞɚɣɖɔ ɐɌəɚɲ ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nz , ɛɚɣɔəɌɪɣɔ ɓ əɚɘɑɜɌ = +0 1n n , 

ɛɚɞɜɌɛɗɫɪɞɨ ɟ e-ɚɖɱɗ ɞɚɣɖɔ ¡¡nz . Ⱦɚɐɱ ɢɫ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɚɍɘɑɒɑəɌ ɱ, ɓɌ 

ɞɑɚɜɑɘɚɪ ȭɚɗɨɢɌəɚ ð ȮɑɕɯɜɤɞɜɌɝɝɌ, ɘɌɯ ɛɜɔəɌɕɘəɱ ɚɐəɟ ɏɜɌəɔɣəɟ 
ɞɚɣɖɟ. ȰɚɎɑɐɑɘɚ, ɥɚ ɢɫ ɛɚɝɗɱɐɚɎəɱɝɞɨ əɑ ɘɚɒɑ ɘɌɞɔ ɍɱɗɨɤɑ əɱɒ ɚɐəɟ 

ɏɜɌəɔɣəɟ ɞɚɣɖɟ. Ȼɜɔɛɟɝɞɔɘɚ Ɏɱɐ ɝɟɛɜɚɞɔɎəɚɏɚ, ɥɚ ɎɚəɌ ɘɌɯ ɐɎɱ 

ɏɜɌəɔɣəɱ ɞɚɣɖɔ: 0z  ɱ ¡0z . ɋɖɥɚ ɞɌɖ, ɞɚ ɘɚɒəɌ ɛɱɐɱɍɜɌɞɔ ɐɎɱ ɓɍɱɒəɱ 

ɛɱɐɛɚɝɗɱɐɚɎəɚɝɞɱ:  0knz z  ɞɌ ¡ ¡ 0knz z . ɂɑ ɚɓəɌɣɌɯ, ɥɚ ɛɜɔ 

ɐɚɝɞɌɞəɨɚ Ɏɑɗɔɖɔɡ kn  ɞɌ ¡kn  Ɏɔɖɚəɟɪɞɨɝɫ əɑɜɱɎəɚɝɞɱ ¡- <e0knz z  ɞɌ 

¡ ¡ ¡- <e0knz z . ȻɚɓəɌɣɔɘɚ ¡= -0 0r z z . Ⱥɝɖɱɗɨɖɔ ɞɚɣɖɔ 0z  ɞɌ ¡0z  

əɌɗɑɒɌɞɨ e-ɚɖɚɗɟ ɞɚɣɖɔ ¡¡nz , ɞɚ Ɏɔɍɑɜɑɘɚ ¡e =
3

r
. ȿɜɌɡɟɎɌɎɤɔ 

əɌɎɑɐɑəɱ Ɏɔɥɑ əɑɜɱɎəɚɝɞɱ, ɚɐɑɜɒɔɘɚ 

( )( )( )¡ ¡

¡ ¡

¡ ¡= - = - + - + - ¢

¡¢ - + - + -

0 0 0 0

0 0 .

k k k k

k k k k

n n n n

n n n n

r z z z z z z z z

z z z z z z
 

ȳɎɱɐɝɔ  

¡ ¡¡ ¡e - - + - < -0 03
k k k kn n n nz z z z z z , 

Ɍɍɚ  

¡e< -
k kn nz z  

ɐɗɫ Ɏɝɱɡ ɫɖ ɓɌɎɏɚɐəɚ Ɏɑɗɔɖɔɡ əɚɘɑɜɱɎ kn  ɞɌ ¡kn . ȺɐɑɜɒɌəɑ ɛɜɚɞɔɜɱɣɣɫ 

ɐɚɎɚɐɔɞɨ ɞɑɚɜɑɘɟ   
ȺɓəɌɣɑəəɫ. ɋɖɥɚ ɛɚɝɗɱɐɚɎəɱɝɞɨ əɑ ɯ ɓɍɱɒəɚɪ, ɞɚ ɲɲ ɛɜɔɕəɫɞɚ 
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əɌɓɔɎɌɞɔ ɜɚɓɍɱɒəɚɪ ɛɚɝɗɱɐɚɎəɱɝɞɪ. 
ȺɓəɌɣɑəəɫ. ȻɚɝɗɱɐɚɎəɱɝɞɨ əɌɓɔɎɌɪɞɨ əɑɚɍɘɑɒɑəɚɪ, ɫɖɥɚ əɑ ɘɚɒəɌ 

ɎɖɌɓɌɞɔ ɞɌɖɑ ɝɖɱəɣɑəəɑ ɣɔɝɗɚ >0R , ɥɚ ɐɗɫ Ɏɝɱɡ ɣɗɑəɱɎ ɛɚɝɗɱɐɚɎəɚɝɞɱ 

Ɏɔɖɚəɟɯɞɨɝɫ əɑɜɱɎəɱɝɞɨ <nz R .  

ɋɖɥɚ əɑɚɍɘɑɒɑəɌ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɜɚɓɍɱɒəɌ Ɏ , əɑɝɖɱəɣɑəəɌ ɞɚɣɖɌ ɯ 

ɏɜɌəɔɣəɚɪ ɐɚ əɑɲ, ɞɚ ɖɌɒɟɞɨ, ɥɚ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɓɍɱɏɌɯɞɨɝɫ ɐɚ 

əɑɝɖɱəɣɑəəɚɝɞɱ ɕ ɛɔɤɟɞɨ 
¤

=¤lim k
k

z . ȺɝɞɌəəɫ ɜɱɎəɱɝɞɨ ɚɓəɌɣɌɯ, ɥɚ 

"b>0  ɱɝəɟɯ = b( )N N  ɞɌɖɑ, ɥɚ ɖɚɗɔ >n N , ɞɚ > =
b

1
nz R .  

ȮɔɖɚɜɔɝɞɌəəɫ ɝɞɑɜɑɚɏɜɌɠɱɣəɚɲ ɛɜɚɑɖɢɱɲ ɐɚɓɎɚɗɫɯ ɛɜɚɱɗɪɝɞɜɟɎɌɞɔ 
ɓɘɱɝɞ ɏɜɌəɔɣəɚɲ əɑɝɖɱəɣɑəəɚ ɎɱɐɐɌɗɑəɚɲ ɞɚɣɖɔ. Ȱɗɫ ɢɨɚɏɚ 

ɛɚɝɗɱɐɚɎəɱɝɞɨ ɞɚɣɚɖ ɖɚɘɛɗɑɖɝəɚɲ ɛɗɚɥɔəɔ { }nz  ɎɱɐɚɍɜɌɓɔɘɚ Ɏ 

ɛɚɝɗɱɐɚɎəɱɝɞɨ ɞɚɣɚɖ { }= x h V( , , )k k k kM  əɌ ɝɠɑɜɱ ȼɱɘɌəɌ ɓɌ ɐɚɛɚɘɚɏɚɪ 

ɠɚɜɘɟɗ 

, , V =
+

2

2
1

k
k

k

z

z
. 

Ⱥɝɖɱɗɨɖɔ  ɞɌ ¢k ky z , ɞɚ ɛɜɔ  x 0k , h 0k , Ɍ 

V 1k . ȻɚɝɗɱɐɚɎəɱɝɞɨ { }= x h V( , , )k k k kM  ɞɚɣɚɖ ð ɚɍɜɌɓɱɎ ɛɚɝɗɱɐɚɎəɚɝɞɱ 

{ }nz  ð ɓɍɱɏɌɯɞɨɝɫ ɐɚ ɞɚɣɖɔ =(0,0,1)P . ȺɣɑɎɔɐəɚ, ɥɚ ɚɍɜɌɓɚɘ ɚɖɚɗɟ 

>
b

1
nz  əɌ ɝɠɑɜɱ ȼɱɘɌəɌ ɯ ɝɠɑɜɔɣəɔɕ ɚɖɱɗ ɞɚɣɖɔ P  ɓ ɐɚɝɞɌɞəɨɚ ɘɌɗɔɘ 

ɜɌɐɱɟɝɚɘ 
b

b
e= 

+b2 0

0

1

. 

ȺɓəɌɣɑəəɫ. ȻɚɝɗɱɐɚɎəɱɝɞɨ { }nz  əɌɓɔɎɌɪɞɨ ɠɟəɐɌɘɑəɞɌɗɨəɚɪ Ɍɍɚ 

ɛɚɝɗɱɐɚɎəɱɝɞɪ ȶɚɤɱ, ɫɖɥɚ "e>0  ɱɝəɟɯ əɌɞɟɜɌɗɨəɑ ɣɔɝɗɚ e( )N  ɞɌɖɑ, 

ɥɚ + - <eN k Nz z  ɐɗɫ ɐɚɎɱɗɨəɚɏɚ əɌɞɟɜɌɗɨəɚɏɚ k . 

ȺɣɑɎɔɐəɚ, ɥɚ, ɎɔɖɚɜɔɝɞɚɎɟɪɣɔ ɛɚəɫɞɞɫ ɠɟəɐɌɘɑəɞɌɗɨəɚɲ 
ɛɚɝɗɱɐɚɎəɚɝɞɱ, ɖɜɔɞɑɜɱɕ ȶɚɤɱ ɘɚɒəɌ ɝɠɚɜɘɟɗɪɎɌɞɔ ɞɌɖ. 

ȾɑɚɜɑɘɌ Ȱɗɫ ɓɍɱɒəɚɝɞɱ ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nz  əɑɚɍɡɱɐəɚ ɕ ɐɚɝɞɌɞəɨɚ, 

ɥɚɍ ɎɚəɌ ɍɟɗɌ ɠɟəɐɌɘɑəɞɌɗɨəɚɪ. 

ȳɌɛɔɤɑɘɚ ɖɚɒɑə ɣɗɑə ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nz  ɟ Ɏɔɏɗɫɐɱ = +n n nz x iy . 

Ⱦɚɐɱ ɱɝəɟɎɌəəɫ ɲɲ ɏɜɌəɔɢɱ ɎɔɓəɌɣɌɯɞɨɝɫ ɞɌɖɚɪ ɞɑɚɜɑɘɚɪ. 

ȾɑɚɜɑɘɌ 1. ȻɚɝɗɱɐɚɎəɱɝɞɨ { }nz  ɘɌɯ ɝɎɚɯɪ ɏɜɌəɔɢɑɪ ɣɔɝɗɚ = +c a ib  

ɞɚɐɱ ɕ ɞɱɗɨɖɔ ɞɚɐɱ, ɖɚɗɔ ɱɝəɟɪɞɨ ɏɜɌəɔɢɱ 
¤

=lim n
n

x a  ɞɌ 
¤

=lim n
n

y b . 

2
1 k

k
k

z

x

+
=x

2
1 k

k
k

z

y

+
=h

kk zx ¢ ¤kz
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 ȹɑɚɍɡɱɐəɱɝɞɨ. ȹɑɡɌɕ ɱɝəɟɪɞɨ ɏɜɌəɔɢɱ ɛɚɝɗɱɐɚɎəɚɝɞɑɕ ɐɱɕɝəɔɡ ɞɌ 

ɟɫɎəɔɡ ɣɌɝɞɔə ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nz . Ⱦɚɐɱ ɓ ɖɜɔɞɑɜɱɪ ȶɚɤɱ ɓɍɱɒəɚɝɞɱ 

ɛɚɝɗɱɐɚɎəɚɝɞɑɕ { }nx  ɞɌ { }ny  ɎɔɛɗɔɎɌɯ - <em kx x  ɞɌ - <em ky y  ɛɜɔ 

>m n  ɞɌ >k n . 

ȮɔɖɚɜɔɝɞɚɎɟɪɣɔ ɚɣɑɎɔɐəɟ əɑɜɱɎəɱɝɞɨ  

( ) ( ) ¡- = - + - <e =e
2 2

2m k m k m kz z x x y y , 

ɟɝɞɌəɚɎɗɪɯɘɚ ɓɍɱɒəɱɝɞɨ ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nz . 

ȰɚɝɞɌɞəɱɝɞɨ. ȳɌ ɖɜɔɞɑɜɱɯɘ ȶɚɤɱ, ɓɱ ɓɍɱɒəɚɝɞɱ ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nz  

ɛɜɔ >m n  ɞɌ >k n  ɘɌɯɘɚ ( ) ( ) ¡- = - + - <e
2 2

m k m k m kz z x x y y . ɂɫ 

əɑɜɱɎəɱɝɞɨ Ɏɔɖɚəɟɯɞɨɝɫ, ɖɚɗɔ - <em kx x  ɞɌ - <em ky y . Ⱥɞɒɑ, 

ɛɚɝɗɱɐɚɎəɚɝɞɱ { }nx  ɞɌ { }ny  ð ɓɍɱɒəɱ  

ȳɌɟɎɌɒɔɘɚ, ɥɚ ɛɜɔ ɐɚɝɗɱɐɒɑəəɱ ɛɚɝɗɱɐɚɎəɚɝɞɱ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ 

= +n n nz x iy  Ɏ ɚɖɚɗɱ ɞɚɣɖɔ =¤z  əɑɐɚɢɱɗɨəɚ ɎɔɖɚɜɔɝɞɚɎɟɎɌɞɔ 

ɛɚɓəɌɣɑəəɫ + ¤x i  ɣɔ ¤+iy  ɛɜɔ ɝɖɱəɣɑəəɔɡ ɓəɌɣɑəəɫɡ x  Ɍɍɚ y , 

ɚɝɖɱɗɨɖɔ Ɏ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ ɱɝəɟɯ ɞɱɗɨɖɔ ɚɐəɌ əɑɝɖɱəɣɑəəɚ 
ɎɱɐɐɌɗɑəɌ ɞɚɣɖɌ. ȳɌɛɔɝ ɞɌɖɚɏɚ Ɏɔɏɗɫɐɟ ɘɚɒɑ ɍɟɞɔ ɎɔɛɜɌɎɐɌəɔɘ ɗɔɤɑ 
ɟ ɎɔɛɌɐɖɟ, ɖɚɗɔ əɑɚɍɡɱɐəɚ ɎɖɌɓɌɞɔ əɌɛɜɫɘɚɖ ɜɟɡɟ ɐɚ əɑɝɖɱəɣɑəəɚ 

ɎɱɐɐɌɗɑəɚɲ ɞɚɣɖɔ. 
ȮɔɖɚɜɔɝɞɚɎɟɪɣɔ ɐɚɎɑɐɑəɟ Ɏɔɥɑ ɞɑɚɜɑɘɟ, ɗɑɏɖɚ ɐɚɎɑɝɞɔ ɞɌɖɑ 

ɞɎɑɜɐɒɑəəɫ. 
ȾɑɚɜɑɘɌ ȳ ɐɚɎɱɗɨəɚɲ ɚɍɘɑɒɑəɚɲ ɛɚɝɗɱɐɚɎəɚɝɞɱ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ 

 ɘɚɒəɌ Ɏɔɐɱɗɔɞɔ ɓɍɱɒəɟ ɛɱɐɛɚɝɗɱɐɚɎəɱɝɞɨ. 

 Ⱥɝɖɱɗɨɖɔ ɛɚɝɗɱɐɚɎəɱɝɞɨ { }nz  ɚɍɘɑɒɑəɌ, ɞɚ ɎɱɐɛɚɎɱɐəɱ ɐɚ əɑɲ 

ɐɱɕɝəɱ { }nx  ɞɌ ɟɫɎəɱ { }ny  ɣɌɝɞɔəɔ ɞɑɒ ɚɍɘɑɒɑəɱ. Ȭ ɫɖ Ɏɱɐɚɘɚ, ɓ 

ɚɍɘɑɒɑəɚɲ ɛɱɐɛɚɝɗɱɐɚɎəɚɝɞɱ ɐɱɕɝəɔɡ ɣɔɝɑɗ ɘɚɒəɌ Ɏɔɐɱɗɔɞɔ ɓɍɱɒəɟ 

ɛɱɐɛɚɝɗɱɐɚɎəɱɝɞɨ. Ⱥɞɒɑ, ɱɝəɟɪɞɨ ɓɍɱɒəɱ ɛɚɝɗɱɐɚɎəɚɝɞɱ 
knx x  ɞɌ 


kny y . Ⱦɚɐɱ ɓ ɛɚɛɑɜɑɐəɨɚɲ ɞɑɚɜɑɘɔ ɎɔɛɗɔɎɌɯ, ɥɚ ɱɝəɟɯ ɓɍɱɒəɌ 

ɛɱɐɛɚɝɗɱɐɚɎəɱɝɞɨ = +  +
k k kn n nz x iy x iy   

ȾɑɚɜɑɘɌ ɋɖɥɚ ¡=¤Í0 ( )z A , ɞɚ Ɏ A  ɘɚɒəɌ ɛɚɍɟɐɟɎɌɞɔ ɛɚɝɗɱɐɚɎəɱɝɞɨ 

{ }nz , ɫɖɌ ɓɍɱɏɌɯɞɨɝɫ ɐɚ 0z . 

 Ȼɚɍɟɐɟɯɘɚ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɘəɚɒɔə  

ë û
= - < =ì ü

í ý
0

1
: , 1,2,...nB A z z z n

n
, 

ɫɖɌ ɐɗɫ ɐɚɎɱɗɨəɚɏɚ n  ɘɱɝɞɔɞɨ əɑɝɖɱəɣɑəəɟ ɘəɚɒɔəɟ ɞɚɣɚɖ ɓ A. ȿ 

ɖɚɒəɱɕ ɓ nB  Ɏɔɍɑɜɑɘɚ ɞɚɣɖɟ nz  =( 1,2,...)n . ȺɐɑɜɒɌəɌ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɯ 

{ }nz



 

 46 

ɤɟɖɌəɚɪ, ɚɝɖɱɗɨɖɔ ɛɜɔ ɐɚɝɞɌɞəɨɚ Ɏɑɗɔɖɚɘɟ n  ɱ ɐɗɫ ɚɖɚɗɟ e0( , )U z  

ɘəɚɒɔəɌ { } ( )- <e Ë e0 0: ,z z z U z   

ɋɖɥɚ ɖɚɒɑə ɑɗɑɘɑəɞ ɛɚɝɗɱɐɚɎəɚɝɞɱ  ɓɌɛɔɝɌɞɔ Ɏ ɛɚɖɌɓəɔɖɚɎɱɕ 

ɠɚɜɘɱ = arg ni z
n nz z e , ɞɚ əɑɚɍɡɱɐəɟ ɕ ɐɚɝɞɌɞəɪ ɟɘɚɎɟ ɓɍɱɒəɚɝɞɱ  

ɘɚɒəɌ ɝɠɚɜɘɟɗɪɎɌɞɔ ɟ Ɏɔɏɗɫɐɱ ɞɑɚɜɑɘɔ. 

ȾɑɚɜɑɘɌ ȻɚɝɗɱɐɚɎəɱɝɞɨ { }nz  ɘɌɯ ɝɎɚɯɪ ɏɜɌəɔɢɑɪ ɣɔɝɗɚ a= ic c e  

ɞɚɐɱ ɕ ɞɱɗɨɖɔ ɞɚɐɱ, ɖɚɗɔ ɱɝəɟɪɞɨ ɏɜɌəɔɢɱ 
¤

=lim n
n

z c  ɞɌ 
¤

=alim arg n
n

z . 

 ȰɚɎɑɐɑəəɫ ɢɱɯɲ ɞɑɚɜɑɘɔ ɎɔɛɗɔɎɌɯ ɓ ɎɔɓəɌɣɑəəɫ ɘɚɐɟɗɫ ɞɌ 

Ɍɜɏɟɘɑəɞɟ ɖɚɘɛɗɑɖɝəɚɏɚ ɣɔɝɗɌ, ɎɐɌɗɚɏɚ Ɏɔɍɚɜɟ ɏɱɗɖɔ Ɍɜɏɟɘɑəɞɟ ɞɌ 
ɎɔɥɑɐɚɎɑɐɑəɚɲ ɞɑɚɜɑɘɔ  

Ȼɜɔ ɐɚɎɱɗɨəɚɘɟ Ɏɔɍɚɜɱ ɏɱɗɖɔ arg nz  ɛɚɝɗɱɐɚɎəɱɝɞɨ { }arg nz  ɘɚɒɑ 

ɎɔɫɎɔɞɔɝɨ əɑɓɍɱɒəɚɪ. ȹɌɛɜɔɖɗɌɐ, ɏɜɌəɔɢɫ ɛɚɝɗɱɐɚɎəɚɝɞɱ 

( )-
=- +

4

1
1

n

nz i
n

 ɱɝəɟɯ, 
¤

=-lim 1n
n

z , Ɍ ɛɚɝɗɱɐɚɎəɱɝɞɨ { }arg nz  ɘɚɒɑ ɍɟɞɔ 

ɜɚɓɍɱɒəɚɪ. Ȱɱɕɝəɚ, ɎɔɐɱɗɔɎɤɔ ɓ ɛɚɝɗɱɐɚɎəɚɝɞɱ nz  ɐɎɱ ɛɱɐɛɚɝɗɱɐɚɎəɚɝɞɱ 

=- +2 4

1
1

16
nz i

n
 ɞɌ 

( )
-

-
=- +

-
2 1 4

1
1

2 1
nz i

n
, ɘɌɯɘɚ 

¤

=p2lim arg n
n

z , 

Ɍ -
¤

=-p2 1lim arg n
n

z . ȻɚɝɗɱɐɚɎəɱɝɞɨ { }arg nz  ɘɌɯ ɐɎɱ ɏɜɌəɔɢɱ, Ɍ ɚɞɒɑ, 

ɎɚəɌ ɜɚɓɍɱɒəɌ. Ȼɜɚɞɑ p - p=i ie e . ɂɑɕ, ɫɖ ɓɐɌɯɞɨɝɫ əɌ ɛɑɜɤɔɕ ɛɚɏɗɫɐ, 

ɛɌɜɌɐɚɖɝ ɛɚɫɝəɪɯɞɨɝɫ ɎɎɑɐɑəɔɘ ɎɔɓəɌɣɑəəɫɘ ɠɟəɖɢɱɲ arg z, ɫɖɌ ɘɌɯ 

ɜɚɓɜɔɎ ɛɜɔ ɛɜɫɘɟɎɌəəɱ z  ɐɚ Ɏɱɐõɯɘəɚɲ ɐɱɕɝəɚɲ ɛɱɎɚɝɱ ɓɎɑɜɡɟ ɞɌ ɓəɔɓɟ. 

ȳ ɐɚɎɑɐɑəɚɲ ɞɑɚɜɑɘɔ ɎɔɛɗɔɎɌɯ, ɥɚ ɐɚɝɗɱɐɒɑəəɫ ɛɚɝɗɱɐɚɎəɚɝɞɑɕ 
ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɓɎɚɐɔɞɨɝɫ ɐɚ ɐɚɝɗɱɐɒɑəəɫ ɎɱɐɛɚɎɱɐəɔɡ ɛɌɜ 

ɛɚɝɗɱɐɚɎəɚɝɞɑɕ ɐɱɕɝəɔɡ ɣɔɝɑɗ. ȶɜɱɘ ɞɚɏɚ, ɘɌɯ ɘɱɝɢɑ ɞɌɖɑ ɞɎɑɜɐɒɑəəɫ. 

ȾɑɚɜɑɘɌ ȹɑɡɌɕ { }nz  ɞɌ { }¡nz  ð ɓɍɱɒəɱ ɛɚɝɗɱɐɚɎəɚɝɞɱ ɖɚɘɛɗɑɖɝəɔɡ 

ɣɔɝɑɗ. Ⱦɚɐɱ ɲɡ ɝɟɘɌ { }¡°n nz z , ɐɚɍɟɞɚɖ { }¡n nz z  ɱ ɣɌɝɞɖɌ 
ë û
ì ü
¡í ý

n

n

z

z
 (ɫɖɥɚ 

0̧nz  ɐɗɫ Ɏɝɱɡ əɌɞɟɜɌɗɨəɔɡ n  ɱ 
¤

¸lim 0n
n

z ) ɞɌɖɚɒ ɯ ɓɍɱɒəɔɘɔ 

ɛɚɝɗɱɐɚɎəɚɝɞɫɘɔ, ɛɜɔɣɚɘɟ  

{ }
¤ ¤ ¤

¡ ¡° = °lim lim limn n n n
n n n

z z z z ; { }
¤ ¤ ¤

¡ ¡Ö = Ölim lim limn n n n
n n n

z z z z ; 

¤

¤
¤

ë û
=ì ü

¡ ¡í ý

lim

lim
lim

n
n n

n n n
n

z
z

z z
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ȰɚɎɑɐɑəəɫ ɞɑɚɜɑɘɔ ɎɔɛɗɔɎɌɯ ɍɑɓɛɚɝɑɜɑɐəɨɚ ɓ ɐɚɎɑɐɑəɔɡ ɞɑɚɜɑɘ 1 
ɞɌ 2, Ɍ ɞɌɖɚɒ ɎɱɐɛɚɎɱɐəɚɲ ɞɑɚɜɑɘɔ ɛɜɚ ɏɜɌəɔɢɪ ɝɟɘɔ ɐɚɍɟɞɖɟ ɞɌ 
ɣɌɝɞɖɔ ɐɗɫ ɛɚɝɗɱɐɚɎəɚɝɞɑɕ ɐɱɕɝəɔɡ ɣɔɝɑɗ. 
ȿ ɐɑɫɖɔɡ ɎɔɛɌɐɖɌɡ ɖɚɜɔɝəɔɘ ɯ ɞɌɖɑ ɞɎɑɜɐɒɑəəɫ. 

ȾɑɚɜɑɘɌ ɋɖɥɚ ɘəɚɒɔəɌ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ ɘɌɯ ɞɱɗɨɖɔ ɚɐəɟ 
ɏɜɌəɔɣəɟ ɞɚɣɖɟ a , ɞɚ ɢɫ ɘəɚɒɔəɌ ɓɗɱɣɑəəɌ ɞɌ ɲɲ ɘɚɒəɌ ɓɌɛɔɝɌɞɔ ɟ 

Ɏɔɏɗɫɐɱ ɛɚɝɗɱɐɚɎəɚɝɞɱ 1 2, ,...a a , ɐɗɫ ɫɖɚɲ 
¤

=lim n
n

a a . 

 ȰɚɎɑɐɑəəɫ ɞɑɚɜɑɘɔ ɛɜɚɎɑɐɑɘɚ ɐɗɫ ɎɔɛɌɐɖɟ =¤a , ɚɝɖɱɗɨɖɔ 

ɛɜɚɎɑɐɑəɱ ɘɱɜɖɟɎɌəəɫ ɗɑɏɖɚ ɛɑɜɑəɚɝɫɞɨɝɫ əɌ ɎɔɛɌɐɚɖ ɝɖɱəɣɑəəɚɏɚ 
ɓəɌɣɑəəɫ a . 

ȹɑɡɌɕ A  ð əɑɝɖɱəɣɑəəɌ ɘəɚɒɔəɌ ɓ ɚɐəɱɯɪ ɏɜɌəɔɣəɚɪ ɞɚɣɖɚɪ =¤a

. ȻɚɓəɌɣɔɘɚ ɣɑɜɑɓ ( )¤ e,U  ɚɖɱɗ əɑɝɖɱəɣɑəəɚ ɎɱɐɐɌɗɑəɚɲ ɞɚɣɖɔ, ɫɖɔɕ ɯ 

ɓɚɎəɱɤəɱɝɞɪ ɖɜɟɏɌ >
e

1
z  ɛɜɔ ɐɚɎɱɗɨəɚ ɘɌɗɚɘɟ e>0. Ⱦɚɐɱ ɛɚɓɌ ɚɖɚɗɚɘ 

( )¤ e,U  (ɟɝɑɜɑɐɔəɱ ɖɜɟɏɌ < =
e

1
z R ) ɗɑɒɔɞɨ ɞɱɗɨɖɔ ɝɖɱəɣɑəəɌ 
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ɘəɚɒɔəɌ ɞɚɣɚɖ A, ɚɝɖɱɗɨɖɔ Ɏ ɱəɤɚɘɟ ɎɔɛɌɐɖɟ ɢɫ ɘəɚɒɔəɌ ɘɌɗɌ ɍ ɏɜɌəɔɣəɟ 
ɞɚɣɖɟ, Ɏɱɐɘɱəəɟ Ɏɱɐ əɑɝɖɱəɣɑəəɚɝɞɱ. Ⱥɞɒɑ, ɟɝɑɜɑɐɔəɱ ɖɚɒəɚɏɚ ɖɜɟɏɌ ɓ ɢɑəɞɜɚɘ ɟ 
əɟɗɱ ɘɚɒɑ ɗɑɒɌɞɔ ɗɔɤɑ ɝɖɱəɣɑəəɌ ɖɱɗɨɖɱɝɞɨ ɑɗɑɘɑəɞɱɎ ɘəɚɒɔəɔ A. Ȯɔɍɑɜɑɘɚ 

ɐɚɎɱɗɨəɟ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɣɔɝɑɗ < <1 2 ...r r  ɞɌɖ, ɥɚ ¤nr  ɛɜɔ ¤n , ɱ ɜɚɓɱɍõɯɘɚ 

ɜɚɓɤɔɜɑəɟ ɖɚɘɛɗɑɖɝəɟ ɛɗɚɥɔəɟ əɌ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɚɍɗɌɝɞɑɕ. Ȼɑɜɤɚɪ ɚɍɗɌɝɞɪ 

ɍɟɐɑɘɚ ɎɎɌɒɌɞɔ ɖɜɟɏ <1z r , ɐɜɟɏɚɪ ð ɖɱɗɨɢɑ ¢ <1 2r z r  ɱ ɞ. ɐ. (pɔɝ. 1.19). 

ȮɱɐɛɚɎɱɐəɚ ɐɚ ɢɔɡ ɚɍɗɌɝɞɑɕ Ɏɱɐəɑɝɑɘɚ ɛɱɐɘəɚɒɔəɔ 1 2, ,...A A  ɞɚɣɚɖ ɘəɚɒɔəɔ A , 

ɫɖɱ ɗɑɒɌɞɨ ɟ ɎɱɐɛɚɎɱɐəɔɡ ɚɍɗɌɝɞɫɡ ɛɗɚɥɔəɔ. ȿ ɖɚɒəɱɕ ɓ ɛɱɐɘəɚɒɔə ɘɚɒɑ ɍɟɞɔ 
ɗɔɤɑ ɝɖɱəɣɑəəɌ ɖɱɗɨɖɱɝɞɨ ɑɗɑɘɑəɞɱɎ ɘəɚɒɔəɔ A. ȳɜɚɓɟɘɱɗɚ, ɥɚ ɞɚɣɖɔ, ɫɖɱ Ɏɡɚɐɫɞɨ 

ɟ ɛɱɐɘəɚɒɔəɔ 1 2, ,...A A , ɘɚɒəɌ ɫɖɔɘɚɝɨ ɣɔəɚɘ ɓɌəɟɘɑɜɟɎɌɞɔ. ȳɎɱɐɝɔ ɎɔɛɗɔɎɌɯ, 

ɥɚ ɘəɚɒɔəɌ A  ð ɓɗɱɣɑəəɌ.  
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ȼɔɝ. 1.19  

 
Ȼɜɚəɟɘɑɜɟɯɘɚ ɝɖɱəɣɑəəɱ ɞɚɣɖɔ Ɏ ɛɚɜɫɐɖɟ ɓɜɚɝɞɌəəɫ ɲɡ ɘɚɐɟɗɱɎ, Ɍ ɝɖɱəɣɑəəɟ 

ɖɱɗɨɖɱɝɞɨ əɑɝɖɱəɣɑəəɚ ɎɱɐɐɌɗɑəɔɡ ɞɚɣɚɖ ɜɚɓɘɱɝɞɔɘɚ əɌ ɛɚɣɌɞɖɟ ɛɚɝɗɱɐɚɎəɚɝɞɱ. 

ɋɖɥɚ ¤ÍA, ɞɚ ɛɚɖɗɌɐɑɘɚ =¤0a   

 
1.10. ɃɔɝɗɚɎɱ ɜɫɐɔ, əɑɝɖɱəɣɑəəɱ ɐɚɍɟɞɖɔ ɕ əɑɝɖɱəɣɑəəɱ ɎɔɓəɌɣəɔɖɔ 
 
1.10.1. Ȼɚəɫɞɞɫ ɣɔɝɗɚɎɚɏɚ ɜɫɐɟ ɞɌ ɕɚɏɚ ɓɍɱɒəɱɝɞɨ 

 
ȼɫɐɚɘ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ əɌɓɔɎɌɯɞɨɝɫ əɑɝɖɱəɣɑəəɌ ɝɟɘɌ 

 
¤

=

+ + + =ä1 2
1

... ...n k
k

z z z z , (1.20)  

ɐɑ = +k k kz x iy  ð ɖɚɘɛɗɑɖɝəɱ ɣɔɝɗɌ. ȽɟɘɌ n  ɛɑɜɤɔɡ ɣɗɑəɱɎ ɣɔɝɗɚɎɚɏɚ ɜɫɐɟ (1.20) 

= + + +1 2 ...n ns z z z  əɌɓɔɎɌɯɞɨɝɫ ɕɚɏɚ ɣɌɝɞɔəəɚɪ ɝɟɘɚɪ. ȭɟɐɑɘɚ ɏɚɎɚɜɔɞɔ, ɥɚ ɜɫɐ 

ɓɍɱɒəɔɕ, ɫɖɥɚ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɣɌɝɞɔəəɔɡ ɝɟɘ ɓɍɱɒəɌ, ɞɚɍɞɚ ɫɖɥɚ ɱɝəɟɯ ɝɖɱəɣɑəəɌ 

ɏɜɌəɔɢɫ ɛɚɝɗɱɐɚɎəɚɝɞɱ ɣɌɝɞɔəəɔɡ ɝɟɘ  

( )
¤ ¤

= + + + + =1 2 3lim lim ...n n
n n

s z z z z S . 

ȿ ɛɜɚɞɔɗɑɒəɚɘɟ ɎɔɛɌɐɖɟ ɜɫɐ əɌɓɔɎɌɯɞɨɝɫ ɜɚɓɍɱɒəɔɘ. Ƀɔɝɗɚ S  əɌɓɔɎɌɯɞɨɝɫ ɝɟɘɚɪ 

ɜɫɐɟ1. 

ȳ ɚɓəɌɣɑəəɫ ɓɍɱɒəɚɝɞɱ ɛɚɝɗɱɐɚɎəɚɝɞɑɕ { }ns  ɎɔɛɗɔɎɌɯ, ɥɚ ɜɫɐ 
¤

=
ä

1
k

k

z  ɓɍɱɏɌɯɞɨɝɫ 

ɞɚɐɱ ɕ ɞɱɗɨɖɔ ɞɚɐɱ, ɖɚɗɔ ɓɍɱɏɌɪɞɨɝɫ ɐɎɌ ɜɫɐɔ: 
¤

=
ä

1
k

k

x  ɞɌ 
¤

=
ä

1
k

k

y . 

ȰɌɗɱ əɌɎɑɐɑɘɚ ɗɔɤɑ ɠɚɜɘɟɗɪɎɌəəɫ ɚɝəɚɎəɱ ɞɑɚɜɑɘɔ ɛɜɚ ɓɍɱɒəɱɝɞɨ ɣɔɝɗɚɎɔɡ 

                     
1 ȹɑɚɍɡɱɐəɚ ɓɌɓəɌɣɔɞɔ, ɥɚ ɟ ɝɟɣɌɝəɱɕ ɘɌɞɑɘɌɞɔɢɱ, ɛɚɜɫɐ ɓ ɟɎɑɐɑəɔɘ ɛɚəɫɞɞɫɘ ɝɟɘɔ ɜɫɐɟ 
ɟɎɚɐɔɞɨɝɫ ɛɚəɫɞɞɫ ɝɟɘɔ ɟ ɜɱɓəɔɡ ɟɓɌɏɌɗɨəɑəɔɡ ɜɚɓɟɘɱəəɫɡ. ɂɑ ɐɚɓɎɚɗɫɯ ɚɍɣɔɝɗɪɎɌɞɔ 
ɟɓɌɏɌɗɨəɑəɱ ɝɟɘɔ ɜɫɐɱɎ, ɫɖɱ ɟ ɓɎɔɣɌɕəɚɘɟ ɜɚɓɟɘɱəəɱ ɯ ɜɚɓɍɱɒəɔɘɔ. 
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ɜɫɐɱɎ, ɚɝɖɱɗɨɖɔ ɡɱɐ ɐɚɎɑɐɑəəɫ ɢɔɡ ɞɑɚɜɑɘ ɝɛɱɎɛɌɐɌɯ ɓ ɐɚɎɑɐɑəəɫɘ ɐɌəɔɘ ɟ ɖɟɜɝɱ 
ɘɌɞɑɘɌɞɔɣəɚɏɚ ɌəɌɗɱɓɟ ɐɗɫ ɜɫɐɱɎ ɐɱɕɝəɔɡ ɣɔɝɑɗ.  
ɋɖɥɚ ɝɟɘɔ ɢɔɡ ɜɫɐɱɎ ɛɚɓəɌɣɔɞɔ ɣɑɜɑɓ U  ɞɌ V , ɞɚ ɝɟɘɌ ɜɫɐɟ (1.20) ɍɟɐɑ ɜɱɎəɚɪ 

= +S U iV . 

ȶɜɔɞɑɜɱɕ ɓɍɱɒəɚɝɞɱ ɜɫɐɟ ɘɚɒəɌ ɚɐɑɜɒɌɞɔ ɓ ɖɜɔɞɑɜɱɪ ȶɚɤɱ ɐɗɫ ɓɍɱɒəɔɡ 

ɛɚɝɗɱɐɚɎəɚɝɞɑɕ ɣɌɝɞɔəəɔɡ ɝɟɘ ns  ɱ ɝɠɚɜɘɟɗɪɎɌɞɔ ɟ Ɏɔɏɗɫɐɱ ɞɌɖɚɲ ɞɑɚɜɑɘɔ. 

ȾɑɚɜɑɘɌ. Ȱɗɫ ɓɍɱɒəɚɝɞɱ ɜɫɐɟ (1.20) əɑɚɍɡɱɐəɚ ɕ ɐɚɝɞɌɞəɨɚ, ɥɚɍ "e>0  ɱɝəɟɎɌɎ 

ɞɌɖɔɕ əɚɘɑɜ = e( )N N , ɐɗɫ ɫɖɚɏɚ ɛɜɔ ɐɚɎɱɗɨəɔɡ >n N  ɱ >0k  Ɏɔɖɚəɟɯɞɨɝɫ 

əɑɜɱɎəɱɝɞɨ + + ++ + <e1 2 ...n n n kz z z . 

ȳ ɞɑɚɜɑɘɔ ɎɔɛɗɔɎɌɯ, ɥɚ ɐɗɫ ɓɍɱɒəɚɝɞɱ ɜɫɐɟ (1.20) əɑɚɍɡɱɐəɚ, ɥɚɍ ɓɌɏɌɗɨəɔɕ ɣɗɑə 

ɜɫɐɟ ɛɜɫɘɟɎɌɎ ɐɚ əɟɗɫ ɓɱ ɓɜɚɝɞɌəəɫɘ əɚɘɑɜɌ.  

Ȱɱɕɝəɚ, ɚɝɖɱɗɨɖɔ ns S  ɱ + 1ns S  ɛɜɔ ¤n , ɞɚ + +- = 1 1 0n n ns s z  ɛɜɔ 

¤n . ȹɌɏɌɐɌɯɘɚ, ɥɚ ɐɚɐɌɎɌəəɫ ɣɔ ɎɱɐɖɔɐɌəəɫ ɝɖɱəɣɑəəɚɲ ɖɱɗɨɖɚɝɞɱ ɣɗɑəɱɎ ɜɫɐɟ 

əɑ ɎɛɗɔɎɌɯ əɌ ɕɚɏɚ ɓɍɱɒəɱɝɞɨ. 
ɋɖɥɚ ɜɫɐ ɝɖɗɌɐɌɯɞɨɝɫ ɞɱɗɨɖɔ ɓ ɐɚɐɌɞəɔɡ ɣɗɑəɱɎ, ɞɚ ɎɌɒɗɔɎɚɪ ɕɚɏɚ ɎɗɌɝɞɔɎɱɝɞɪ 

ɯ ɞɑ, ɥɚ ɕɚɏɚ ɣɌɝɞɔəəɱ ɝɟɘɔ ns  ɯ ɓɜɚɝɞɌɪɣɔɘɔ ɠɟəɖɢɱɫɘɔ ɓɘɱəəɚɲ n . Ȱɗɫ ɞɌɖɔɡ 

ɜɫɐɱɎ ɎɱɜəɌ ɞɌɖɌ ɞɑɚɜɑɘɌ. 
ȾɑɚɜɑɘɌ. Ȱɗɫ ɓɍɱɒəɚɝɞɱ ɜɫɐɟ ɓ ɐɚɐɌɞəɔɘɔ ɣɗɑəɌɘɔ əɑɚɍɡɱɐəɚ ɕ ɐɚɝɞɌɞəɨɚ, ɥɚɍ 

ɛɚɝɗɱɐɚɎəɱɝɞɨ ɕɚɏɚ ɣɌɝɞɔəəɔɡ ɝɟɘ ɍɟɗɌ ɚɍɘɑɒɑəɚɪ. 

ȮɌɒɗɔɎɔɘ ɱəɝɞɜɟɘɑəɞɚɘ ɐɗɫ ɐɚɝɗɱɐɒɑəəɫ ɜɫɐɱɎ ɓ ɐɚɐɌɞəɔɘɔ ɣɗɑəɌɘɔ ɯ ɚɓəɌɖɔ 
ɛɚɜɱɎəɫəəɫ, ɫɖɱ ɠɚɜɘɟɗɪɪɞɨɝɫ ɟ Ɏɔɏɗɫɐɱ ɞɎɑɜɐɒɑəəɫ.  

ȾɑɚɜɑɘɌ. ȹɑɡɌɕ 
¤

=
ä

1
k

k

a  ɱ 
¤

=
ä

1
k

k

b  ð ɜɫɐɔ ɓ ɐɚɐɌɞəɔɘɔ ɣɗɑəɌɘɔ ɞɌ ɐɗɫ Ɏɝɱɡ k  (Ɍɍɚ, 

ɛɜɔəɌɕɘəɱ, ɛɚɣɔəɌɪɣɔ ɓ ɐɑɫɖɚɏɚ əɚɘɑɜɌ N ) Ɏɔɖɚəɟɯɞɨɝɫ ɟɘɚɎɌ ¢k ka b . Ⱦɚɐɱ 

ɓɍɱɒəɱɝɞɨ ɜɫɐɟ 
¤

=
ä

1
k

k

b  ɞɫɏəɑ ɓɌ ɝɚɍɚɪ ɓɍɱɒəɱɝɞɨ ɜɫɐɟ 
¤

=
ä

1
k

k

a , Ɍ ɜɚɓɍɱɒəɱɝɞɨ ɜɫɐɟ 

¤

=
ä

1
k

k

a  ɛɜɔɎɚɐɔɞɨ ɐɚ ɜɚɓɍɱɒəɚɝɞɱ ɜɫɐɟ 
¤

=
ä

1
k

k

b . 

ȾɑɚɜɑɘɌ ɓɌɗɔɤɌɯɞɨɝɫ Ɏɱɜəɚɪ ɕ ɞɚɐɱ, ɖɚɗɔ ɐɗɫ ɐɑɫɖɚɏɚ >0c  Ɏɔɖɚəɟɯɞɨɝɫ ɟɘɚɎɌ 

¢k ka cb . 

ȹɌɝɗɱɐɖɚɘ ɓ ɞɑɚɜɑɘɔ ɯ ɞɌɖɑ ɞɎɑɜɐɒɑəəɫ: ɫɖɥɚ 
¤

=
ä

1
k

k

a  ð ɜɫɐ ɓ əɑɎɱɐõɯɘəɔɘɔ 

ɣɗɑəɌɘɔ, Ɍ 
¤

=
ä

1
k

k

b  ð ɓɱ ɝɞɜɚɏɚ ɐɚɐɌɞəɔɘɔ ɞɌ ɱɝəɟɯ ɝɖɱəɣɑəəɌ ɏɜɌəɔɢɫ 
¤

=lim k

k k

a
L

b
, ɞɚ 

ɓɍɱɒəɱɝɞɨ ɜɫɐɟ 
¤

=
ä

1
k

k

b  ɏɌɜɌəɞɟɯ ɓɍɱɒəɱɝɞɨ ɜɫɐɟ 
¤

=
ä

1
k

k

a , Ɍ ɜɚɓɍɱɒəɱɝɞɨ ɜɫɐɟ 
¤

=
ä

1
k

k

a  ð 

ɜɚɓɍɱɒəɱɝɞɨ ɜɫɐɟ 
¤

=
ä

1
k

k

b . 

ȭɑɓɛɚɝɑɜɑɐəɨɚ ɓ ɚɓəɌɖ ɛɚɜɱɎəɫəəɫ ɜɫɐɱɎ ɎɔɛɗɔɎɌɪɞɨ ɚɓəɌɖɔ ȶɚɤɱ ɞɌ 
ȰõȬɗɌɘɍɑɜɌ ɓɍɱɒəɚɝɞɱ ɜɫɐɱɎ ɓ ɐɚɐɌɞəɔɘɔ ɣɗɑəɌɘɔ. Ȯ ɲɡ ɚɝəɚɎɟ ɛɚɖɗɌɐɑəɚ 
ɛɚɜɱɎəɫəəɫ ɐɚɝɗɱɐɒɟɎɌəɔɡ ɜɫɐɱɎ ɓ əɑɝɖɱəɣɑəəɚ ɝɛɌɐəɚɪ ɏɑɚɘɑɞɜɔɣəɚɪ ɛɜɚɏɜɑɝɱɯɪ 

Ɍɍɚ ɜɚɓɍɱɒəɔɘ ɜɫɐɚɘ, ɝɖɗɌɐɑəɔɘ ɓ ɚɐɔəɔɢɨ. 
ȺɓəɌɖɔ ȰõȬɗɌɘɍɑɜɌ:  
1.  ɋɖɥɚ ɐɗɫ Ɏɝɱɡ əɚɘɑɜɱɎ k  Ɍɍɚ, ɛɜɔəɌɕɘəɱ, ɛɚɣɔəɌɪɣɔ ɓ ɐɑɫɖɚɏɚ əɚɘɑɜɌ k , 

ɎɱɜəɌ əɑɜɱɎəɱɝɞɨ + ¢ <1 1k

k

a
q

a
 +å õ

²æ ö
ç ÷

1 1k

k

a

a
, ɞɚ ɜɫɐ 

¤

=
ä

1
k

k

a  ɓɍɱɏɌɯɞɨɝɫ (ɜɚɓɍɱɏɌɯɞɨɝɫ). 

2.  ɋɖɥɚ ɱɝəɟɯ ɏɜɌəɔɢɫ +

¤
=1lim k

k k

a
M

a
, ɞɚ ɜɫɐ 

¤

=
ä

1
k

k

a  ɓɍɱɏɌɯɞɨɝɫ ɛɜɔ <1M  ɱ 

ɜɚɓɍɱɏɌɯɞɨɝɫ ɛɜɔ >1M . 
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ȳɌɓəɌɣɔɘɚ, ɥɚ Ɏ ɛɑɜɤɱɕ ɚɓəɌɢɱ əɑɜɱɎəɱɝɞɨ + ¢ <1 1k

k

a
q

a
 (ɛɚɣɔəɌɪɣɔ ɓ ɐɑɫɖɚɏɚ 

əɚɘɑɜɌ k ) əɑ ɘɚɒəɌ ɓɌɘɱəɔɞɔ əɌ əɑɜɱɎəɱɝɞɨ + <1 1k

k

a

a
. 

ȺɓəɌɖɔ ȶɚɤɱ:  
1.  ɋɖɥɚ ɐɗɫ Ɏɝɱɡ əɚɘɑɜɱɎ k  Ɍɍɚ, ɛɜɔəɌɕɘəɱ, ɛɚɣɔəɌɪɣɔ ɓ ɐɑɫɖɚɏɚ əɚɘɑɜɌ, 

ɎɱɜəɌ əɑɜɱɎəɱɝɞɨ ¢ <1k
ka q  ( )²1k

ka , ɞɚ ɜɫɐ 
¤

=
ä

1
k

k

a  ɓɍɱɏɌɯɞɨɝɫ (ɜɚɓɍɱɏɌɯɞɨɝɫ). 

2.  ɋɖɥɚ ɱɝəɟɯ ɏɜɌəɔɢɫ 
¤

=lim k
k

k
a M , ɞɚ ɜɫɐ 

¤

=
ä

1
k

k

a  ɓɍɱɏɌɯɞɨɝɫ ɛɜɔ <1M  ɱ 

ɜɚɓɍɱɏɌɯɞɨɝɫ ɛɜɔ >1M . 
ȳɌɟɎɌɒɔɘɚ: ɫɖɥɚ ɛɜɔ ɐɚɝɗɱɐɒɑəəɱ ɜɫɐɟ ɓ ɚɓəɌɖ ȶɚɤɱ Ɍɍɚ ȰõȬɗɌɘɍɑɜɌ 

ɎɝɞɌəɚɎɗɑəɚ ɎɔɖɚəɌəəɫ ɟɘɚɎ ɜɚɓɍɱɒəɚɝɞɱ, ɞɚ ɓɌɏɌɗɨəɔɕ ɣɗɑə ɢɨɚɏɚ ɜɫɐɟ əɑ ɛɜɫɘɟɯ 

ɐɚ əɟɗɫ.  
ȮɔəɔɖɌɯ ɍɌɒɌəəɫ ɎɝɞɌəɚɎɔɞɔ ɚɓəɌɖɔ, ɫɖɱ ɐɌɎɌɗɔ ɍ ɍɱɗɨɤ ɞɚɣəɱ ɟɘɚɎɔ ɓɍɱɒəɚɝɞɱ 

ɜɫɐɱɎ ɓ ɐɚɐɌɞəɔɘɔ ɣɗɑəɌɘɔ. ȾɌɖɔɘɔ ɯ ɱəɞɑɏɜɌɗɨəɌ ɚɓəɌɖɌ ȶɚɤɱ ð ȸɌɖɗɚɜɑəɌ ɞɌ 
ɚɓəɌɖɔ ȼɌɌɍɑ. Ȯɚəɔ ɻɜɟəɞɟɪɞɨɝɫ əɌ ɛɚɜɱɎəɫəəɱ ɐɚɝɗɱɐɒɟɎɌəɔɡ ɜɫɐɱɎ ɓ 

ɟɓɌɏɌɗɨəɑəɔɘ ɏɌɜɘɚəɱɣəɔɘ ɜɫɐɚɘ 
¤

a
=
ä

1

1

k k
. 

ȣəɞɑɏɜɌɗɨəɌ ɚɓəɌɖɌ ȶɚɤɱ ð ȸaɖɗɚɜɑəɌ. ȹɑɡɌɕ ɠɟəɖɢɱɫ ( )f x  əɑɎɱɐõɯɘəɌ ɕ əɑ 

ɓɜɚɝɞɌɯ əɌ ɛɱɎɛɜɫɘɱɕ ²x m , ɐɑ ²0m . ɃɔɝɗɚɎɔɕ ɜɫɐ 
¤

=
ä

1

( )
k

f k  ɓɍɱɏɌɯɞɨɝɫ ɞɚɐɱ ɕ 

ɞɱɗɨɖɔ ɞɚɐɱ, ɖɚɗɔ ɱɝəɟɯ ɏɜɌəɔɢɫ ɣɔɝɗɚɎɚɲ ɛɚɝɗɱɐɚɎəɚɝɞɱ =ñ ( )
n

n
m

a f x dx  ɛɜɔ ¤n . 

ȺɓəɌɖɔ ȼɌɌɍɑ:  
1.  ɋɖɥɚ ɐɗɫ Ɏɝɱɡ əɚɘɑɜɱɎ k  Ɍɍɚ, ɛɜɔəɌɕɘəɱ, ɛɚɣɔəɌɪɣɔ ɓ ɐɑɫɖɚɏɚ əɚɘɑɜɌ 

>k N , Ɏɔɖɚəɟɯɞɨɝɫ əɑɜɱɎəɱɝɞɨ +å õ
- ² >æ ö

ç ÷

11 1k

k

a
k q

a
 +
å õå õ

- ¢æ öæ öæ ö
ç ÷ç ÷

11 1k

k

a
k

a
, ɞɚ ɜɫɐ 

¤

=
ä

1
k

k

a  

ɓɍɱɏɌɯɞɨɝɫ (ɜɚɓɍɱɏɌɯɞɨɝɫ). 

2.  ɋɖɥɚ ɱɝəɟɯ ɏɜɌəɔɢɫ +

¤

å õ
- =æ ö

ç ÷

1lim 1 k

k k

a
k M

a
, ɞɚ ɛɜɔ >1M  ɜɫɐ 

¤

=
ä

1
k

k

a  ɓɍɱɏɌɯɞɨɝɫ, 

Ɍ ɛɜɔ <1M  ð ɜɚɓɍɱɏɌɯɞɨɝɫ. 

Ȼɜɔ ɐɚɝɗɱɐɒɑəəɱ ɓɍɱɒəɚɝɞɱ ɣɔɝɗɚɎɔɡ ɜɫɐɱɎ ɖɚɜɔɝəɑ ɞɌɖɑ ɞɎɑɜɐɒɑəəɫ: ɫɖɥɚ 

ɛɚɝɗɱɐɚɎəɱɝɞɨ ɐɚɐɌɞəɔɡ ɣɔɝɑɗ { }ka  ɓɍɱɏɌɯɞɨɝɫ ɐɚ ɐɑɫɖɚɏɚ ɣɔɝɗɌ M , ɞɚ ɐɚ ɞɱɯɲ ɝɌɘɚɲ 

ɏɜɌəɔɢɱ ɓɍɱɏɌɯɞɨɝɫ ɕ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɲɡ ɝɑɜɑɐəɱɡ ɏɑɚɘɑɞɜɔɣəɔɡ = 1 2.
k

k kb a a a . 

ȼɫɐ 
¤

=
ä

1
k

k

z  əɌɓɔɎɌɯɞɨɝɫ Ɍɍɝɚɗɪɞəɚ ɓɍɱɒəɔɘ, ɫɖɥɚ ɓɍɱɏɌɯɞɨɝɫ ɜɫɐ, ɝɖɗɌɐɑəɔɕ ɓ 

ɘɚɐɟɗɱɎ ɕɚɏɚ ɣɗɑəɱɎ, ɞɚɍɞɚ ɜɫɐ 
¤

=
ä

1
k

k

z  ɯ ɓɍɱɒəɔɘ.  

ȿɝɱ əɌɎɑɐɑəɱ Ɏɔɥɑ ɚɓəɌɖɔ ɓɍɱɒəɚɝɞɱ ɜɫɐɱɎ ɓ ɐɚɐɌɞəɔɘɔ ɣɗɑəɌɘɔ Ɏɱɜəɱ ɕ ɐɗɫ 

Ɍɍɝɚɗɪɞəɚ ɓɍɱɒəɔɡ ɜɫɐɱɎ. 
ȾɑɚɜɑɘɌ. Ȱɗɫ Ɍɍɝɚɗɪɞəɚɲ ɓɍɱɒəɚɝɞɱ ɜɫɐɟ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ əɑɚɍɡɱɐəɚ ɕ 

ɐɚɝɞɌɞəɨɚ, ɥɚɍ Ɍɍɝɚɗɪɞəɚ ɓɍɱɏɌɗɔɝɫ ɜɫɐɔ, ɝɖɗɌɐɑəɱ ɓ ɐɱɕɝəɔɡ ɱ ɟɫɎəɔɡ ɣɌɝɞɔə 
ɣɗɑəɱɎ ɜɫɐɟ (1.25).  
ȾɎɑɜɐɒɑəəɫ ɞɑɚɜɑɘɔ ɎɔɛɗɔɎɌɯ ɓ ɚɓəɌɣɑəəɫ ɓɍɱɒəɚɝɞɱ ɞɌ ɟɘɚɎɔ ɜɱɎəɚɝɞɱ 

ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ. 

ȳɱ ɓɍɱɒəɚɝɞɱ ɜɫɐɟ 
¤

=
ä

1
k

k

z  ɎɔɛɗɔɎɌɯ ɓɍɱɒəɱɝɞɨ ɜɫɐɟ 
¤

=
ä

1
k

k

z , Ɍɗɑ əɑ əɌɎɛɌɖɔ. 
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ȼɫɐ 
¤

=
ä

1
k

k

z  əɌɓɔɎɌɯɞɨɝɫ ɟɘɚɎəɚ ɓɍɱɒəɔɘ ɜɫɐɚɘ, ɫɖɥɚ ɝɌɘ Ɏɱə ɓɍɱɒəɔɕ, Ɍɗɑ ɜɫɐ 

¤

=
ä

1
k

k

z  ɜɚɓɍɱɏɌɯɞɨɝɫ. 

ȹɌɎɑɐɑɘɚ ɑɖɎɱɎɌɗɑəɞəɑ ɚɓəɌɣɑəəɫ Ɍɍɝɚɗɪɞəɚ ɓɍɱɒəɚɏɚ ɜɫɐɟ. ȼɫɐ əɌɓɔɎɌɯɞɨɝɫ 

Ɍɍɝɚɗɪɞəɚ ɓɍɱɒəɔɘ, ɫɖɥɚ Ɏɱə ɓɍɱɏɌɯɞɨɝɫ ɕ ɓɌɗɔɤɌɯɞɨɝɫ ɓɍɱɒəɔɘ ɐɚ ɞɱɯɲ ɝɌɘɚɲ ɝɟɘɔ 

ɛɜɔ ɐɚɎɱɗɨəɱɕ ɛɑɜɑɝɞɌəɚɎɢɱ ɕɚɏɚ ɣɗɑəɱɎ.  
ȺɣɑɎɔɐəɚ, ɥɚ ɓ Ɍɍɝɚɗɪɞəɚ ɓɍɱɒəɚɏɚ ɜɫɐɟ (1.20) ɘɚɒəɌ Ɏɔɐɱɗɔɞɔ əɑɝɖɱəɣɑəəɟ 

ɖɱɗɨɖɱɝɞɨ əɚɎɔɡ ɜɫɐɱɎ 

 

+ + + =ë
î

+ + + =ì
î
í

1,1 1,2 1, 1

2,1 2,2 2, 2

... ... ,

... ... ,

,

n

n

z z z S

z z z S   (1.21)  

ɛɚɍɟɐɚɎɌəɔɡ ɞɌɖ, ɥɚ ɖɚɒɑə ɣɗɑə ɜɫɐɟ (1.20) ɘɚɒɑ Ɏɡɚɐɔɞɔ ɞɱɗɨɖɔ Ɏ ɚɐɔə ɓ 
ɟɞɎɚɜɑəɔɡ ɜɫɐɱɎ. ȾɌɖɔɕ ɛɜɚɢɑɝ əɌɓɔɎɌɪɞɨ ɜɚɓɎɔəɑəəɫɘ ɜɫɐɟ. 

ȾɑɚɜɑɘɌ ɛɜɚ ɝɟɘɟ ɝɟɘ ɜɫɐɱɎ (ɛɜɚ ɛɚɐɎɱɕəɱ ɜɫɐɔ). ɋɖɥɚ ɜɫɐ (1.20) ɓɍɱɏɌɯɞɨɝɫ 
Ɍɍɝɚɗɪɞəɚ ɱ ɕɚɏɚ ɝɟɘɌ ɐɚɜɱɎəɪɯ S, ɞɚ ɖɚɒɑə ɓ ɜɫɐɱɎ (1.21) ɓɍɱɏɌɯɞɨɝɫ Ɍɍɝɚɗɪɞəɚ ɐɚ 

ɝɎɚɯɲ ɝɟɘɔ, Ɍ ɜɫɐ + + +1 2 ... ...kS S S  Ɍɍɝɚɗɪɞəɚ ɓɍɱɒəɔɕ ɱ ɕɚɏɚ ɝɟɘɌ ɐɚɜɱɎəɪɯ S , 

ɞɚɍɞɚ  

 
¤

=

=ä
1

k
k

S S   (1.22)  

Ɍɍɚ  
¤ ¤

= =

=ä ä
1 1

kn
n k

z S . 

 Ȱɱɕɝəɚ, ɜɫɐɔ 
¤

=
ä 1

1
k

k

z , 
¤

=
ä 2

1
k

k

z ,...
¤

=
ä

1
nk

k

z ,... ɓɍɱɏɌɪɞɨɝɫ, ɚɝɖɱɗɨɖɔ ɲɡ ɣɌɝɞɔəəɱ 

ɝɟɘɔ əɑ ɘɚɒɟɞɨ ɍɟɞɔ ɍɱɗɨɤɑ ɚɐəɚɏɚ ɕ ɞɚɏɚ ɝɌɘɚɏɚ ɣɔɝɗɌ = + + + +1 2 ... ....mS z z z . 

ȳɌɛɔɤɑɘɚ ɜɱɓəɔɢɪ  

( )- + + + = + +
1 21 2 ... ...m m mS S S S z z , 

ɐɑ 
1 2
, ,...m mz z  ð ɣɗɑəɔ ɜɫɐɟ (1.25), ɫɖɱ əɑ ɟɎɱɕɤɗɔ Ɏ ɝɟɘɔ 1 2, ,..., mS S S . ɋɖɥɚ 

ɓɌɠɱɖɝɟɯɘɚ əɚɘɑɜ n , ɞɚ ɛɜɔ ɐɚɝɞɌɞəɨɚ Ɏɑɗɔɖɔɡ ɓəɌɣɑəəɫɡ m  ɣɗɑəɔ ɓ əɚɘɑɜɌɘɔ 

1 2 3, , ,...m m m  ɍɟɐɟɞɨ ɍɱɗɨɤɔɘɔ Ɏɱɐ n , ɚɞɒɑ,  

( )- + + + ¢ + + =
1 21 2 ... ...m m m nS S S S z z R , 

ɐɑ nR  ɎɔɓəɌɣɌɯ ɚɢɱəɖɟ ɓɎɑɜɡɟ ɘɚɐɟɗɫ ɓɌɗɔɤɖɚɎɚɏɚ ɣɗɑəɌ. Ⱥɝɖɱɗɨɖɔ n  ɘɚɒəɌ 

ɎɔɍɜɌɞɔ ɐɚɝɞɌɞəɨɚ Ɏɑɗɔɖɔɘ, ɞɚ Ɏɔɍɑɜɑɘɚ ɕɚɏɚ ɞɌɖɔɘ, ɥɚɍ nR  ɍɟɗɚ ɫɖ ɓɌɎɏɚɐəɚ 

ɘɌɗɔɘ. ɂɑ ɐɚɓɎɚɗɫɯ ɓɌɛɔɝɌɞɔ  

( )
¤

- + + + =1 2lim ... 0m
m

S S S S . 

ȳɎɱɐɝɔ ɎɔɛɗɔɎɌɯ, ɥɚ ɜɫɐ (1.20) ɓɍɱɒəɔɕ, Ɍ ɕɚɏɚ ɝɟɘɌ ɐɚɜɱɎəɪɯ S. ȬɍɝɚɗɪɞəɌ 

ɓɍɱɒəɱɝɞɨ ɖɚɒəɚɏɚ ɜɫɐɟ ɓ (1.22)ɎɔɛɗɔɎɌɯ ɓ ɚɣɑɎɔɐəɔɡ əɑɜɱɎəɚɝɞɑɕ 

¢ + + + <
1 2

.... ....
kl l l lS z z z S , =( 1,2,...)l . 

ɂɑ ɚɓəɌɣɌɯ, ɥɚ Ɏ (1.22) ɟɝɱ ɜɫɐɔ Ɍɍɝɚɗɪɞəɚ ɓɍɱɒəɔɱ  

ȳ ɐɚɎɑɐɑəɚɲ ɞɑɚɜɑɘɔ ɎɔɛɗɔɎɌɯ əɌɝɞɟɛəɑ ɞɎɑɜɐɒɑəəɫ.  
ȾɑɚɜɑɘɌ. ɋɖɥɚ Ɍɍɝɚɗɪɞəɚ ɓɍɱɏɌɪɞɨɝɫ ɜɫɐɔ  

 + + =1 2 1...z z S  ɞɌ ¡ ¡ ¡+ + =1 2 1...z z S ,  (1.23)  

ɞɚ ɜɫɐ 

 ¡ ¡ ¡ ¡ ¡ ¡ ¡+ + + + + + +1 1 2 1 2 1 3 2 2 2 2 1 3( ) ( ) ...z z z z z z z z z z z z z z  (1.24)  

ɞɌɖɚɒ ɓɍɱɏɌɯɞɨɝɫ Ɍɍɝɚɗɪɞəɚ, Ɍ ɕɚɏɚ ɝɟɘɌ ɐɚɜɱɎəɪɯ ɐɚɍɟɞɖɟ ɝɟɘ ɐɎɚɡ ɛɑɜɤɔɡ ɜɫɐɱɎ. 
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 ȻɑɜɑɖɚəɌɯɘɚɝɫ, ɥɚ ɜɫɐ, ɟɞɎɚɜɑəɔɕ ɱɓ ɣɗɑəɱɎ Ɏɔɏɗɫɐɟ  

 ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡1 1 2 1 2 1 2 2 2 1 2, ,..., , ,..., , , ,..k k m mz z z z z z z z z z z z z z z z  (1.25)  

Ɍɍɝɚɗɪɞəɚ ɓɍɱɏɌɯɞɨɝɫ. Ȱɗɫ ɢɨɚɏɚ Ɏɱɓɨɘɑɘɚ ɐɚɎɱɗɨəɟ ɝɖɱəɣɑəəɟ ɖɱɗɨɖɱɝɞɨ N  ɣɗɑəɱɎ 
ɜɫɐɟ (1.24). ȽɟɘɌ ɲɡ ɘɚɐɟɗɱɎ ɍɟɐɑ əɑ ɍɱɗɨɤɑ ɐɚɍɟɞɖɟ 

( )( )¡ ¡ ¡+ + + + + +1 2 1 2... ...n nz z z z z z , 

ɐɑ əɚɘɑɜ n  ɍɱɗɨɤɔɕ Ɏɱɐ əɚɘɑɜɱɎ ɟɝɱɡ ɞɔɡ ɣɗɑəɱɎ mz  ɞɌ ¡kz  ɜɫɐɟ (1.24), ɫɖɱ Ɏɡɚɐɫɞɨ 

ɟ ɝɖɱəɣɑəəɱ ɐɚɍɟɞɖɔ Ɏɔɏɗɫɐɟ (1.25). ȶɜɱɘ ɞɚɏɚ, ɢɫ ɝɟɘɌ əɑ ɘɚɒɑ ɍɟɞɔ ɍɱɗɨɤɚɪ Ɏɱɐ 

ɣɔɝɗɌ ¡ss , ɐɑ = + +1 2 ...s z z , ¡ ¡ ¡= + +1 2 ...s z z  

ȷɑɏɖɚ ɍɌɣɔɞɔ, ɥɚ ɝɟɘɌ ɜɫɐɟ, ɟɞɎɚɜɑəɚɏɚ ɓ ɣɗɑəɱɎ Ɏɔɏɗɫɐɟ (1.25), ɐɚɜɱɎəɪɯ ɝɟɘɱ 
ɜɫɐɟ (1.24) ɱ, ɚɐəɚɣɌɝəɚ, ɓɌ ɞɑɚɜɑɘɚɪ ɛɜɚ ɝɟɘɟ ɜɫɐɱɎ, ɎɚəɌ ɐɚɜɱɎəɪɯ 

+ + + +1 2 .... ns s s , ɐɑ 

¡ ¡ ¡ ¡= + + + =1 1 1 1 2 1 3 1. ...... ,s z z z z z z z s  

¡ ¡ ¡ ¡= + + + =2 2 1 2 2 2 3 2. .... ,s z z z z z z z s  

¡ ¡ ¡ ¡= + + + =3 3 1 3 2 3 3 3 1. .... ,s z z z z z z z s  

. . . . . . . . . . . . . . . . . . . . . .  
Ⱥɞɒɑ, ɤɟɖɌəɌ ɝɟɘɌ ɐɚɜɱɎəɪɯ 

( )¡ ¡ ¡ ¡ ¡+ + + = + + + =1 2 1 2.... .... .... ....n nz s z s z s z z z s ss  

ȹɌɝɗɱɐɖɔ. ȳ ɐɚɎɑɐɑəɔɡ ɞɑɚɜɑɘ ɎɔɛɗɔɎɌɯ:  
1) Ȭɍɝɚɗɪɞəɚ ɓɍɱɒəɔɕ ɜɫɐ (1.20) ɘɌɯ ɎɗɌɝɞɔɎɚɝɞɱ ɖɚɘɟɞɌɞɔɎəɚɝɞɱ ɞɌ 

ɌɝɚɢɱɌɞɔɎəɚɝɞɱ Ɏ ɜɚɓɟɘɱəəɱ ɛɑɜɑɝɞɌəɚɎɖɔ ɞɌ ɛɑɜɑɏɜɟɛɟɎɌəəɫ ɕɚɏɚ ɣɗɑəɱɎ. 
2) Ȼɜɔ ɐɚɎɱɗɨəɚɘɟ ɝɖɱəɣɑəəɚɘɟ əɌɞɟɜɌɗɨəɚɘɟ n  ɓɍɱɒəɱɝɞɨ ɣɔ ɜɚɓɍɱɒəɱɝɞɨ ɜɫɐɱɎ 
¤

=
ä

1
k

k

z  ɞɌ 
¤

= +
ä

1
k

k n

z  ɎɔɓəɌɣɌɯɞɨɝɫ ɚɐəɔɘɔ ɕ ɞɔɘɔ ɝɌɘɔɘɔ ɟɘɚɎɌɘɔ. 

3) ɋɖɥɚ ɜɫɐ (1.25) ɓɍɱɏɌɯɞɨɝɫ ɱ ɕɚɏɚ ɝɟɘɌ ɐɚɜɱɎəɪɯ S, ɞɚ "lÍ ɜɫɐ 
¤

=

lä
1

k
k

z  

ɓɍɱɏɌɯɞɨɝɫ ɱ ɕɚɏɚ ɝɟɘɌ ɐɚɜɱɎəɪɯ lS . 

4) ɋɖɥɚ + + =1 2 ...z z S , ¡ ¡ ¡+ + =1 2 ...z z S , ɞɚ ɜɫɐ ( )
¤

=

¡°ä
1

k k
k

z z  ɓɍɱɏɌɯɞɨɝɫ, Ɍ ɕɚɏɚ 

ɝɟɘɌ ɐɚɜɱɎəɪɯ ¡°S S . 

5) ɋɖɥɚ ɜɫɐɔ 
¤

=
ä

1
k

k

z  ɞɌ 
¤

=

¡ä
1

k
k

z  Ɍɍɝɚɗɪɞəɚ ɓɍɱɏɌɪɞɨɝɫ ɞɌ ɲɡ ɝɟɘɔ ɎɱɐɛɚɎɱɐəɚ 

ɐɚɜɱɎəɪɪɞɨ S  ɞɌ ¡S , ɞɚ ɜɫɐ ( )
¤

-
=

¡ ¡ ¡+ +ä 1 2 1 1
1

...k k k
k

z z z z z z  Ɍɍɝɚɗɪɞəɚ ɓɍɱɏɌɪɞɨɝɫ, 

ɛɜɔɣɚɘɟ ɕɚɏɚ ɝɟɘɌ ɐɚɜɱɎəɪɯ ¡SS . 

Ⱥɝɖɱɗɨɖɔ ɜɫɐ (1.20) ɘɚɒəɌ ɓɌɛɔɝɌɞɔ ɟ Ɏɔɏɗɫɐɱ ɝɟɘɔ ɐɎɚɡ ɜɫɐɱɎ ɐɱɕɝəɔɡ ɣɔɝɑɗ 
¤

=
ä

1
k

k

z =
¤ ¤ ¤ ¤

= = = =

+ = +ä ä ä ä
1 1 1 1

Re Imk k k k
k k k k

z i z x i y , ɞɚ ɐɗɫ ɐɚɝɗɱɐɒɑəəɫ ɜɫɐɱɎ ɖɚɘɛɗɑɖɝəɔɡ 

ɣɔɝɑɗ ɐɚɢɱɗɨəɚ ɎɔɖɚɜɔɝɞɚɎɟɎɌɞɔ ɖɜɔɞɑɜɱɲ ɐɚɝɗɱɐɒɑəəɫ ɜɫɐɱɎ ɐɱɕɝəɔɡ ɣɔɝɑɗ. 

ȺɓəɌɖɌ Ȱɱɜɱɡɗɑ. ȼɫɐ 
¤

=
ä

1
k k

k

u v  ɓɍɱɒəɔɕ, ɫɖɥɚ Ɏɔɖɚəɟɪɞɨɝɫ ɞɌɖɱ ɐɎɱ ɟɘɚɎɔ: 

1) ɛɚɝɗɱɐɚɎəɱɝɞɨ { }kv  ɘɚəɚɞɚəəɌ ɞɌ əɑɝɖɱəɣɑəəɚ ɘɌɗɌ; 

2) ɜɫɐ 
¤

=
ä

1
k

k

u  ɘɌɯ ɚɍɘɑɒɑəɟ ɛɚɝɗɱɐɚɎəɱɝɞɨ ɣɌɝɞɔəəɔɡ ɝɟɘ. 

ȮɌɒɗɔɎɚɪ ɐɗɫ ɝɖɱəɣɑəəɚɲ ɝɟɘɔ ɐɚɎɱɗɨəɔɡ ɣɔɝɑɗ ɯ ɖɚɘɟɞɌɞɔɎəɌ ɎɗɌɝɞɔɎɱɝɞɨ. Ȥɲ 
ɘɌɪɞɨ ɱ Ɍɍɝɚɗɪɞəɚ ɓɍɱɒəɱ ɜɫɐɔ, Ɍɗɑ əɑ ɟɘɚɎəɚ ɓɍɱɒəɱ. Ȼɜɚ ɎɛɗɔɎ ɛɑɜɑɝɞɌəɚɎɚɖ əɌ 
ɝɟɘɟ ɟɘɚɎəɚ ɓɍɱɒəɚɏɚ ɜɫɐɟ ɝɎɱɐɣɔɞɨ ɐɚɎɑɐɑəɌ ȼɱɘɌəɚɘ ɞɑɚɜɑɘɌ. 
ȾɑɚɜɑɘɌ ȼɱɘɌəɌ (ɛɜɚ ɎɛɗɔɎ ɛɑɜɑɝɞɌəɚɎɚɖ əɌ ɝɟɘɟ ɟɘɚɎəɚ ɓɍɱɒəɚɏɚ ɜɫɐɟ). ɋɖɥɚ 
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ɜɫɐ ɓɍɱɏɌɯɞɨɝɫ ɟɘɚɎəɚ, ɞɚ, ɫɖɑ ɍ əɑ ɍɟɗɚ əɌɛɑɜɑɐ ɓɌɐɌəɑ ɣɔɝɗɚ A, ɘɚɒəɌ ɞɌɖ 
ɛɑɜɑɝɞɌɎɔɞɔ ɣɗɑəɔ ɢɨɚɏɚ ɜɫɐɟ, ɥɚ ɛɑɜɑɞɎɚɜɑəɔɕ ɜɫɐ ɍɟɐɑ ɓɍɱɒəɔɘ ɐɚ ɣɔɝɗɌ A . 
ȿ ɐɑɫɖɔɡ ɎɔɛɌɐɖɌɡ ɟɘɚɎɟ ɓɍɱɒəɚɝɞɱ ɜɫɐɟ (1.20) ɜɚɓɟɘɱɪɞɨ Ɏ ɱəɤɚɘɟ ɝɘɔɝɗɱ. 

ȹɌɛɜɔɖɗɌɐ, ɖɌɒɟɞɨ, ɥɚ ɜɫɐ (1.20) ɛɱɐɝɟɘɚɎɟɯɞɨɝɫ ɓɌ ɘɑɞɚɐɚɘ (ɝɡɑɘɚɪ) ɃɑɓɌɜɚ, 

ɫɖɥɚ ɱɝəɟɯ ɝɖɱəɣɑəəɌ ɏɜɌəɔɢɫ ( )
¤

=lim ( ,1) ,1n
n

S C S C , ɐɑ ( ) ==

ä
1,1

n

k
k

n

s

S C
n

, ks  ð 

ɣɌɝɞɔəəɱ ɝɟɘɔ ɜɫɐɟ (1.20), Ɍ ( ),1S C  əɌɓɔɎɌɪɞɨ ɝɟɘɚɪ ɜɫɐɟ (1.20), ɛɱɐɜɌɡɚɎɌəɚɪ ɓɌ 

ɃɑɓɌɜɚ (Ɍɍɚ ( ),1C -ɝɟɘɚɪ). 

ȾɌɖɑ ɟɓɌɏɌɗɨəɑəəɫ əɑ ɯɐɔəɑ. ȿ ɗɱɞɑɜɌɞɟɜɱ Ɏɱɐɚɘɱ ɞɌɖɚɒ ɟɓɌɏɌɗɨəɑəəɫ 

ɛɱɐɝɟɘɚɎɟɎɌəəɫ ɜɫɐɱɎ ɓɌ ȯɑɗɨɐɑɜɚɘ ( ),H r  ɞɌ ɓɌ ȼɱɝɝɚɘ ( ),R r . 

 
1.10.2. Ȼɚəɫɞɞɫ ɛɜɚ ɣɔɝɗɚɎɱ əɑɝɖɱəɣɑəəɱ ɐɚɍɟɞɖɔ ɞɌ ɎɔɓəɌɣəɔɖɔ 

 
ȶɜɱɘ ɛɚɝɗɱɐɚɎəɚɝɞɑɕ ɱ ɜɫɐɱɎ, ɱɝəɟɪɞɨ ɱəɤɱ əɑɝɖɱəɣɑəəɱ ɛɜɚɢɑɝɔ, ɫɖɱ ɘɌɪɞɨ 

ɢɱɗɖɚɘ ɛɑɎəɔɕ ɓɘɱɝɞ. ɂɑ, ɓɚɖɜɑɘɌ, əɑɝɖɱəɣɑəəɱ ɐɚɍɟɞɖɔ ɞɌ əɑɝɖɱəɣɑəəɱ 
ɎɔɓəɌɣəɔɖɔ. 
ȻɚɖɗɌɎɤɔ, ɥɚ ɒɚɐɑə ɓ ɘəɚɒəɔɖɱɎ əɑ ɐɚɜɱɎəɪɯ əɟɗɪ Ɍɍɚ əɑɝɖɱəɣɑəəɚɝɞɱ, 

əɑɝɖɱəɣɑəəɔɘ ɐɚɍɟɞɖɚɘ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ əɌɓɎɑɘɚ ɎɔɜɌɓ 

 
¤

=

=Ô1 2
1

n n
n

z z z z . (1.26)  

ȻɚɓəɌɣɔɘɚ ɣɑɜɑɓ nP  ɐɚɍɟɞɚɖ ɛɑɜɤɔɡ n  ɝɛɱɎɘəɚɒəɔɖɱɎ ɢɨɚɏɚ ɐɚɍɟɞɖɟ: 

=

= =Ô1 2
1

n

n n k
k

P z z z z . ɋɖɥɚ ɱɝəɟɯ ɏɜɌəɔɢɫ ɛɚɝɗɱɐɚɎəɚɝɞɱ 
¤

= ¸lim 0n
n

P P , ɞɚ ɖɌɒɟɞɨ, 

ɥɚ əɑɝɖɱəɣɑəəɔɕ ɐɚɍɟɞɚɖ (1.26) ɓɍɱɏɌɯɞɨɝɫ, Ɍ ɣɔɝɗɚ P  əɌɓɔɎɌɪɞɨ ɕɚɏɚ ɐɚɍɟɞɖɚɘ.  

ȹɑɚɍɡɱɐəɚɪ ɟɘɚɎɚɪ ɓɍɱɒəɚɝɞɱ əɑɝɖɱəɣɑəəɚɏɚ ɐɚɍɟɞɖɟ ɯ ɱɝəɟɎɌəəɫ ɏɜɌəɔɢɱ 

¤ +

=
1

lim 1n

n n

P

P
. 

ȮɔɖɚɜɔɝɞɚɎɟɪɣɔ ɞɑɚɜɱɪ ɜɫɐɱɎ ɱ əɑɝɖɱəɣɑəəɔɡ ɐɚɍɟɞɖɱɎ, ɘɚɒəɌ ɜɚɓɎɔəɟɞɔ 
ɞɑɚɜɱɪ əɑɝɖɱəɣɑəəɔɡ ɎɔɓəɌɣəɔɖɱɎ. ȼɚɓɏɗɫəɑɘɚ ɘəɚɒɔəɟ ɎɔɓəɌɣəɔɖɱɎ ɛɚɜɫɐɖɟ 

+2 1n  ( )det j ka , ( )=- -, ,... 1,0,1,...j k n n  ɱ ɛɚɓəɌɣɔɘɚ ( )=det jk na D . ȹɑɝɖɱəɣɑəəɔɘ 

ɎɔɓəɌɣəɔɖɚɘ əɌɓɔɎɌɯɞɨɝɫ ɎɔɓəɌɣəɔɖ D , ɚɐɑɜɒɌəɔɕ ɓ nD  ɛɜɔ ¤n . ȶɌɒɟɞɨ, ɥɚ 

əɑɝɖɱəɣɑəəɔɕ ɎɔɓəɌɣəɔɖ ɓɍɱɏɌɯɞɨɝɫ, ɫɖɥɚ ɓɍɱɏɌɯɞɨɝɫ ɛɚɝɗɱɐɚɎəɱɝɞɨ { }nD , Ɍ ɣɔɝɗɚ 

¤
=lim n

n
D D  əɌɓɔɎɌɪɞɨ ɕɚɏɚ ɓəɌɣɑəəɫɘ. 

ȰɑɞɌɗɨəɚ ɛɔɞɌəəɫ ɓɍɱɒəɚɝɞɱ ɞɌ ɓɌɝɞɚɝɟɎɌəəɫ əɑɝɖɱəɣɑəəɔɡ ɐɚɍɟɞɖɱɎ, ɝɖɗɌɐɑəɔɡ 

ɓ ɠɟəɖɢɱɚəɌɗɨəɔɡ ɘəɚɒəɔɖɱɎ, ɍɟɐɟɞɨ ɐɚɝɗɱɐɒɑəɱ ɐɗɫ ɐɚɍɟɞɖɱɎ ɌəɌɗɱɞɔɣəɔɡ 
ɠɟəɖɢɱɕ. 
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ȾȱȸȬ ȣȣ. ȳȬȯȬȷɈȹȣ ȻȺȷȺȲȱȹȹɋ ȾȱȺȼȣȤ ɀȿȹȶɂȣȵ 
    ȶȺȸȻȷȱȶȽȹȺȤ ȳȸȣȹȹȺȤ. ȬȹȬȷȣȾȴɃȹȣ ɀȿȹȶɂȣȤ 

 
2.1. ȶɚɘɛɗɑɖɝəɚɓəɌɣəɱ ɠɟəɖɢɱɲ ɐɱɕɝəɚɏɚ Ɍɜɏɟɘɑəɞɟ 

 
ȿ ɞɑɚɜɱɲ ɠɟəɖɢɱɕ ɖɚɘɛɗɑɖɝəɚɲ ɓɘɱəəɚɲ ɓəɌɣəɟ ɜɚɗɨ ɎɱɐɱɏɜɌɯ ɛɚəɫɞɞɫ ɤɗɫɡɟ ɞɌ 

ɖɜɔɎɚɲ Ɏ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ. ɂɑ ɓɟɘɚɎɗɪɯ əɑɚɍɡɱɐəɱɝɞɨ ɛɜɔɐɱɗɫɞɔ ɓəɌɣəɟ ɟɎɌɏɟ 
ɎɔɎɣɑəəɪ ɚɝɚɍɗɔɎɚɝɞɑɕ ɝɛɚɝɚɍɱɎ ɛɚɍɟɐɚɎɔ ɜɱɓəɚɘɌəɱɞəɔɡ ɤɗɫɡɱɎ ɱ ɖɜɔɎɔɡ, 
ɟɝɞɌəɚɎɗɑəəɪ ɓɎõɫɓɖɟ ɛɚəɫɞɞɫ ɤɗɫɡɟ ɓ ɖɚɘɛɗɑɖɝəɚɓəɌɣəɔɘɔ ɠɟəɖɢɱɫɘɔ ɐɱɕɝəɚɏɚ 

Ɍɜɏɟɘɑəɞɟ ɞɌ ɐɚɝɗɱɐɒɑəəɪ ɎɗɌɝɞɔɎɚɝɞɑɕ ɞɌɖɔɡ ɠɟəɖɢɱɕ. 
 

2.1.1. ȺɍɗɌɝɞɨ, ɲɲ ɓɎõɫɓəɱɝɞɨ ɱ ɘɑɒɱ 

 
ȿ ɜɚɓɤɔɜɑəɱɕ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ ɜɚɓɏɗɫəɑɘɚ əɑɛɚɜɚɒəɪ ɘəɚɒɔəɟ E . 

ȺɓəɌɣɑəəɫ. ȹɑɡɌɕ E  ð ɐɚɎɱɗɨəɌ ɘəɚɒɔəɌ ɖɚɘɛɗɑɖɝəɔɡ ɣɔɝɑɗ. ȮɑɗɔɣɔəɌ 

= +z x iy , ɫɖɌ əɌɍɟɎɌɯ ɐɚɎɱɗɨəɚɏɚ ɓəɌɣɑəəɫ ɓ E, əɌɓɔɎɌɯɞɨɝɫ əɑɓɌɗɑɒəɚɪ 

ɖɚɘɛɗɑɖɝəɚɪ ɓɘɱəəɚɪ, ɎɔɓəɌɣɑəɚɪ əɌ E. ȣəɖɚɗɔ Ɏ ɞɌɖɚɘɟ ɜɌɓɱ ɖɌɒɟɞɨ, ɥɚ 
ɖɚɘɛɗɑɖɝəɌ ɓɘɱəəɌ ɛɜɚɍɱɏɌɯ ɘəɚɒɔəɟ ɓəɌɣɑəɨ E . 
ȺɓəɌɣɑəəɫ. ȸəɚɒɔəɌ E  əɌɓɔɎɌɯɞɨɝɫ ɓɎõɫɓəɚɪ, ɫɖɥɚ ɛɜɔ ɜɚɓɍɔɞɞɱ ɲɲ əɌ 

ɛɱɐɘəɚɒɔəɔ 1E  ɞɌ 2E  (ɒɚɐəɌ ɓ ɫɖɔɡ əɑ ɯ ɛɚɜɚɒəɨɚɪ ɘəɚɒɔəɚɪ) ɡɚɣɌ ɍ ɚɐəɌ ɓ 

əɔɡ ɘɱɝɞɔɞɨ ɛɜɔəɌɕɘəɱ ɚɐəɟ ɏɜɌəɔɣəɟ ɞɚɣɖɟ ɱəɤɚɲ ɘəɚɒɔəɔ. Ȼɜɔ ɢɨɚɘɟ ɛɚɜɚɒəɫ 
ɘəɚɒɔəɌ ɞɌ ɘəɚɒɔəɌ, ɫɖɌ ɝɖɗɌɐɌɯɞɨɝɫ ɓ ɚɐəɱɯɲ ɞɚɣɖɔ, ɞɑɒ ɎɎɌɒɌɪɞɨɝɫ ɓɎõɫɓəɔɘɔ. 
ɋɖ Ɏɱɐɚɘɚ ɓ ɖɟɜɝɟ ɘɌɞɑɘɌɞɔɣəɚɏɚ ɌəɌɗɱɓɟ, ɐɚɎɱɗɨəɌ ɓɎõɫɓəɌ ɘəɚɒɔəɌ əɌ ɛɜɫɘɱɕ ɯ 

Ɏɱɐɜɱɓɖɚɘ.  
ȣɝəɟɯ ɕ ɱəɤɑ ɑɖɎɱɎɌɗɑəɞəɑ ɚɓəɌɣɑəəɫ ɓɎõɫɓəɚɲ ɘəɚɒɔəɔ. 

ȺɣɑɎɔɐəɚ, ɥɚ ɓɎõɫɓəɱɝɞɨ Ɏɱɐɖɜɔɞɚɲ ɘəɚɒɔəɔ ɘɚɒəɌ ɎɔɓəɌɣɔɞɔ, ɖɚɜɔɝɞɟɪɣɔɝɨ 

ɞɌɖɔɘ ɖɜɔɞɑɜɱɯɘ: ɎɱɐɖɜɔɞɌ əɑɛɚɜɚɒəɫ ɘəɚɒɔəɌ ËE  ɓɎõɫɓəɌ ɞɚɐɱ ɕ ɞɱɗɨɖɔ ɞɚɐɱ, 
ɖɚɗɔ ɐɎɱ ɲɲ ɐɚɎɱɗɨəɱ ɞɚɣɖɔ ɘɚɒəɌ ɓõɯɐəɌɞɔ ɗɌɘɌəɚɪ ɓɱ ɝɖɱəɣɑəəɚɪ ɖɱɗɨɖɱɝɞɪ ɗɌəɚɖ, 

ɫɖɱ ɛɚɎəɱɝɞɪ ɝɖɗɌɐɌɪɞɨɝɫ ɓ ɞɚɣɚɖ ɐɌəɚɲ ɘəɚɒɔəɔ. 
ȮɔɖɚɜɔɝɞɚɎɟɪɣɔ ɛɚəɫɞɞɫ ɓɎõɫɓəɚɝɞɱ, ɚɓəɌɣɑəəɫ ɚɍɗɌɝɞɱ (ɐɔɎ. ɛ.1.8) ɘɚɒəɌ 

ɝɠɚɜɘɟɗɪɎɌɞɔ ɞɌɖ. 
ȺɓəɌɣɑəəɫ. ȺɍɗɌɝɞɪ Ɏ ɖɚɘɛɗɑɖɝəɱɕ ɛɗɚɥɔəɱ əɌɓɔɎɌɪɞɨ ɐɚɎɱɗɨəɟ Ɏɱɐɖɜɔɞɟ 

ɓɎõɫɓəɟ ɘəɚɒɔəɟ. 

ȹɌɛɜɔɖɗɌɐ: ɖɱɗɨɢɑ ¢ ¢1 2z  ɯ ɘəɚɒɔəɚɪ ɓɎõɫɓəɚɪ, Ɍɗɑ ɎɚəɌ əɑ ɎɱɐɖɜɔɞɌ, ɚɞɒɑ, 

ɎɚəɌ əɑ ɚɍɗɌɝɞɨ; ɖɜɟɏ <2z  ð ɢɑ ɎɱɐɖɜɔɞɌ ɓɎõɫɓəɌ ɘəɚɒɔəɌ. Ⱥɞɒɑ, ɢɫ ɘəɚɒɔəɌ ɯ 

ɚɍɗɌɝɞɪ. 
ȺɓəɌɣɑəəɫ. ȸɑɒɑɪ ɚɍɗɌɝɞɱ D  əɌɓɎɑɘɚ ɞɚɣɖɔ, ɫɖɱ ɯ ɏɜɌəɔɣəɔɘɔ ɞɚɣɖɌɘɔ ɢɱɯɲ 

ɚɍɗɌɝɞɱ, Ɍɗɑ ɲɕ əɑ əɌɗɑɒɌɞɨ. ȾɌɖɱ ɞɚɣɖɔ ɍɟɐɑɘɚ ɛɚɓəɌɣɌɞɔ ɚɐəɔɘ ɱɓ ɝɔɘɎɚɗɱɎ 

g G, , C  Ɍɍɚ µD . 

ȹɌɛɜɔɖɗɌɐ, ɐɗɫ ɚɍɗɌɝɞɱ <1z  ɞɚɣɖɔ ɖɚɗɌ =1z  ɏɜɌəɔɣəɱ, Ɍɗɑ ɚɍɗɌɝɞɱ əɑ 

əɌɗɑɒɌɞɨ ð ɐɗɫ ɢɱɯɲ ɚɍɗɌɝɞɱ Ɏɚəɔ ɟɞɎɚɜɪɪɞɨ ɘɑɒɟ. 
ȸəɚɒɔəɌ ɏɜɌəɔɣəɔɡ ɞɚɣɚɖ ɚɍɗɌɝɞɱ D  ɓɌɘɖəɑəɌ. (ɂɑ ɞɎɑɜɐɒɑəəɫ ɘɔ ɛɜɚɛɚəɟɯɘɚ 

ɣɔɞɌɣɌɘ ɐɚɎɑɝɞɔ ɝɌɘɚɝɞɱɕəɚ.) 
ȺɓəɌɣɑəəɫ. ȳɌɘɖəɑəɌ ɓɎõɫɓəɌ ɘəɚɒɔəɌ ɛɜɚɝɞɚɜɟ E  əɌɓɔɎɌɯɞɨɝɫ ɖɚəɞɔəɟɟɘɚɘ. 

ȺɓəɌɣɑəəɫ. ȶɜɔɎɚɪ ȶɌəɞɚɜɌ (Ɍɍɚ ɗɱəɱɕəɔɘ ɖɚəɞɔəɟɟɘɚɘ) əɌɓɔɎɌɪɞɨ ɓɌɘɖəɑəɟ 
ɓɎõɫɓəɟ ɘəɚɒɔəɟ, ɥɚ əɑ ɘɱɝɞɔɞɨ Ɏəɟɞɜɱɤəɱɡ ɞɚɣɚɖ. 

ȳɌɘɖəɑəɔɕ ɖɜɟɏ ¢1z  əɑ ɍɟɐɑ ɖɜɔɎɚɪ ȶɌəɞɚɜɌ, ɞɚɘɟ ɥɚ ɘɱɝɞɔɞɨ Ɏəɟɞɜɱɤəɱ 

ɞɚɣɖɔ. ȶɜɟɏ ɓ Ɏɔɖɚɗɚɞɚɪ ɞɚɣɖɚɪ =0z , əɌɛɜɔɖɗɌɐ < <0 1z , ɞɑɒ əɑ ɍɟɐɑ ɖɜɔɎɚɪ 

ȶɌəɞɚɜɌ, ɚɝɖɱɗɨɖɔ Ɏɱə ɘɱɝɞɔɞɨ Ɏəɟɞɜɱɤəɱ ɞɚɣɖɔ E, Ɍ ɚɐɔəɔɣəɑ ɖɚɗɚ =1z  ɯ ɖɜɔɎɚɪ 

ȶɌəɞɚɜɌ. 

ɋɖɥɚ ɘɑɒɌ ɚɍɗɌɝɞɱ ɝɖɗɌɐɌɯɞɨɝɫ ɓ ɚɐəɚɏɚ ɗɱəɱɕəɚɏɚ ɖɚəɞɔəɟɟɘɌ, ɞɚ ɚɍɘɑɒɑəɌ 
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